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Abstract

Global asymptotic behavior of control systems with
periodic vector nonlinearities and denumerable sets
of equilibria is investigated. Multidimensional sys-
tems described by ordinary differential equations,
distributed systems described by integrodifferential
Volterra equations and discrete systems described
by difference equations are examined. New kinds
of Lyapunov-type functions and Popov-type func-
tionals are offered. New frequency-domain crite-
ria for gradient-like behavior of the systems are ob-
tained. They are applied to stability investigation
of phase-locked loops and to the problem of self-
synchronization of two rotors.
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1 Introduction

Nonlinear systems with non-unique equilibria are
widespread among control systems, mechanical sys-
tems, electrical and radio-engineering systems. The
qualitative analysis of various systems with non-unique
equilibria generated a number of new stability prob-
lems and new Lyapunov-type theorems.

This paper is devoted to systems with denumerable
equilibria set and periodic nonlinear functions. They
are often called phase systems.

The stability of multidimensional phase systems was
for the first time investigated in [Yakubovich,Leonov
and Gelig, 2004], where two types of stability char-
acteristics of phase systems are considered. They are
Lagrange stability and gradient-like behavior, which
means that every solution of the system tends to a cer-
tain equilibrium state as the argument-time goes to in-
finity. In [Yakubovich,Leonov and Gelig, 2004] new
classes of Lyapunov functions specially constructed for
phase systems were introduced. They gave the op-
portunity to establish a number of sufficient condi-
tions for Lagrange stability and gradient-like behavior
of the systems. These conditions have often the form
of frequency-domain inequalities with varying param-
eters.

In particular in [Yakubovich,Leonov and Gelig, 2004]
the method of periodic Lypunov functions which had
been introduced in [Bakaev and Guzh, 1965] for the
systems of third order, was extended for multidimen-
sional systems. The technique for constructing peri-
odic Lyapunov functions ( it is often called Bakaev-
Guzh technique) was then developed and generalized
subsequently in [Leonov, Ponomarenko and Smirnova,
1996] and in [Perkin, Smirnova and Shepeljavyi,
2009]. It gave a set of frequency-algebraic conditions
for gradient-like behavior of phase systems.

By means of special Lyapunov-type sequences all
the stability theorems for autonomous multidimen-
sional systems proved before 1996 were extended
to discrete phase systems [Leonov and Smirnova,
2000], [Karpichev, Koryakin, Leonov and Shepeljavyi,
1990]. With the help of the method of a priori in-
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tegral estimates and the Popov-type functionals they
were extended to infinite- dimensional phase systems
[Leonov, Ponomarenko and Smirnova, 1996]. Periodic
Lyapunov-type sequences and Popov-type functionals
destined for discrete and distributed phase systems are
generated by the same technique as periodic Lyapunov
functions for lumped systems.

In this paper a certain modification of Bakaev-Guzh
technique is offered and as a result a new frequency-
algebraic stability theorem for multidimensional phase
systems is proved. By modified periodic Lyapunov
type sequences the theorem is spread to discrete sys-
tems. By means of appropriate Popov-type function-
als this theorem is extended to a class of infinite-
dimensional phase systems.

In this paper for infinite-dimensional phase systems
an analogue of frequency-algebraic stability criterion
from [Perkin, Smirnova and Shepeljavyi, 2009] is also
proved.

It is applied to concrete radio-engineering and me-
chanical systems. The stability regions obtained by this
criterion are compared with results of other investiga-
tions.

2 Asymptotic Behavior of Multidimensional Phase
Systems
Consider an autonomous phase system

2=Az+ Bf(o), 0
6 =C*"2+ Rf(0),

where A, B, C, R are real (m x m), (m x [),
(m x 1) and (I x l) - matrices respectively and
f(o) is a vector-valued function having the prop-
erty f(o) = (p1(01),2(02),-..,pi(or)) for o =
(01,09,...,01). The symbol * is used for Hermitian
conjugation. We suppose that the pair (4, B) is con-
trollable, the pair (A, C) is observable and matrix A is
a Hurwitz one.

We assume that every component ¢;(o;) is Aj-
periodic, belongs to C'!' and has two simple zeros on
[0,A;). Assume also that

A]
/ @;(o)do <0 (i=1,...,1). (2)
0

Let

d
ayj < T% < apj 3

J

to all o, € R, where ay; < 0 < ajo (j
17...,1). Let A1 = diag{all,...,all}, A2 =
diag{az1, ..., a}.
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The transfer matrix for the linear part of (1) from the
input f to the output (—d) has the form

K(p)=-R+C*(A-pE,)'B  (peC),

where F,,, is a unit m X m-matrix.
We shall need the designation

%M:;M+Mﬂ

for any [ x [-matrix M.
Let us determine the functions

B(0) = /(1 - a3 ¢)(0)) (1 - a3 @ (0)). &)

Theorem 1. Suppose there exist such diagonal matrix
& = diag {#1, ..., }, and positive definite diagonal
matrices ¢ = diag {e1,...,e1}, 7 = diag{m,..., 7},
0 = diag{d1,...,0;} that the following requirements
are fulfilled:

1) for all w > 0 the inequality

Re {aeK(iw) — K*(iw)eK (iw) — (K (iw) + Afliw)* T
(K (iw) + Ay liw) } —6 >0

is valid;
2)

2\/e;0; > |vaslee; (G =1,...,1), )

where

INDN
Voj = Jo” #i(o)do (6)

Aj Tj
12l 1+ Za3o)do
J

Then
tlggo z(t) =0,
i o) =

where f(c) = 0.

Proof. We follow here the general scheme for the proof
of frequency-algebraic stability theorems, expounded
in [Leonov, Ponomarenko and Smirnova, 1996]. First
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of all we use the transformation of system (1) to the
system

W _ Qu(e) + Lé),
aoto) Q
o =Dy
where
AB @) C
o-a3l. s-lg]. -l
d

and by O a zero matrix is designated. Next we borrow
from [Leonov, Ponomarenko and Smirnova, 1996] the
following quadratic form of y € R™+, ¢ € R

G(y,§) = 231/*H(Qy1+ L&) + y*DeD*y + y*Lee D*y—
(D*y — A; §)1(Ay € — D*y) +y*LoL"y

with a symmetric (m+1) x (m—1)-matrix H and diag-
onal | x [-matrices ¢, &, 7 and § which are introduced
in the text of theorem 1.

It follows from condition 1) of theorem 1 that there ex-
ists a real symmetric matrix H, such that the inequality

G(y.£) <0 (WeR"™veeR) (8

is true [Leonov, Ponomarenko and Smirnova, 1996].
We are going to use here periodic functions

Pi(o) = | [1+ 23%(0); 9)
€j
Yj(o) = pj(0) — vejlei(0)|Pi(a).  (10)

Note that the parameters v; can be rewritten in the
form

A
[ wj(o)do
vaj = 3 (11)
IRz )do
0
Note also that
A
/Yj(a)da =0 (12)
0
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With the help of Y; (o) we construct a new Lyapunov-
type function

oft) = y* (D Hy(t) + Shey 2k [755) Vi(o)do

0)

Let 92 be the derivative of v(t) in virtue of system (7).
We have

dv(t) _ 2y ( )
Zk:l apYi(o

(Qy(t) + L&(t))+
k(8)) 0% (£)-

It follows from (8) that

—d*(t)a'

9
e
|
&,‘

*
Q
S
?B
q
CC

or

l
PN
fakso‘ﬂ k(1)) — D2 (0 (1)) 52 (t)

+eer Yi(ok(t)) on(t)).

—e,0p(t) — aerpr(ok(t))ok(t)

13)

Using formulas (9) and (10) we conclude from (13) that

l

<> (—ew0i(t) — Sk (ok(t))
k=1
—qu’%(%( )0 (t) — sevor Pr(o(t)) lor(on)| ox(t)) -
(14)

Every term in the right part of inequality (14)
is a quadratic form with regard to |pg(ok)l,
Py (0k(t))ok(t). According to condition 3) of theorem
1 every such form is negative definite. So we have

15)

l
E Oks% Uk
k=1

with §g,, > 0 (k= 1,...,1). It follows from (15) that

l t
o) =00 < =3 [ dohlnte)) . >0,

(16)
Since matrix A is a Hurwitz one, function f(o) is
bounded, and equalities (12) are true, we can affirm
that function v(¢) is bounded from bellow. That is why
it follows from (16) that

/ @2 (op(t))dt < +oo0. (17)
0
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It is not difficult to see that as matrix A is a Hurwitz
one, functions z(t) and &(¢) are bounded on [0, +00).
Any function @ (ok(t)) is uniformly continuous on
[0, +00). Then it follows from (17) according to Bar-
balat lemma [Popov, 1973] that

vr(op(t)) =0 as t—+oo (k=1,...,1).

It is proved in [Leonov, Ponomarenko and Smirnova,
1996] (lemma 2.5.1) that for a continuous Ay - peri-
odic function g (o)) with a finite number of zeros on
[0, Aj) and a continuous function oy, (¢) the latter limit
relation implies that

op(t) > 6, as t— 4oo,

where p(6%) = 0 (k = 1,...,1). The first equation of
system (1) can be rewritten in the form

2(t) = e2(0) + / AT Bf(o(r))dr.

0

Every element of matrix e* belongs to L3[0, +00).
Then from (17) and the fact that the convolution of
two functions from L2 [0, 4+00) tends to 0 as ¢ — +oo
[Gelig, 1966] we deduce that

z(t) =0 as ¢ — +oo.
Theorem 1 is proved.
Let us define the numbers
Aj
of P
Vj= ———— (G=1,...,0), (18)
f lpj(o)| do
Aj
[ pj(o)do
0

Voj = =&

Lles@ly/(1=a, e (@) (13 ¢} ())da (19)

G=1,....0).

Theorem 2. Suppose there exist such diagonal matrix
& = diag {e1, ..., &}, positive definite diagonal ma-
trixes ¢ = diag{e1,...,e1}, 7 = diag{m,..., 7},

0 = diag{d1,...,6;} and nonnegative numbers ay,
aor (k = 1,...,1) that the following requirements are
fulfilled:
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1) for all w > 0 the inequality
Re {eeK (iw) — K*(iw)eK (iw)—

— (K(iw) + A7 Yiw)" 7 (K (i) + A7 Viw) } =820

(i2 = 1)
is valid;
2)ar +agr =1 (kil,...,l);
3) matrices
- %kaVk 0
XROKRVE 5 &LA0kVOk
2 LLaokVok 2
0 T — Tk
2
are positive definite (k = 1,...,1).

Then the conclusion of theorem 1 is true.
The proof of theorem 2 is alike that of theorem 1. We
introduce the functions

Fi(o) = ¢i(o) = vilpi(o)] (20)
Vi(o) = i(0) = ni®i(o) lpi(o)| @21
(i=1....0).

with the properties

of F;(0)do =0, Of U, (o)do =0 22)
(t=1,...,1)
and use Lyapunov-type function
v@—*U@@+ZL@d%fﬁ 1(0)do+

aok fm‘ Uy (o )do).

Conditions of theorem 2 guarantee that inequality (15)
is true.

The full text of the proof can be found in [Perkin,
Smirnova and Shepeljavyi, 2009].

3 Asymptotic Behavior of Distributed Systems
with Phase Control
Let us consider a control system which is described by
a system of Volterra integrodifferential equations

t

o(t) = Oé(t)+Rf(U(t—h))—/v(t—T)f(J(T))df

0
(23)
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Here ¢ Z O,h 2 O;O'(t) = ||Uj(t)Hj:1,‘..,ls Oé(t) =
laj(@)llj=1,...» f(0) = [l¢j(0))llj=1,...; are vector-
functions, R is a matrix and ||y (¢)||x,j=1,...; is a ma-
trix function. For the system (23) the initial condition

o(t)lre—n,0 = °(t). (24)

is given.

We suppose that the following requirements are satis-
fied:

1. a;(t) € C[0,400) () L1[0, +00), a;(t) — 0 as
t—+oo(j=1,...,0);

2. functions +y;), are measurable and e“~;;(t) €
L0, +00) (k,j=1,2,...,1) for a certain ¢ > 0;
3.0%t) € Ct[-h,0];

4. all the properties of f(o) are just the same as in
section 2;

5.

oo

/fy(t)da # R. (25)

0

System (23) is a phase system. It has a denumerable
set of equilibria. The basic characteristic of the linear
part of system (23) is the transfer matrix

K(p) = —Refph—k/'y(t)e*ptdt (peC). (26)
0

Theorem 3. Suppose there exist such positive
definite diagonal matrices & = diag{ee1,...,2;},
0 = diag{d1,...,8}, € = diag{e1,... a1}, T =
diag{T,..., 7} and such numbers a; € [0,1] (k =
1,...,1), that the following conditions are satisfied:

1) for all w € R the inequality

Re {aeK(iw) — K*(iw)eK (iw) — (K (iw) + Afliw)* T

(K(iw) + Ay 'iw)} =6 >0 (i2=-1)
(27)
is true;
2) matrices
£x XAV 0
B ARV 5 XL A0k V0K
FRUETE i FkPORT0k
2 B A0k VE 2
0 72 Tk

where agr = 1 — ay, are positive definite.
Then

or — 0, o — cpast — oo, (28)
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where o (c) =0 (k=1,...,1).

Proof. Let o(t) be an arbitrary solution of (23) and T
be a positive number. Let us introduce the following
functions

0fort <0

p(t) =< tforte0,1] p, (29)
1fort>1

n(t) = flo(t)), (30)

_ @) t<T
frlt) = {n(T)eMTt) t>T>1(A>0) } » 3D

nr(t) = w(t)er(t), (32)

or(t) = Rnr(t —h) — [ v(t —7)nr(T)dr, (33)

o .

oo(t) = a(t) + (1 — u(t — h))REr(t — h)

¢ 34
— [ = u()(t — T)er(r)dr. B9
0
For t € [0,T] we have
a(t) = oo(t) + or(t) (35)
Let nr(t) = |nrjllj=1,..0o ) = [njllj=1,...
or(t) = ||lorjllj=1,...;. It follows from the properties

of ’I7T(t), Yij (t) that

O'ij'r]TjaﬁTj €L2[07+OO) (j: 1,...,[) (36)

foreach 7' > 0.
Let us consider a one-parameter set of functionals

pT = :fo {of(t)eenz (t) + np(t)onr(t) + of (t)eor(t)+

+ (or() = AT ()" 7 (07 (1) — A7 (1) | dt.
(37)
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By Parseval equation we have

pr =5 [ Ay (iw) + i) i)+
a;(m)eaT(zw) +~(&T(iw) — ATV (iw))
T( Ay UT(ZW)) }dw,

(38)
where by &7 (iw), fir(iw), nr(iw) the Fourier trans-
forms of o (t), nr(t), nr(t) respectively are denoted.
By means of equalities

or(iw) = — K (iw)nr(iw), (39)
N (iw) = iwnp(iw)
we obtain that

+oo

pr = —% / 7" (iw)Re {&eK (iw) — § — K™ (iw)-
K (i) — (K (iw) + AT ) (K (iw) + w5 )}
|7 (iw)]?dw

(40)
From the condition 1) of the theorem it follows that

pr < 0. 41)
Let us represent the functional pr as follows:

pr = It + p1 + par + p3r + par, 42)

where

T

I Z/{d*aen—&-n*én—&-d*sd*—i- (43)
0

+ (6= A7) 7 (6 - A7t }at,

{1 =t)o*en+ (1 —t*)n*on+  (44)

s
-
O\H

T AT AR Y — ()7 AT AL
+o (AT + A7) (e — 57)} dt,

T
por = /(faa‘aenT — 26" (e +1)oo+ (45)
0
oy(e+1)og —ap) (A +A; ) TﬁT) dt,

/0’ (e 4+ 7)or(t)dt, (46)
T

o0
o / (—ib AT V7o + opeeny + 1i0nr— (47)
T

—opTAg i 0 Ay T Ay i) dt
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It follows from the properties of a;(t), vi;(t), n7;(t)
(k,j=1,...,1) that

per < Cr  (k=2,4), (48)

where C', does not depend on 7'. From (41), (42), (48)
with regard to the positiveness of psr it arises that

It < Cs, (49)

where C'5 does not depend on 7.
The functional 7 can be represented in the following
way

ifT {0105 0)05(0) + d13(o3(0)+
+7,030,(0)3(0) i
(50)

+50]2 t)
Let us use the functions F; and ¥; defined in theorem
2. From the definition of F; and V; it follows that

Ir = 3= [ {ejaglos()]6(0) + aupns oy (o)
@(0,)65(8) + <63(0) + 8,53(03(0) + 733(0;(0))
T
7)) dt + > [f w;ja; Fy(o;(t))o;(t)dt+
j=1 10

T

g%jGOjVOjWOj(Uj (t))dj(t)dt] .

(5D

It follows from (22) that all integrals
T

fF o;(t))o;(t)dt and f\If o;(t))o;(t)dt are

bounded by constants which do not depend on 7'
This assumption together with (49) implies that

1 T
Z/{?EJ%VJ\% 0)|6;(t) + &ejao;voslp;(o;)]-
0

@j(0j)o (t)+60 () + 603 (o;(t))+ (52)
+Tj®j( j(t }dt<06,

where Cg does not depend on 7. By virtue of the con-
dition 2 of the theorem every sum which stands under
the integral sign in the left part of (52) is a positive def-
inite quadratic form of ¢;, |¢;(c;)|, ®;(o;)c;. Then it
follows from (52) that

@3 (0;(t))dt < +o0, (53)

&3 (t)dt < +o0. (54)

O\ér o\ér
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Let us now repeat the argument of [Leonov, Pono-
marenko and Smirnova, 1996]. Any ¢;(o;) is uni-
formly continuous. It is easy to see that o;(¢) is uni-
formly continuous as well. Then it follows from (53)
and (54) according to Barbalat lemma [Popov, 1973]
that ;(o;(t)) and 5;(t) tend to zero as t tends to +o0.
This property of ;(o;(t)) implies that o;(¢) tends to a
zero of ;(0;) as t tends to +00. Theorem 3 is proved.

Theorem 4. Suppose there exist such positive
diagonal matrices & = diag{ee1,..., 81}, & =
diag{d1,...,01}, ¢ = diag{er,...,e1}, T =
diag{r,...,m}, that for all w > 0 the frequency-
domain inequality (27) is fulfilled. Suppose also that
for varying parameters ¢, ¢, &; the inequalities

2\/Ej6j > ‘ngle

G=1....0, (5%

where vy, is defined in theorem 1, are valid. Then the
conclusion of theorem 1 is true.

Proof. Let us repeat the first part of the proof of theo-
rem 3 and prove that the inequality (49), where C5 does
not depend on 7', is true.

Let us then consider the function which stands under
the integral sign in the functional I7 and transform it.
We shall use the functions P; and Y}, introduced in text
of the proof of theorem 1. Note that

@65 + 0,7 + 7(65 — ay;'n;) (65 — ag; )+
+ejo7 = 20,(Yi(o4) + V2a\ﬁj|Pj(Uj))+

+5J77g +T](I)2(OJ)U "’57 = = a;0;Y;(0;)+

+ (53% + &JV23|77]“7] i(05) "’5]0 P2(0]))

(56)
So
I T
Iy = Zl(aej Ofdj(t)Yj(Uj(t))dH
i=
. (57)
+f( 3 () + vajeeg|n; ()]0 () Pi(o(t))+
+5] JQPJQ( ())) dt).
By virtue of (12) we affirm that
T o (T)
/O'j )dt / }/j(O'j)dO'j < 010, (58)
0 o;(0)

where C7¢ does not depend on 7. On the other hand by
virtue of (55) the quadratic forms

85m; (8)+vajee;|n;(8)|o (1) Py(0;(t))+e;075 PP (a;(1)))
(59)
are positive definite.
So it follows from (49) and (58) that
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T

n;(t)dt < Cha, / &3 (t)dt < Chy, (60)
0

Ot~

where C15 and C'11 do not depend on 7. Now we can
use the concluding part of the proof of theorem 1.

4 Gradient-Like Behavior of Radio-Engineering
and Mechanical Systems
1) Theorem 3 was applied to stability investigation of
a second order phase-locked loop with proportional-
integrating filter and time delay in the loop. In this case
m = [ = 1 and the transfer function has the form

1+ B8Tp _ur
K(p) = T ¢ PRT (T > 0,h > 0,8 € (0,1)).
(61)
For ¢(0) = sinc — v (y € (0,1)); 8 = 0,2; h =

0,01;0,1; 1 the estimates for the boundaries of lock-
in ranges on the plane {72, ~} were obtained. These
estimates were compared with the lock-in ranges ob-
tained in [Belyustina, Kinyapina and Fishman, 1990]
by qualitative-numerical methods. It turned out that the
ranges received by means of theorem 1 have the same
structure as those in [Belyustina, Kinyapina and Fish-
man, 1990]. For T2 < h~! the ranges obtained by
theorem 1 are 15-25% smaller than the ranges received
in [Belyustina, Kinyapina and Fishman, 1990].

2) Theorem 3 was also applied to one of problems
of vibrational mechanics [Blekhman, 2000; Blekhman,
2012; Pena-Ramirez, Fey and Nijmeijer, 2012]. It is
the problem of self-synchronization of two rotors on a
vibrator with one degree of freedom [Blekhman, 1988].
The equations describing the change of the slowly vari-
able components O;(t) (s = 1,2) of the phase of the
rotor motion are

{11651 + K10, + Asin(©; —0,) — =0, }
Igég + KQ("jQ — ASiH(@l - 92) + 5 =0

(62)
where I1, I, K;, Ko, [ are positive parameters
[Sperling, Merten and Duckstein, 1997]. The self-
synchronization of the rotors means that the difference
o = ©1 — O tends to a zero of (o) = sino — 3/A
as t — +oo. The system (62) can be reduced to (23)
with [ = 1, R = 0 and the transfer function

1 1
+ . 63
hp+ K, 12P+K2) (©3)

K<p>=A(

In monograph [Leonov and Smirnova, 2000] various
requirements on the coefficients of (62) are given which
guarantee that the relations (28) are true. These re-
quirements are such that the conditions of theorem 1
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are satisfied in case a; = 1(ap1 = 0). Varying the pa-
rameter a; in theorem 3 we can weaken these require-
ments. Let us introduce the parameter

| K Ko(K Iy + Ko T)

v AL I (K, + Ka)
Suppose that
A KKy (K212 + K21?) LKy + LK,
2(K1+ K») (K112 + K2 I?) LI,
(64)

In this case for A = 20 theorem 3 guarantees (28)
if y > 0,97 and theorems of [Leonov and Smirnova,
2000] givey > 1.13

5 Discrete Systems
Consider a discrete phase system

z(n+1) = Az(n) + Bf(o(n)),
on+1)=o0(n)+C*2(n) + Rf(c(n))  (65)
(n=0,1,2,...),

where A, B, C, R are described in section 2. We sup-
pose that the pair (A4, B) is controllable, the pair (A, C)
is observable and all eigenvalues of matrix A are situ-
ated inside the open unit circle. All the properties of
f(o) are just the same as in section 2. The transfer
matrix K (p) for the linear part of system (65) has the
form

K(p)=-R+C*(A—pE,,)"'B (pcC). (66)

We shall present in this section certain analogues of
theorems 1 and 2. We shall need numbers ki; =

2015 — op; and ky; = 20; — o5 and diago-
nal matrices K71 = diag(ki1,...,ky) and Ky =
diag(kzgl, ceey k’gl).

Theorem 5. Suppose there exist such positive def-
inite diagonal matrices ¢ = diag{e1,...,e}, T =
diag{m,...,m}, 0 = diag{d1,...,d;}, a diagonal

matrix & = diag {ee1, ..
quirements are fulfilled:
1) forall p € C, |p| = 1 the inequality

., 2} that the following re-

Re {aeK(p) — (K(p) +(p- 1)Kf1)*
T(K(p)+(p—1)K; ")} — K*(p)eK(p) =6 >0
(67)
is valid;
2) the inequalities
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_ 2
> Beka()k(l_yzk 1+T£M)7 (68)
2 ek |oak|oak

where agr = aigp if e > 0, and g, = aqg if & < 0,
and

2, Jenbp oZRUE o || (k= 1,2,...,0)  (69)
k1rkay

are true.
Then

where f(c) = 0.

Proof. The proof is based on the proof of theorem 5.4.1
from [Leonov and Smirnova, 2000]. Its first step is
the extension of the state space of the system. For the
purpose we introduce the notations

z A B
=) s P=|on|
o . .
L:HEZ’ D*=|C*, R,
§i(n) = flo(n+1)) = f(o(n)).
Then system (65) can be represented as
y(n+1) = Py(n) + L& (n),
o(n+1)=oc(n)+ D*y(n), (70)
(n=0,1,2,...).

The second step is to determine the quadratic form of
y € Rt and & € R!

M(y,&) = (Py+ L&)"H(Py + L&) —
y*Hy + y*LeDy + y*DeD*y + y*LoL*y— (71)
(D*y — K; &) r(Ky 6 — D),

where H is a symmetric (m-+1) X (m+1) matrix and e,
@, 0, T are diagonal matrices from the text of theorem
5.

It follows from [Leonov and Smirnova, 2000] that if
the condition 1) of theorem 5 is true then there exists
matrix H = H* such that for all y € R™ %! and & €
Rl

M(y, &) < 0. (72)
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Since all the eigenvalues of matrix A are situated inside
the unit circle and function f (o) is bounded we can af-
firm that sequence W (n) = y*(n)Hy(n), where y(n)
satisfies (70) is bounded as well.

Let us use functions P;(o) and Yj(o) which were
introduced in the proof of theorem 1 and define a
Lyapunov-type sequence

l ok (n)
V(in)=W(n)+ Y & [ Yi(o)do. (73)
k=1 5.(0)

Let us consider the difference

Vin+1)—V(n)=W(n+1)—W(n)+

l o (n+1) (74)
Ser [ Yi(o)do.
k=1 ok (n)

It follows from (72) that

W(n+1)—W(n) <
l
kzl{—aek%(ffk( n))(ox(n+1) —o(n))—

)
€k(0k(n+1)_0k( )? = oxpp(or(n))—  (75)
ik (or(ok(n + 1)) — sﬁk(ak( ))—
(ok(n+ 1) — 03 (n))] [k, (or(or(n+1))—
er(or(n))) — (or(n +1) — or(n))].

On the other hand we can establish the estimate
[Leonov and Smirnova, 2000]

or(n+1)
2L f Yk(O')dO' § Sek(<,0k(0k(n))+
ok(n)

Oklpr(or(n))])(ok(n + 1)~

o1 (n)) + 201 2 (1 4 ) (0 (n + 1) — oy (n))?

2
(76)
where
Ok = Vo P(0%y,)| (77)
and
<, <
1). 78
o1(n) S ot S ok(n+1) 78)
Note that
Qo — Ak
Dp(o) < ———. (79)
v |041k|042k
Hence

2

Pi(ol) < \/ gy Tl —an)® g

Eja2k|041k|
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It is established in [Smirnova and Shepeljavyi, 2007]
that

[kt (or(ok(n + 1)) — wr(ok(n)))—
(Uk(n +1) = ox(n))]
[k (pr(on(n + 1)) = pr(ok(n)))—
(gk(g +1) = ox(n))]
> SR 42 (o )y + 1) — 0u(n)? =
1.k
= GBI (P (0,) — 1) (ok(n + 1) — o (n))*.
(31)
Formulae (74)-(81) imply that
!
Vin+1) Z (82)

where

Ee
_ 61@* k ()k(l+

vl r+a%_a”)% -
|| azker
ELO1Q
EQ1k Qk)(o_k(n+1)_o'k( )) —5kwi(ak(n))_

k1gkor,
P (04n) (0k(n+ 1) — ox(n))?

. QapQog
F hernkon
aerlvanpn (o (n N Pi(og,)(ok(n +1) — ok(n)).
(83)
By virtue of condition 2) of the theorem we have that

V(n+1)=V(n) < =0 |f(o(n)]> (5% >0), (84)

where by |f| the Euclidian norm of vector f is des-
ignated. Since sequence W(n) (n = 0,1,2,...) is
bounded and functions Yj (o) (k = 1,2,...,1) sat-
isfy (12) we can affirm that sequence V(n) (n =

0,1,2,...) is bounded as well. Then is follows from
+oo
(84) that the series > |f(o(n))|”converges. Hence
n=1
Jm (o) =0 (55)

and consequently as soon as all eigenvalues of A
are situated inside the unit circle we can affirm that
lim z(n) =0.

n—-+oo

Then from (70) it follows that o(n + 1) — o(n) —
0 as n — +oo.From this fact and (85) it follows
thato(n) - 6 as n — +oo,with f(5) = 0. The-
orem 5 is proved.

Theorem 6. Suppose there exist such positive def-
inite diagonal matrices ¢ = diag{e1,...,e1}, 7 =
diag{r,...,71}, 6 = diag{d1,...,d;}, a diagonal
matrix &¢ = diag {ee,...,%;} and numbers a; €
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[0,1] (k = 1,...,1) that the requirement 1) from The-
orem 5 is fulfilled and matrices

Xl
ex — =g (a(1+ |vel)+ RN
0
Qo) — ik
app | 1 — SR——=1k 2
vV ek ok
VLA 5 XLAoLVok
k
2 2
0 XL A0k VoK 102k

2 T kikkok
86

where agr, = 1 — a;, and «y, are defined in the text of
theorem 5, are positive definite. Then the conclusion of
Theorem 5 is true.

The proof of Theorem 6 is alike the proof of Theorem
5. It is based on the Lyapunov-type sequence

l ok (n)
Vin)=W(n)+ > & (ak | Fy(o)do+
k=1 o1 (0)
or(n) &7
aok f \I/k(d)dd s
a1 (0)

where the sequence W (n) is defined in the text of the-
orem 5 and functions Fj, and ¥y (k = 1,...,1) are

borrowed from the text of theorem 2. The estimates
or(n) or(n)

fora, [ Fi(o)doandag, [ Ui(o)do are taken
Ok (O) Ok (0)

from [Leonov and Smirnova, 2000] and [Smirnova and

Shepeljavyi, 2007] respectively. The full text of this

proof can be found in [Perkin, Smirnova and Shepel-

javyi, 2009].

6 Conclusion

The paper is devoted to the problem of gradient-like
behavior for lumped, distributed and discrete phase
systems. The problem is investigated by two methods
traditionally used in absolute stability theory. They are
Lyapunov direct method for multidimensional systems
and the method of a priori integral estimates for dis-
tributed systems. In the paper new types of periodic
Lyapunov-type functions and Popov-type functionals
are exploited. As a result new frequency-algebraic sta-
bility criteria are obtained. The new criteria give the
opportunity to improve the estimates for the regions of
gradient-like behavior in the space of parameters of the
systems. They are applied to stability investigation of
second order phase-locked loops with time delay and
to the problem of self-synchronization of two rotors on
a vibrator with one degree of freedom.
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