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Abstract

In this paper, we present a new method for finding
normal form equation and invariant manifold in the
case of multiple zero eigenvalue with a single Jordan
block. The method utilizes the concept of fractional
scale. This allows using a single scale parameter in the
normal form reduction for systems with multiple vari-
ables and parameters. The use of fractional scales sub-
stantially simplifies the procedure of system reduction.
As an example, we perform the normal form reduction
near the point of triple zero bifurcation for a double
pendulum under a follower force.
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1 Fraction scales in dynamical system reduction
We consider a nonlinear system of ordinary differen-
tial equations of the form

x =F(x,p), (1)

where x € R"” is a vector of dynamical variables, p €
R™ is a constant parameter vector, and F(x,p) is a
smooth function. We assume that

F(0,p) =0 2)

for all p, i.e., x = 0 is always an equilibrium. We
will study equation (1) near the critical point p = 0,
at which the Jacobian matrix F, = dF/dx evaluated
at (x,p) = (0,0) possesses a multiple zero eigenvalue
with a single Jordan block of order k. This point rep-
resents a degeneracy of codimension k for general sys-
tems, i.e., it can be found by tuning & parameters of the
system [Arnold, 1983].

Let all the eigenvalues of the matrix F,, except for
zero eigenvalue, have nonzero real part. In practical
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applications, we are usually interested in the case when
all of them have negative real parts, so the point p = 0
lies on the stability boundary of the trivial equilibrium.
Then, in the neighborhood of (x,p) = (0,0) system
(1) can be reduced to a k-dimensional invariant central
manifold. The behavior on this manifold is governed
by a k-dimensional reduced system. The reduced sys-
tem plays the key role in the analysis of the system dy-
namics, since it describes important properties of the
full original system like bifurcations of equilibria, limit
cycles, stability etc.

Let x = x(a, a,d,...,a* 1) p) be the equation for
the stable manifold, where a new variable a and its
derivatives @, d, . ..,a* 1 are considered as dynam-

ical variables of the reduced system. We will look for
the reduced system in the form

a® = f(a,a,d,...,a* "V p), 3

where f(a,a,...,a* 1) p) is a scalar smooth func-
tion. The unknown functions x(a, a,...,a*~1 p)
and f(a,a,...,a®* V) p) can be found in the form of
Taylor series by substituting into equation (1) and com-
paring similar terms. This gives an infinite number of
coupled equations.

The purpose of this paper is to give a constructive
method for solving these equations by using the con-
cept of fractional powers. In this way, we establish the
relationship between the reduction problem considered
here and the methods of perturbation theory in linear
algebra [Mailybaev, 2001; Seyranian and Mailybaeyv,
2004] and multiple-scale methods in nonlinear equa-
tions [Luongo et al., 1999; Luongo et al., 2003]. In our
case, the main idea is to introduce a small scale ¢ > 0
such that

LR )

an~ e,
dt

p~g¢,

These conditions determine the scale of each term in
the Taylor expansion with respect to a, d,...,aF=1



and p, e.g.

14+1/k
b}

an~e ap ~ €2, aiipws‘g“/k. 4

Then we can group terms in Taylor expansions accord-
ing to their fractional orders in ¢:

x(a,a,...,a®* D p) =ex; + 51+1/kx1+1/k
+51+2/kxl+2/k + .-

flasa,...,a* =V p)y=e2fo+ 2tk fo 1
+52+2/kf2+2/k 4.

(6)

Here the factors ¢* show the order of the corresponding
terms x,, and f, (after the computations ¢ is set to 1).

As we will see below, the use of fractional scales
substantially simplifies the procedure of system reduc-
tion. Another advantage of the method is that fractional
scales explicitly determine the “importance” (scale) of
each term when writing an approximate reduced equa-
tion.

2 Double zero eigenvalue

In this section, we consider the case of a double zero
eigenvalue, which is essentially similar to the case of
arbitrary multiplicity. In this case (6) becomes

x(a,a,p) = ex; + £%/2

fla,a,p) =e*fo+efsp+e3fs+ -+

Xz/y +€%%a + 00,

(7

Substituting (7) into the right-hand side of (1), we ob-
tain

F(x,p)
=eF,x; + 83/2FIX3/2
+e2 (FwXQ + %me% + szxlp)

=F,x+ %me2 +Fopxp +---

+%/2 (me5/2 + Foexi1x3/0 + Fme3/2P) + e
3)
Here we used condition (2) and the short notation for
derivatives

r_ n OF
Fooxx' =30 Bz:0a; Vi i,

9)
Fupxp =3 - 1Zj 165,; ap LiPjs - -+

taken at (x,p) = (0,0); similar notation can be used
for higher order derivatives. Similarly, substituting (7)

into the left-hand side of (1) and using (3), we obtain

x = Zra+ 35 f(a,a,p)

_ 83/2%61 + &2 (6’(3/2
da da

c’)x3/2f )

. o
+02 (G2a+ G2 h+ Bl fpn)

+<€3 (3x5/2a 4 3x5/2 f2 + 6x2 f5/2 + x3/2f )
(10)
Let uy, us be the real generalized eigenvectors (eigen-
vector and associated vector) corresponding to zero
eigenvalue and satisfying the equations

F,u; =0, F,u; =u;. (1

The left generalized eigenvectors vy, vo (which are
row-vectors) are given by

viF, =0, voF, =vq. (12)
The vectors can be normalized such that
Vil = VaUu] = 1. (13)

viu; = ValUug = 0,

Let us introduce the nonsingular matrix G = (F, +
uQVQ)’1 —uy vy, which gives a particular solution Gy
to the equation F,y = 0, assuming that the solution
exists. It is easy to see that

Gll1 = ua, Gll2 = O, V1G = V2, V2G =0. (14)
According to the central manifold theorem, we can take

Ox; Ox3/2
% = ug, Cr uz. (15)

This implies that the central manifold is tangent to the
central manifold for the linearized system.

Now we can substitute (8), (10) and (15) into (1) and
compare the terms of equal order in €. For the order €
we obtain:

g: 0="Fyx;. (16)
With the use of (11) and (15), we find
X1 = auy. a7
For £3/2, we have

3/2 .

€ auy = Fyxz/9. (18)



Using (11) and (15), we find
X3/2 = dllQ. (19)

Terms of order £2 yield

1
52 : f2112 = FwXZ + §meX% + szX1p~ (20)

Multiplying this equation by v; and using (12), (13)
and (17), we find

1
fo= §v1qu%a2 +viF puipa. 20

Under this condition, (20) can be solved with respect to
Xo as

1
X2 = _QGF:ku%a2 - Gprulpa, (22)

where we used (14).
Similarly, solving equation for the terms of order £°/3,
we find

f572 = (ViFeouiug + voFpuiug)aa

+(V1Fa:pu2p + V2Fxpu1p)a7 23)
x5/2 = —(GFgeuiug + G?Fauiug)ad

—(GF puzp + G?Fpuip)a.

Equations for higher orders £7/2 are solved similarly.
At each step, we obtain the expression for f;,5 and
X, /2. In order to obtain approximate reduced equation,
one must retain all the terms up to a certain order in €.
Note that the final formulae of this section are essen-
tially the same as the reduction formulae found by the
multiple time scale method [Luongo et al., 1999].

Note that x; /o are particular solutions of equations
(18), (20) etc. The general solution is obtained by
adding the eigenvector u; with an arbitrary constant
factor. This means that we can add c3/5au; to X3/,
(cha® + c”ap)u; to x, with arbitrary constants c3 o,
ch, ¢4 (and similarly for terms of higher orders). These
constants can be chosen in such a way that some of
the terms in the reduced equation (3) vanish. One can
show that this method gives the minimal number of
nonzero terms prescribed by the general normal form
theory [Guckenheimer and Holmes, 1983]. However,
in the case of multiple zero eigenvalue, this procedure
does not provide a significant simplification of reduced
equation.

3 Multiple zero eigenvalue
There are k generalized eigenvectors corresponding to
zero eigenvalue and satisfying

F,u; =0, F,us =uy, ..., Foup =up_1. (24)

The left generalized eigenvectors are given by
, VilFe =vi_1. (25)

viF,. =0, voF, =vq, ...

The vectors can be normalized such that

| lLi=k—-37+1,
VZuJ_{O,i#k—]A—l : (26)
The nonsingular matrix G = (F, + wivy) ™! — uyvy

gives a particular solution Gy to the equation F,y =
0, assuming that the solution exists. One can show that

Gu; =uy, ..., Gug_; =ug, Gug =0, 27
viG=vy, ..., vi_1G =vg, viG =0.
The procedure for finding the functions

f(a,a,...,a*Yp) x(a,a,...,a®* Dp) describing
the reduced system (3) and the central manifold is
absolutely analogous to the case k = 2.

For the triple zero eigenvalue, we have

4/3 5/3

x(a,a,d,p) =ex1 +¢

fla,a,d,p) = e fa+ /3 fr)3+ %3 fg)5 +-

Xq/3 + €% X535+,
(28)
and

X1 = auy, X4/3 = Uz, X5/3 = aug,
_ 1 2 2

f2 - §V1meu1a + VlFmpulpaa
_ 1 2 2

X9 = —§Gqu1a — GF,,upa,

fr/3 = (ViFgzuiug + voF,uiug)ad

+ (Vlepu2p + va Facpul p)U:,

X7/3 = 7(GF3;35111112 + GQqulul)ad
—(GFpusp + G?F,pu;p)a.

fe/3 =
(viFgzuiug + voF puiug + vsFo uiu ad
-2
+(viFz uiug + voFuiug)a

+(V1Fmpu3p + VQF.rqup + V3Fmpu1p)d7

Xg/3 =

—(GmeU1U3 + GQqulug + G3qu1u1)a&

—(Gqulug + GQqulul)dQ

—(GFpuzp + G?F,,uzp + G3F,,uip)i.

(29)
One can see that the structure of terms in (29) is very
similar to that in the perturbation formulae for a multi-
ple zero eigenvalue of a matrix dependent on parame-

ters [Seyranian and Mailybaev, 2004].
For zero eigenvalue of multiplicity &, the terms up to



order £ are

X145k = aPuyp,

7 a
f2+j/k = Z Z VbF;cacuaua—b+1a(a)a(b)
a=1b=1

J
+ Z Vanpuj—a+1pa(a)7

o (30)
J a
Xo+j/k = Z Z Vbszuaua7b+1(l(a)(l(b)

a=1b=1

J
+ Z VaF:ch-j—a+1Pa(a),

a=1

j=0,....k—1;

Higher order terms depend on third and higher order
derivatives of the function F'.

4 Triple zero in vibrations of double pendulum
with follower force

Let us consider a double pendulum with two massless
rods of length [ carrying point masses 2m and m, and
loaded by a follower force F’ at the end, Fig. 1. Visco-
elastic joints produce the linear force —Cp — K¢,
where ¢ is the deflection angle at the joint (C' > 0,
K > 0). Let ¢; and ¢ be the angles between the rods
and vertical axis. Dimensionless equations of motion
of the double pendulum are

361 4 cos(py — 61)do
— sin(¢2 — ¢1)83 + 261 — @2
+k(2¢1 — ¢2) + fsin(d2 —¢1) =0, (31
2 + cos(¢a — 1)
+ sin(g2 — ¢1)¢7 — b1
+do+ k(g2 —¢1) =0, (32)

where dimensionless parameters are

2 2
k:KiT’f:FiT (33)

ml2 ml’

and the derivative is taken with respect to the dimen-
sionless time t* = t/7 with the time scale 7 = mi?/C.
The system (31), (32) can be transformed to the form

(1) with x = (fl,x23x3ax4)T = (¢17$17¢2)¢2)T

SAANG

¢,

2m

¢,

Figure 1. Double pendulum.

and P= (ka f)’ where F(q7 p) = (Fla FQa F37 F4)T:

Fy =,

Fy = (f —3k)x1/2 — 3x2/2 4+ (2k — flz3/2 + 24
+ (k= f/3)x} + (f — 11k/4)zizs — 3zl /4
+aiwg — 1123/2 — 2w 2073 + (5K /2 — f)w123
+ 3712324 /2 — 1125 /2 + 2323/2 + w273
+(f/3 — 3k/4)x3 — 3x3x4/4 + 2327 /2
+O(Ix]°),

I3 = x4,

Fy = (5k — f)z1/2 + 5xo /2 + (f — 4k)x3/2 — 214
+ (7f/12 = Tk/4)x? + (19k — T[f)zins /4
+ 522wy /4 — Ta3ws /4 + 3123 /2 + Tryz0m3/2
+(7f — 17Tk)x123 /4 — br1z374/2 + 1123 /2
—3x3x3/2 — Txox3 /4 + (5k/4 — Tf/12)x3
+5zdwy/4 — 2322 /2 + O(||x||°).

(34)

First, consider the problem with the parameters py =

(k, f) = (0,1/2) linearized near the trivial equilibrium

q = 0. The Jacobian matrix becomes

0 1 0 0
1/4 —3/2-1/4 1
0 0 o0 1
~1/4 5/2 1/4 —2

F, = (35)

This matrix possesses a triple zero eigenvalue with the
right generalized eigenvectors

10 0
01 O
U.1,u2,u3] = 1-2-12 ) (36)

01 -2



and left generalized eigenvectors

V3 676 80 10 —60
V2| = oo 35 406 —35 210 | . (37)
Vi 49 —49 —49 —49

Product of the matrices (37) and (36) gives the identity
matrix, which means that conditions (26) are satisfied.

The method described above gives the reduced equa-
tion

a® = Boa + Bra + Boi

1:3 _ 57:2.:  1732::2 _ 17, -2 (38)
—70° — jga*a — Fr=aa” — zkaa® + -
where g = f — 1/2 and
Bo = —1k? — 390 k% + ;L k?g,
Pr= =3k — 5iork? + 3i5h9 + saagish’
+ Tivaaa k9 — ook’
By =~k + 39— fos0rk” + sa01k9 — 53339°
— Soaeask’ + Sosask g — Tiveagke’ + 1668407-(g§§

In (38), (39) all terms of order lower than £° are given.
The central manifold parameterized by a, a, @ is given
up to £3 terms by

1= (1+ 3k)a+ (3irk — 3139)a

16040 800
+ (1607 — 220198+,

zo = (14 35k)a+ (3oxk — 2xg)i+---,
vy = (1 - §8k)a+ (-2 + $3g - 3%k)a
+(-12+ 621509129 - 21164860870 k)a+ -,

zy=(1+3Bk)a+ (—2+ F2L2% + 1Moy
(40)

Note that the linear part of equation (38) automati-
cally gives the miniversal deformation of the linearized
equations (31), (32) [Arnold, 1983; Mailybaev, 2001].
Using the Routh-Hurwitz stability criterion, we find the
following conditions for stability of the trivial equilib-
rium ¢ = ¢o = 0:

Bo,1,2 <0, Bo+ 12> 0. (41)

Fig. 2 shows stability domain in the parameter space
(k, f) given by formulae (41) with asymptotic relations
(39).

The normal form equation gives no nontrivial equilib-
ria a = const # 0 near the bifurcation point, at least
up to the terms taken into account. This is supported
by the stability diagram, where the stability boundary
corresponds to two purely imaginary eigenvalues (Hopf
bifurcation). Small amplitude periodic solutions may
exist.

0.5¢

Stability

k

0 1 1 1 >
0 0.1 0.2 0.3

Figure 2. Stability domain of the trivial equilibrium.

5 Conclusion

In this paper, we presented a new method for find-
ing normal form equation and invariant manifold in the
case of multiple zero eigenvalue with a single Jordan
block. The method utilizes the concept of fractional
scale. This allows using a single scale parameter in
the normal form reduction for systems with multiple
variables and parameters. The use of fractional scales
substantially simplifies the procedure of system reduc-
tion. The presented approach establishes the relation
between the normal form theory and the multiple time-
scale methods in nonlinear equations, as well as the
methods of perturbation theory in linear algebra.
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