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Abstract

This paper represents an approach to approximative
model reduction with anisotropic norm of approxima-
tion error as performance criterion. The anisotropic
norm of a linear discrete time-invariant system is de-
fined as its worst-case sensitivity to a stochastic Gaus-
sian external disturbance with mean anisotropy not
exceeding some known value. The mean anisotropy
of a vector Gaussian sequence quantifies its tem-
poral colouredness and spatial non-roundness. To
solve the main problem, an auxiliary problem of
weighted Hy e-optimal model approximation is stated
and solved. Optimality conditions defining a solution
to the anisotropy-based optimal approximation prob-
lem are expressed in form of a nonlinear matrix alge-
braic equation system. The presented approach guar-
antees stability of the obtained reduced-order model
without any technical assumption. The reduced-order
model approximates steady-state behaviour of the full-
order system.

Key words
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1 Introduction

The stochastic approach to H., optimization in-
troduced in [Vladimirov, Kurdyukov and Semyonov,
1996-1; Vladimirov, Kurdyukov and Semyonov, 1996-
2] is based on using the anisotropic norm of a system
as performance criterion. The anisotropic norm being
a special case of stochastic norm is a quantitative in-
dex of system sensitivity to random input disturbances
with mean anisotropy bounded by a known nonnega-
tive parameter. In turn, the mean anisotropy of a vector
random sequence produced by a stable shaping filter
from vector zero-mean Gaussian white noise with iden-
tity covariance matrix is a measure of colouredness of
this sequence, that is a measure of correlation of vector
components of the sequence (spatial part of the mean
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anisotropy), as well as a measure of correlation of dif-
ferent elements of this sequence (temporal part of the
mean anisotropy). The latter coincides with the mu-
tual information about an element of the sequence con-
tained in the past history of this sequence. It has been
shown earlier that Hs and H,, norms of a linear dis-
crete time-invariant system are two limiting cases of
the anisotropic norm as the mean anisotropy level of
input random disturbance tends to zero or infinity, re-
spectively. Therefore, this approach combines the at-
tractive features of robust control and information theo-
ries holding an intermediate position between H2/LQG
and H, problems. The solution to the stochastic H
problem presented in [Vladimirov, Kurdyukov and Se-
myonov, 1996-2] yields to the full-order controller,
whereas it would be desirable to obtain a reduced-order
one.

This paper represents an approach to approximative
model reduction using anisotropic norm of approxima-
tion error as performance criterion. This result is as-
sumed to be applied for designing the reduced-order
anisotropic controller.

2 Problem Statement

Let us consider a linear discrete time-invariant sys-
tem F,, € HEX™ with n-dimensional internal state
X, m-dimensional input W, and p-dimensional output
Y = F,W. We assume that all these signals are in-
finite double-sided discrete-time sequences related to
each other by the equations
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where the constant matrices A, B, C, D have appropri-
ate dimensions, and the matrix A is stable in discrete-
time sense (i.e. its spectral radius p(A) < 1). The only
prior information on the probability distribution of the
random input sequence W = (wy)_co<k<+oo 1S as-
sumed to be that IV is a stationary Gaussian sequence




of random vectors wy, with zero mean E (wy) = 0, un-
known covariance matrix E (wiw) = Xy, and Gaus-
sian distribution density
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where ||wk||2‘7v1 = /wl Sy} wy,. At that it is supposed

that the mean anisotropy of the sequence W is upper-
bounded by a known nonnegative parameter «. This
means that W is produced from m-dimensional Gaus-
sian white noise V' = (v) _co<k<+oo With zero mean
E (vx) = 0 and scalar covariance matrix E (v,v}) =
AL, A € RT, by an unknown shaping filter G belong-
ing to the family

p(wg) =

Go 2 {G e HF*™: A(G) < a}, )
where
AG) = Wldt{ o Gw)G( )}d
= —— nde w w w
dr )« G113
3)
is the mean anisotropy functional intro-
duced in [Vladimirov, Kurdyukov and Se-
myonov, 1996-1], the angular boundary value

é(w) £ lim, 1o G(re™).

We are interested in finding an asymptotically stable
reduced-order system F, € HE2X™ with r-dimensional
internal state = (r < n), m-dimensional input W, and
p-dimensional output ¥ = F,.W, related by the equa-

tions
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with (4,,B,,C,.D,) € 8 2 {(A,,B,,C,,D,):
p(A;) < 1}. Such the reduced-order model is called
admissible one.
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Figure 1. Block diagram of approximation error model F

Let us choose a model approximation performance
criterion as the a-anisotropic norm [Vladimirov, Kur-
dyukov and Semyonov, 1996-1] of difference between
the transfer functions of systems (1) and (4):

Ja(Ar;BmCmDT) = an _H}E}-Tma F)G”
. n—F)Gll2  (5)
= SquGga - ||G||2 )

where F},(z) = C(21—A)"'B+D, F,.(z) = C.(21 —
A.)71B, + D,. Denote by F.(2) & F,(z) — F.(2)
the transfer function of approximation error model with
output Z £ Y — W. This transfer function is defined by
the realization
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Block diagram of the approximation error model F. is
represented at Fig. 1. Now the problem of anisotropy-
based approximation of linear discrete time-invariant
system can be stated as follows.

Problem 1. Find the matrices (A, By, C,., D,.) from
the admissible set 8§ = {(A,, B,,Cr, D;): p(A,) <
1} such that

Jo = |Fello — )

inf .
(Ar,B.,Cr,D,)ES

3 Problem Solution
3.1 Saddle-Point Type Condition of Optimality
Taking into account definition (5) of the anisotropic
norm, Problem 1 is a minimax problem. It gives the
opportunity of applying the results of differential game
theory to formulate a saddle-point type condition of op-
timality. In the considered case, the saddle point is a
pair (E}*, G*) such that the inequalities

J(FLG) < N(FG) < NW(F,GY) (8)
hold true for any admissible F). and GG, where
Ji(Fr, G) = [(Fo = Fr)Gllo- ©)
Define the sets

$°(G) = [(Fn = F2)Gl2, G € Ga,

(10)

Argmin
(Ar,Br,Cr,Dy)ES

Go(F) £ Argmax [|(F, — F)G|l2/[|G]l2, Fr €8.
GeGq
(11)

These sets are assumed to be nonempty. Set (10) con-
sists of the admissible systems of order 7 being the so-
lutions to the following problem of weighted H, opti-
mal approximation

J1(Fy,G) — inf , Geg,,

under the assumption that the input sequence W of er-
ror model (6) is produced by a known shaping filter



G € G,,ie. W = GV. Set (11) is formed by the
stable filters G' generating multidimensional Gaussian
random sequences with spectral densities which are the
worst (i.e. the most adverse) for the approximation
error model F.. Although the set G5 (F;.) is invariant
under right multiplication by an all-pass system, all of
them generate sequences with the unique spectral den-
sity (up to a scalar multiplier) [ Vladimirov, Kurdyukov
and Semyonov, 1996-1]. Such the filters are called the
worst-case shaping filters. Thus, the relation

(85 0 G (Fr) = 8a(G),

U ° F. €8
Gegs(F,)

defines generally set-valued composition 85,0G%: § —
28 of the mappings 8%: G, — 2% and G2: § — 29«

Lemma 1. If a realization (A,,B,,C,,D,) of a
reduced-order model F). is a stationary point of the
mapping 85 o G| i.e. if there exists a shaping filter
G such that

F. = (4, B,,Cr,Dy) € 8(G), G € G (Fy), (12)

then this system is a solution to Problem 1.

Proof of this result is omitted due to lack of space and
will be introduced elsewhere.

3.2 Worst-Case Shaping Filter for Error Model
Let us further suppose that the approximation error
model F,(z) satisfies the strict inequality

m~ V2| Fell < ||Felo- (13)

Otherwise, the anisotropic norm of the system F,(z)
trivially coincides with its scaled Hy norm. Note that
inequality (13) does not hold iff the system F,(z) is in-
ner [Zhou and Doyle, 1998] up to a constant nonzero
multiplier. In the last case there exists a number
A > 0 such that F(w)Fe(w) = A, for almost
all w € [—m,x]. For nonzero system F, € HEX™
inequality (13) holds true if the inequality p < m
does [Vladimirov, Kurdyukov and Semyonov, 1996-1].

Lemma 2. Let the system F,(z) given by (1) be
asymptotically stable, and let the system F.(z) =
F,(z) — F.(z) given by (6) not be inner. Then
for any admissible reduced-order model F.(z) =
(A, B,.,C,, D,.) € 8§ and mean anisotropy level o > 0
of the input sequence there exists a unique pair (¢, R)
of the scalar parameter q € [0, || F.||32) and stabiliz-
ing solution R of the algebraic Riccati equation

ATRA, 4+ qCYC. + LTS71L

=[Ly L] 2%(BIRA. +¢DIC,) p, (14)
£ (I, - BIRB. — ¢DID,)~!

R
L
)y

such that

m

—_— 1
tr(LP.LT 4+ %)’ (15)

1
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where P, = PY > 0 is the controllability gramian of
the shaping filter

A+BL, BL, |Bx'Y/?
G(z)~ | B.Li A, + B.Ls|B,x"? (16)
L Ly | ¥

satisfying the Lyapunov equation
P.= (A, + B.L)P.(A, + B.L)* + B.XBT. (17)

At that, filter (16) is a representative of family (2) of the
worst-case shaping filters.

Proof of this lemma follows immediately from The-
orem 2 in [Vladimirov, Kurdyukov and Semyonov,
1996-1] applied to error model (6).

Remark 1. Recall that a solution R = R" ¢
R+1)X(n+7) of algebraic Riccati equation (14) is
called stabilizing if the matrix A, + BeL is stable
(p(Ae + BeL) < 1) and the matrix ¥ = ¥T > 0. For
any F, = (A, B,,C,,D,) € §and q € [0,|F.||%)
equation (14) has a unique positive-definite stabilizing
solution.

Remark 2. The internal state of the worst-case filter G
actually is a copy of that of the error model F,. Thus,
realization (6) combined with wy, = Lixp + Lo&i +
»1/2u,, relates the input V, output W = GV, and in-
ternal state (X, Z) of worst-case filter (16).

3.3 Weighted 7> Optimal Model Approximation

For the known worst-case shaping filter G € GS(F})
defined by realization (16) and equations (14)—(15), the
anisotropy-based model approximation problem (7) is
equivalent to the problem of weighted Hs optimal ap-
proximation

J FT’G: Fn_FrG inf )
1( )= II( )Gll2 — (AT,BT,lngT)ES

G e GS(F,). (18)

Let us consider the realization of the weighted approx-
imation error model

F.(z) = F,(2)G(z) — Fr.(2)G(2). (19)

The transfer function of the weighted error model
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Figure 2. Block diagram of weighted approximation error model

F., (z) in (19) is given by the state-space realization

R~ [22]

A+ BL; BLy Bx!/2
= B,Ly A, + B,L» B,x'/?
(D—-D,)L, +C (D - D;)L2 — C,.|(D — D,)='/?

(20)
Block diagram of the weighted error model is given at
Fig. 2.

Lemma 3. For any matrices (A, B,.,C,) € 8, the in-
Sfimum of functional (18) is reached with D, = D.

Proof is omitted due to lack of space.

From Lemma 3 it follows that we can assume D,. =
D = 0 in systems (1) and (4) without prejudice to gen-
erality of problem statement (18).

Let us denote

Fo(2) £ F.(2)G(z) ~ %%] (21)

and define the reduced-order model of the system
F,(z2) as

Fo(2) 2 F(2)G(2) ~ F;—’Ji} . (22)

Now consider the auxiliary performance criterion for
‘H2 model approximation

Jo(A,, B,,C,) = | F.|3. (23)

From the representation

Jy(Ay, By, C,) = tr(C.P.CY), (A, B,,C,) €8,
24
it can be easily seen that

Denote by J3 the infimum of J; over S:

J; £ inf{JQ(Avry ér» 6r) : (Avrv ET’ 57‘) € 5}7

S = {(A,, B,,C,) : p(A,) < 1}. (25)

It is obvious that for any € > 0 there exist some matri-
ces (4, B, C,.) € 8 such that

0< Jo(A,, B, C)) — J} < e.

Further, instead of optimal weighted 5 approximation
problem (18), we will consider the following e-optimal
problem.

Problem 2. For given ¢ > 0, find the reduced-order
realization F,, = (A, B,., C}.) € 8 such that

|Jo(Ay, By, Cy) — J3| < e. (26)

Remark 3. The solution to Problem 2 for continuous-
time case was introduced in [Huang and Teo, 2001].
The further results of this paper are mainly similar
to ideas of [Huang and Teo, 2001] extended to the
discrete-time case.

34 H, e-Optimal Approximation of Linear
Discrete Time-Invariant System
Let us begin on solving Hy e-optimal approximation
problem (26) with introducing an auxiliary functional

Js(A,, B, C,) = J(A,, B,,C,) + tx(P)/B,
(12[7"7 E’!‘a 57‘) 6 ga (27)

where 3 € R™, P is a unique positive definite solution
to the Lyapunov equation

P=A,PAT + B,BY + ATA, + CFC, + I, (28)

where I, € R"*" is the identity matrix. The following
lemma guarantees existence of global minimum of aux-
iliary functional (27) over the set of the reduced-order
admissible realizations.

Lemma 4. For any 3 > 0, the auxiliary functional Jg3
defined by (27) has a global minimum over the set 8.

Proof of this lemma is omitted due to lack of space and
will be introduced elsewhere.

The following lemma shows that the minimum of the
auxiliary functional Jg over § tends to the infimum of
the auxiliary Ho performance criterion Jo over S as
(8 — +00. Moreover, the global minimum point of the
functional Jjg is the solution to e-optimal Problem 2 for
some sufficiently large /3.

Lemma S. Consider the Ha performance criterion
Jo = ||F.||3 of model approximation and the aux-
iliary functional Jg defined by expression (27). Let



(A%, B*,C?) be a global minimum point of the func-
tional Jg. Then

lim Jg(Ar, BY,C*
5 1 [3( r Pro r)
= lim Jg(g:, E:, 5':) =J3. (29)

B——+oo

Proof of this result is omitted for brevity and will be
introduced elsewhere.

Remark 4. The second equality in expression (29)
means that for any € > 0 there exists 3* > 0 such that
any global minimum point (A* B* C*) of the func-
tional Jg over S is a solution to auxiliary e-optimal
problem (26) on condition that 8 > (*.

Remark 5. From Lemma 5 it follows that solving aux-
iliary problem of Ha e-optimal model approxima-
tion (26) reduces to finding the global minimum of the
Sfunctional Jg for sufficiently large (3.

Remark 6. The problem of finding the minimum of Jg
is the smooth constrained nonlinear optimization prob-
lem because of the stability constraint on the matrix
A,.. The solution set of this optimization problem is an
open set. Any global minimum point of Jg is a criti-
cal point, at which the gradient of the functional Jg is
equal to zero.

Let us obtain the expression for the gradient of Jg. For
a smooth transformation F defined on R™*" x R"*™ x
RP*"let dF(f) denotes its Frechet derivative in the
direction § = [0 O3 03] € R™*" x R™*™ x RP*" ata
point (ZT, Er, 5’T) € R™7" x R™ ™ x RP*", Then we
have

dJs(0) = dJy(0) + tr (dP())/B.  (30)

Let us obtain the expression for d.Jz(f) differentiat-
ing (24):

dJ5(0) = tr(2dC,(0) P.CT + C.dP,(0)CT) =
= tr(=2P.CT[0 63]) + tr(CTC.dP.(0)).
(3D
To find dP,.(0), let us differentiate Lyapunov equa-
tion (17) and obtain

AcdP.(0)AT — dP.(6) + dA.(0)P.AT + A, PdAT(e)
+dB. (0)§T + B.dBX(0) = A.d (6)AT P.(0)
+[9 4 ]PAT+AP[09T} o] BE

+B.[06F ] = AcdP.(0) AL — dP.(0) + X P AL
+A4.P.XT +YBT + B, YT—o,
(32)
where
X £ dA.(0) = [o 01] Y 2dB(0) = |

Consider the observability gramian P, of weighted er-
ror model (20), satisfying the Lyapunov equation

P,=ATP,A, +CTC.. (34)
From (32) and (34) it follows that
tr (CTCedPy(0)) = 2tr (P AT AT P, A X)
—2tr (P, ATP »X) + 2tr (BTATP A Y) (35

—2tr (BYP,Y).

Taking into account (33), we have

2tr (P,ATATP,A.X)

=2tr ([O IT]PCA’ZE‘Z{EPO[O Ir]Tgeel)a
2tr (BT ATP,A.Y)

= 2tr (BTATP,[0 I,,,]TA.b,), (36)
—2tr (P,ATP,X)

= —2tr ([0 I, |P.ATP,[0 1,]76y),

—2tr (BTP,Y) = —2tr (BT P,[0 I,,]765).

To find the derivative dP(0), let us differentiate aux-
iliary Lyapunov equation (28) and obtain

dP(0) = A, dP(0)AY + 0, PAT + A, POT + AT6,
+ 0T A, + B0} +0,BF +CY05+05C,. (37

Let the matrix Q = Q™ > 0 be a unique positive defi-
nite solution to the Lyapunov equation

Q=ATQA, +1,/8. (38)

Taking into account (38), from (37) it follows that

tr (I, — AT A,)dP(9))
=2tr (P4 I,)AY01)+2tr (B 05)+2tr (CT63),

from which

trdP(0)/8 = 2tr (Q(P + 1,) AT 6;)
+2tr (QBT6,) + 2tr (QCT05).  (39)

Substituting (31), (35), (36), and (39) into (30),
with (34) in mind we obtain the following expression
for the Frechet derivative of the functional Jg in the

direction § = [0 63 03] at the point (ﬁr, ET, 5;) :

dJs(0) =
= 26r{(Q(P + I,)AT — [0 I,]P.AYCT[0 I, ]7C.)6:}
+26{(QB; — BICT[0 I,,]"C. )02}

+2tr{(QCF — [0 I,]P.CT)03}.

(40)



Thus, the gradient of the functional Jg at the point
(Ar,B,,C,) € 8is

o d0Js 0Jz J,
VJs(A,, By, C,) = [—f’ = —f} @D
A, 0B, 0C,
where
—_— = 2A7,. P+Ir
Y8 ( )Q
—2CT10 1,]C. A P[0 11", (42)
dJp = ~T ~ 5
— = = QBT - 20& O Im CEB€7 43
0B, Q [ ] (43)
9Jp 2 % T
b5 —920,Q—2C.P.J01,]7 . 44
9. Q [01,] (44)

So the optimality conditions for (/Nlr, ET, C~'r) € S to
minimize Jg are given by

% = 0’ % = O7 % - O
DA, OB, oC,

Let us formulate the obtained results as

Theorem 1. Let us consider the linear discrete time-
invariant system F, (z) € HEX™ given by state-space
equations (1). With given o > 0 and € > 0, as well
as sufficiently large 5 > (* > 0, the state-space re-
alization (A,., B, Cy., D,.) of the stable reduced-order
system F.(z) given by (4) such that the condition

Joz(ArthCraDr) = |”Fn - Frma <e (45)

holds true is defined by the solution of the following
nonlinear algebraic equation system

R=ATRA, +qCrC. + L'S71L
L 2 ¥BTRA, . (46)
¥ 2 (I, - B'RB.)™*

P, = AP.A" + B.BT, 47)

P=A,PAT + B,BY + ATA, + C'C, + I,, (48)

Q=ATQA, + 1,/8, (49)

1 pM
——Indet n

L R— 50
2 r(LPLT +%) (50)

ANP+1.)Q—CF[01,]C.A.P.[0 I.]" =0, (51)

B,Q—Cr[01,]C.B. =0, (52)
C.Q—-C.P.[01,]" =0, (53)
where
A 0 |B
¢ C—C,|0
ilB A+ BLi  BLs Bx'/?
Ce 06 = B.Li A, + B.Ls|B.x"? |,
° C -C. | 0
A B | [Ar—i-BTLg\BT[Ll 21/2}}
clo| Cr | 0 ’
with D, = D.

4 Conclusion

A solution to the problem of optimal anisotropy-
based approximative model reduction has been pro-
posed. To solve the main problem, an auxiliary prob-
lem of weighted Ho e-optimal discrete-time model ap-
proximation has been stated and solved. Optimality
conditions defining a solution to the anisotropy-based
approximative model reduction problem have been ex-
pressed in form of a nonlinear algebraic matrix equa-
tion system consisting of Riccati equation, three Lya-
punov equations, and four special-type equations. The
presented approach guarantees stability of the obtained
reduced-order model, which approximates steady-state
behaviour of the full-order system, but does not reflects
the dynamics of the full-order system.
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