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Abstract

This paper presents an analysis of the applicability of
a quantum amplitude redistribution algorithm to the data
filtering problem and the results of modeling the algo-
rithm’s operation in comparison with a median filter.
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1 Introduction

Quantum information studies the computational capa-
bilities of physical systems described by the mathemat-
ical apparatus of quantum mechanics. The fields of al-
gorithms, noise and error problems, and the application
of quantum effects have intersections in a wide variety
of computing fields ([13], [14]). One of the important
and rapidly growing areas in this field is the develop-
ment of new quantum algorithms in the circuit model
[2], [3]. The advantage of such algorithms is based on
the use of quantum parallelism — the ability of a quan-
tum system to follow several computational trajectories
simultaneously. The number of such trajectories grows
exponentially with the size of the computational system,
but when obtaining classical information from a quan-
tum state (upon measurement) it collapses to a single
trajectory [10]. The main approach to overcoming this
drawback is to redistribute the probability amplitudes of
quantum states before their collapse (for example, us-
ing interference). This makes it possible to increase the
probability of measuring certain states (more informa-
tive ones) relative to others (less informative ones). In
some cases, the exponential advantage can be preserved,
as for example in Shor’s algorithm [8].

The Grover algorithm [4] and its more general modifi-
cations [1] allow searching for numbers corresponding to
an arbitrary algorithmic condition of the form A(z) = 1,
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where A is some algorithm and x is the numerical pa-
rameter of A. The choice of the algorithm A determines
the nature of the problem being solved. If, for example,
x is a numerical representation of a path in a complete
graph and A is a check of the condition len(z) < b,
then the Grover algorithm can be used to solve the trav-
eling salesman problem. In [7], the algorithm [1] is used
to amplify the amplitude of the correct result of binary
classification in quantum machine learning.

If the condition A(z) = 1 corresponds to the situation
of selecting the correct signal value from an array con-
taining a digitized signal with outliers (anomalies), then
the Grover algorithm can be used as a filtering method.
The drawback of such a solution is that redistribution of
probability amplitudes in the Grover algorithm requires
a fixed number of steps (iterations) 7 = O(v/N), where
N is the size of the input array.

In [11], [12] a filtering algorithm is proposed that op-
erates in time O(1). Unlike [4], [1], in this algorithm
the amplitudes of the vectors encoding the array ele-
ments are decreased proportionally to the distance of
the elements from some reference value. As a result
of measuring the state, one obtains the array index after
probability-amplitude redistribution. Thus, at the output
of the method, one obtains an element that was originally
present in the data, which makes it similar to a median
filter [5], [6], [9].

In this work, the properties of the algorithm (QASNE
in [11]) are investigated for the task of signal filtering;
the dependence of filtering quality on certain character-
istics of the signal and outliers is analyzed; and simu-
lation results of the algorithm operation are presented
in comparison with a median filter. The paper is orga-
nized as follows: in the second section, a brief descrip-
tion of the algorithm from [11] is given. In the third
section, the transformation scheme used for amplitude
redistribution is presented. The fourth section is devoted
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Algorithm 1 Quantum Amplitude Redistribution Algo-
rithm

1: procedure QARA(A, )

2: > Initialize registers

3 Data register | D) < |0)®"
4 Reference register |R) < r
5: m < logo M
6:  Counter register |C) + H®™|0)®™
7 > Load data (Fig. 1)
8 7=0
9: while j < M do
10: // mark index j in register |C):
11: Vi: 28 A j = 0apply X|C);
12: /'load A; into | D) controlled by |C):
13: Vi:2t A A; = 1apply D) «<C A;
14: // unmark index j in register |C):
15: Vi: 2 A j = 0apply X|C);
16: j—i+1
17: end while
18: > Rotations
19: 1=0
20: while i < n do
21: i = QL%
22: Apply R, to |C), controlled by |R);
23: Apply R_, to |C), controlled by |D);
24: 1 i+ 1
25: end while
26: Jj < Measure|C)
27: return A;

28: end procedure

R{!

nl

D{} !

Quantum registers

C { 'E‘ER(J) R(-7) ;R(+g) R(-5)

Figure 2. Schematic diagram of the rotations of the quantum algo-
rithm for probability redistribution

to a mathematical analysis of filtering results under cer-
tain assumptions regarding anomalies encountered in the
signal. In the fifth section, simulation results of the algo-
rithm for filtering artifacts in real images are provided in
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comparison with a median filter. The conclusion formu-
lates statements about the limits of applicability of the
investigated algorithm.

2 Quantum Amplitude Redistribution Algorithm

The quantum amplitude redistribution algorithm
(Quantum Amplitudes Redestribution Algorithm, abbre-
viated as QARA) described in [11], [12] takes as input
an array A of M n-bit non-negative integers and an n-bit
reference value 7.

To redistribute amplitudes, the algorithm uses a matrix
parameterized by the angle ¢:

S e
@ sing sin %
COSs 2 :t \/21n_1 :I: \/2'771. —1
+ sin & cos 4+ sin &
R V2m—1 2 V2m—1 1
sin £ sin £
2 2 ... L
+ N + T COS 5

The operation of the algorithm can be described by the
following pseudocode:

do '+

d1

d> '+

Co . L

C1 —n 4 . “—
C2 ® &

Figure 1. Loading the value A5 = 5. As a result, the index [101)
in ‘C> is entangled with the value ‘101> in |D>
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3 Implementation of the Rotation

This section contains the definition of the transforma-
tion used in the algorithm (1) for redistributing ampli-
tudes between array indices, as well as a proof of its
unitarity and a description of its decomposition into a
sequence of elementary gates with a circuit depth that
grows quadratically with the number of qubits.

3.1 Definition

The transformation is defined by the matrix (1), 2" X
2™, where n is the number of qubits. An arbitrary place-
ment of signs outside the diagonal is allowed, subject
only to the requirement that the transformation is unitary.
Among admissible sign arrangements, it was decided to
use the one that proved simplest to implement.

We define the sign arrangement for one qubit as fol-
lows:

cos £ —sin‘p>

mie) = (o o

in & ©
sin ¥ cos ¥
For (n + 1) qubits we define the sign arrangement re-
cursively:

An _Bn
Roi1(p) = (Bn A, >

The structures of matrices A,, and B,, maintain the def-
inition of R, 11(¢) (1). In the submatrix A, the signs
are arranged in the same way as in R,,, while in the sub-
matrix B,, they are arranged as in the n-qubit Walsh—
Hadamard transformation. Note that transposition of the
matrix is equivalent to changing the signs of the elements
outside the diagonal.

3.2 Proof of Unitarity
Lemma 3.1. Let H,, be the Walsh—-Hadamard operator
for n qubits. Then the following equality holds:

H,R,(p)H, = Rl,(») )

Proof. We use mathematical induction over the number
of qubits. For one qubit we have:

HiRy(p)Hy =

_i 11 cos%—sin% i 11\
V2 \1-1 sin$ cos¥ )2 \1-1 o

cos 2 sin¥

— 2 2 ) — pf
B <—sin“29 cosﬁ) = Rilp)

Introduce the notation:

27L .
“=\ ooy
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Then R, 1(p) can be represented in the following
form:

v1—a?R,

Ruti(p) = ( oH,

—aH,
v1-—a2R, )

The operator R,, is parameterized by some other angle
different from ¢; its value is omitted for brevity. Since
the sign arrangement in R,,; is defined recursively, the
matrix R,, satisfies formula (1).

Induction step:

Hy1Ryy1(9)Hpt1 =

1 (Hn H, ) (\/WR”

_ —aH, «
V2 \H, —H, aH, V1—-a?R,

L (HaoH, )
\/i Hn _Hn N

_ (V1—-a?R],
o —aH,

aH, "
\/ﬁRT ) = Rn—i—l(@)

Theorem 3.2. The transformation R,, () is unitary.

Proof. Again, we apply mathematical induction over the
number of qubits. R; () is nothing other than a rotation
on the Bloch sphere around the Y axis, whose unitarity
is evident. Let b = 1 — a?.

Induction step:

Rn+1RL+1 =

(VbR —aH,\ (VbR] aH} \ _
~ \ aH, VbR, )\ —aH} VORI ) —

bR, R}, + a?H, H}

_ avVbR, H} — avbH, R},
~ \avbH,R! — av/bR, H}

bR, Rl +a*H,H}
By the induction hypothesis, R,, Rf = I, hence
bR,R! 4+ a®’H,H! =bl +d’T=1

From Lemma 3.1 it follows that HnRIL = RnH;fl,
therefore

aVbH, R, — aVbR, Hf =0

Hence, Rn+1RL 41 = I. Similarly one can show that
Rl Ruy1=1
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3.3 Decomposition into a Sequence of Gates

To use the transformation R, () in practice, for ex-
ample on a quantum computer simulator, one needs to
decompose it into a sequence of elementary operators
(gates). For convenience, we will refer to such a decom-
position as a quantum algorithm that implements the op-
erator Ry, (¢).

Find the basis in which the operator R, 11 (y) takes a
simple form. First, we move to the basis with the transi-
tion matrix C'H,, — a controlled Walsh—-Hadamard op-
erator controlled by the most significant qubit:

CHan_;_l (QO)CHn =

(I 0 vV1—a?R, —aH, I0Y\
~\oH, aH, 1—d’R,)\0H,)
_ (V1—-da’R, —al
B al V1—a?R],
Next, we move to another basis with a transition matrix

equivalent to a rotation around the Y axis on the Bloch
sphere by an angle 7:

() ) () -

E(R, +Rl) (R, - R})-al
Yb(R, — Ri)+al (R, +R})

We have previously established that transposition of
R,, is equivalent to changing the signs of the off-
diagonal elements; therefore (R, + R}) is a diagonal
matrix, and (R,, — R}) is a matrix with zeros on the di-
agonal. After several simplifications, we obtain:

— R} (1) sin ‘;)

L
10052

Tcos €
Ry, (1) sin §
Here

. 1
sin — =

2 Vot 1’

V27 £l e 4]
1 +1 V27 - %1

R, (¢) = No =

+1 £1 --- /27
Finally, we move to the basis with the transition matrix

of the operator R}, (1) controlled by the most significant
qubit:

I 0 Icos$ —R](¢)sin£
0 R (v) R,(¢)sin$g  Icos¥ %
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><<I 0 )_(Icosg—lsing)
0R,(v)) \Ising Icos$

Thus, we find the basis in which the original opera-
tor R, +1(¢p) acts as a rotation around the Y axis on the
Bloch sphere for the most significant qubit by the an-
gle o, implemented by just a single gate. To carry out
the transformation, it is sufficient to switch to this basis,
perform the rotation, and return to the initial basis, as
illustrated in Fig. 3.

By recursively expanding R, (¢) using the same
scheme, we obtain an exponential growth of circuit depth
with increasing number of qubits. However, this algo-
rithm can be substantially simplified after decomposing
the two internal operators R, (). Between the transi-
tion back to the initial basis in the first transformation
and the transition to the required basis in the second,
no other gates occur. Therefore, these two transitions
can be omitted. Carrying out such simplifications recur-
sively and expanding all subsequent Rj, we obtain the
optimized circuit shown in Fig. 4.

As a result, the number of elementary gates imple-
menting the required algorithm becomes asymptotically
O(n?), where n is the number of qubits on which the
transformation is defined. Thus, it depends quadratically
on the number of qubits, which is a quite acceptable re-
sult. If in one time step we allow the simultaneous ex-
ecution of several single-qubit Walsh-Hadamard opera-
tors controlled by the same qubit, then the circuit depth
grows linearly with the number of qubits.

4 Analysis of Applicability of the Algorithm to the
Data Filtering Problem

4.1 Probability Distribution After Applying the Al-
gorithm

Before applying the algorithm (1), the elements of the
input array in register D are pairwise entangled with
their indices in register C, and the probability distribu-
tion among them is uniform. After applying the algo-
rithm, the amplitudes in register C' are redistributed and
the pairwise entanglement with the array elements disap-
pears. To analyze the possibility of using the algorithm
as a filter, we consider how the probability of an arbitrary
index C}, changes:

Theorem 4.1. If all elements in the array D are distinct,
then the probability of the element with index k when
measuring register C' after a single application of the
algorithm (1) is given by:

n—1
1 2 7T(TZ‘ — dk)
P(Cy) = M[COS (; W)_,_
1 n—1 ( d]) (3)
) Ty — i
T 2 QU
JE0,M—1),5#k =0
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Figure 3. The first step in finding the decomposition of Rn+1 (go) The dashed lines highlight transition blocks to the appropriate basis. Here
S 1
sl 5 =

2= Vantior

Ry(¥n-1)

_| Ry (7/)n) l_
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Figure 4. Decomposition of Rn+1 ( <p). Here Sin -

where M is the number of elements of the input array,
n is the number of qubits required to store one element,
r € {0,1}™ is the reference value,
the upper indices k and j correspond to the element num-
bers d of the input array,
the lower indices ¢ correspond to the bit numbers starting
from the least significant bit.
Neglecting the schematic details of the bitwise execution
of the algorithm, the formula 3 can be rewritten as:

GEl0,M —1],j#k

Proof. The algorithm (1) consists of sequentially apply-
ing the matrix R, (¢) (rotations) to register C', controlled
by the values of qubits in register D. The angle ¢ for
each rotation is determined by the index of the control
qubit0 <7 < n:

p; = /2!

In this case:

1. if r; > d¥, then a rotation by ¢; is applied to the
vector |Cy),

2. if r; < d¥, then a rotation by —¢; is applied to the
vector |Cy),

3. if r; = d¥, then no rotation is applied to the vector
|Ck)-

This rule can be generalized by the following expression
for the rotation angle of the vector |C):

o = pi(ri —df)

Y

Pk 1

2 V2ktio1

From the decomposition of the rotation matrix (1) into
a sequence of elementary gates in Fig. 4, it follows that
applying the rotations sequentially is equivalent to per-
forming a single rotation by their total angle:

H R, (p;) = Rn(z ©i)

The most significant qubit © = n — 1 controls the rota-
tion by the largest angle 7 /4, while the least significant
qubit (+ = 0) controls the rotation by the smallest angle
7/2" L. For the vector |C}), the total angle ¢y is:

n—1 ;- dk
k=Y i — &) )

gn—i+1
=0

Thus, after applying all rotations, the amplitude of the
vector |C},) is distributed among all vectors in the space
of register C:

|Ck) — cos(r)|Ck)
sin(p;) (6)
VAT =10

The rotations applied to vectors C'; ;1 also redistribute
the amplitudes among all vectors in the space of register
C'. At the same time, no interference occurs between
vectors with different indices j, since they are entangled
with different values in register D. Therefore, from each
such vector, the value a; is added to the amplitude of
|C):

1Cj) ik — &
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Taking into account the initial amplitudes of all vec-
tors in the space, which are 1/+/M, for the probability
P(|Cy)) we obtain:

P(C) = 17 (cos?(o0) + Y ()
Jj#k

4.2 Dependence of Filtering Quality on Input Data

Theorem 4.1 lets us formulate several useful corollar-
ies regarding the applicability of the investigated algo-
rithm.

Expression (3) determines the probability of obtain-
ing the outlier index upon measurement only in the case
when all values in the array D are distinct. Repeated val-
ues in the input array lead to interference in registers C'
and D, which can both decrease and increase this prob-
ability. For this reason, for practical filter implementa-
tions one can consider a modification of the algorithm in
which the values of the array are loaded into register D
together with their indices (in the least significant bits).
This modification requires increasing register D by the
size of register C'. The added qubits do not participate
in rotations and are needed only to prevent interference
of indices in register |C') when the array values A are
identical.

From expression (3) it follows that the reduction of the
outlier probability is influenced by two factors:

the number and significance of the bits in which the
outlier differs from the reference value,

the number of array elements that differ from the
reference value (outliers).

The first factor determines how close the angle ¢, under
the cosine in the first part of expression (3) is to 7/2,
while the second factor determines how many non-zero
terms will appear in the second part of the expression.

Corollary 4.1.1 (Best Conditions for Filtering). If the
input array contains a single deviation (outlier) d* :

Vi d¥ >

and all other elements of the array match the reference
value:

Vieo,M—1],j#k & =r,

then the probability of obtaining the index k when mea-
suring register C after applying the algorithm is the
smallest among all possible input arrays and is equal
to:

1 s s
P(|Cy)) = —cos* (5 — 2n+1)

Proof. Since the outlier d* is unique, its index in regis-
ter C does not interfere with other indices, and the cosine
value in expression (3) remains valid for it. For the re-

maining indices, rotations are not performed due to the
condition @ = r Vj # k. Therefore, nothing is added

to the amplitude of |C}) from the other superposition
vectors.

105

Theorem 4.2. [fthe input array contains a single outlier
d¥, such that for some | € N:

dF > 2l7“,

and the deviation from r for all other elements does not
exceed some o:

Vi£k |d—rl<o

then the probability of obtaining the index k when mea-
suring register C after applying the algorithm can be
upper-bounded.:

o

P = 0 (5w (5))

If o is also estimated in terms of r:

<’I“
O'_2p

then the upper bound for P(|C})) becomes:

Pl < (oot (5 - ) +o07 ()

Proof. The worst-case scenario that maximizes the
probability P(|C)) under the conditions of the theorem
is the following case:

r is a power of 2 (r = 29),
d* = 2lr,

Vithk dd—r=oc=gor—d=0=4.

The first two conditions minimize the angle ¢y, which
is the argument of the cosine in (3), since ¢, =
g1 (d¥ — 7). If s is the position of the most signifi-
cant bit in r, then

dk —r> 2l+17, = 7,(2l+1 o 1) > 23(2l+1 o 1)

The third condition maximizes the values of the angles
¢, which are the arguments of the sines in (3). In this
case,

27’L
2l+p

< <

r dk

9p = 9l+p
Substituting these worst-case values into (3) and taking
the most significant bit of d* asn — 1 (n — 1 = s + 1),

we obtain:

1 9 T T
P(|Ck>) = M(COS (an(nfl)Jrl - an(nflfl)Jrl)—‘r

e S (55))

ik
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An important corollary of Theorems 4.1 and 4.2 is the
following set of recommendations for using the algo-
rithm:

The algorithm is sensitive to how fully populated
the values of the most significant qubits are. The
absence of differences between outliers and useful
data in the most significant qubits leads to small
values of the cosine argument ¢y, in (3), and conse-
quently to an increase in the probability of obtaining
the outlier index upon measurement.

The algorithm is also sensitive to the filling of the
least significant qubits. Shifting all array values by
bits to the right increases the ratio d* /r, which can
significantly decrease the probability of measuring
the outlier index in (8).

5 Experimental Evaluation of the Algorithm

The motivation for using the algorithm (1) instead of
a median filter is the gain in computational complexity.
The median filter requires sorting the input array, which
makes its complexity O(n x M * logo M), where M is
the array size and n is the bit-width of the numbers com-
pared during sorting. The complexity of the algorithm
(1) does not depend on the array size M and is deter-
mined only by the bit-width: O(n). Obtaining a refer-
ence value (for example, as the average value of the array
elements) may require O(n M) bit-addition operations,
leaving the gain of [ogs M times. If the reference value is
taken as the value obtained after applying the algorithm
to the previous window (the previous data segment), then
computing the average is not required.

Adding a register with element indices that ensures the
uniqueness of compared values does not increase com-
putational complexity, since the added qubits do not par-
ticipate in rotations.

The diagrams in Fig. (5, 6) demonstrate the results of
applying the algorithm to arrays of 4 and 8 elements. It
can be seen that the algorithm orders the measurement
probabilities of element indices in accordance with their
values.
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Figure 5. Probabilities of array indices [5 0 15 10] for the reference
value R = ( before processing (left) and after applying the rotations
(right), 1,000,000 measurements

Below are processing plots of a noisy triangular sig-
nal using a classical median filter and a quantum feed-
back filter, where the reference value (i.e., an analogue
of the median) is the measurement result obtained in the
previous cycle. The first iteration searches for the me-
dian in the selected window. In the second iteration, the
resulting median acts as a reference value. At the end
of the second and all subsequent iterations, the quan-
tum counter is measured and the window element, whose
number was obtained during the measurement, becomes
the reference value for the next iteration.

The following presents the results of processing var-
ious images with artificially introduced artifacts (high-
lighted in white) in comparison with a median filter. The
settings of the quantum filter were optimized with re-
spect to the maximum and minimum values within the
window (array of pixels). In these experiments, the mea-
surement result from the previous cycle also acts as a
reference value.

Elimination of repeated elements is achieved via addi-
tional m = log M qubits for each pixel, containing the
element index in the array.

Image sources:
https://sipi.usc.edu/database/,
https://rentgenogram.com/.
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Figure 6. Probabilities of array indices [8 3 29 63 14 2 45 10] for the reference value R = 0 before processing (left) and after applying the
rotations (right), 1,000,000 measurements

Figure 8. Processing a black-and-white 8-bit image with an artifact in PNG format, 512*512 pixels. Original image (left), result of the median
filter (middle), and result of the quantum feedback filter (right). Window width is 8 pixels.
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Figure 9. Processing a black-and-white 8-bit image with an artifact in PNG format, 512*512 pixels. Original image (left), result of the median
filter (middle), and result of the quantum feedback filter (right). Window width is 16 pixels.

A

Figure 10. Processing a black-and-white 8-bit image with an artifact in TIFF format, 512*512 pixels. Original image (left), result of the median
filter (middle), and result of the quantum feedback filter (right). Window width is 8 pixels.

A

Figure 11. Processing a black-and-white 8-bit image with an artifact in TIFF format, 512*512 pixels. Original image (left), result of the median

filter (middle), and result of the quantum feedback filter (right). Window width is 16 pixels.
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Communicating hydrocephalus Communicating hydrocephalus Communicating hydrocephalus

Figure 12. Processing a black-and-white 8-bit MRI image with an artifact in JPG format, 1018*1018 pixels. Original image (left), result of the
median filter (middle), and result of the quantum feedback filter (right). Window width is 8 pixels.

Communicating hydrocephalus Communicating hydrocephalus Communicating hydrocephalus

Figure 13. Processing a black-and-white 8-bit MRI image with an artifact in JPG format, 1018*1018 pixels. Original image (left), result of the
median filter (middle), and result of the quantum feedback filter (right). Window width is 16 pixels.

Communicating hydrocephalus Communicating hydrocephalus Communicating hydrocephalus

Figure 14. Processing a black-and-white 8-bit MRI image with an artifact in JPG format, 1036*1036 pixels. Original image (left), result of the
median filter (middle), and result of the quantum feedback filter (right). Window width is 8 pixels.
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Communicating hydrocephalus Communicating hydrocephalus Communicating hydrocephalus

Figure 15. Processing a black-and-white 8-bit MRI image with an artifact in JPG format, 1036*1036 pixels. Original image (left), result of the
median filter (middle), and result of the quantum feedback filter (right). Window width is 16 pixels.
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6 Conclusion

As a result of the theoretical and experimental study
of the algorithm presented in [11], [12], the following
recommendations were formulated:

For the algorithm to operate as expected as a re-
placement for a median filter, it is necessary to en-
sure the uniqueness of elements in the array being
processed.

In register D, which contains a superposition of ar-
ray elements, one must ensure the absence of data-
unfilled qubits on the top and bottom. Unfilled
qubits are those that contain zeros for all possible
array values.

Increasing the size of the sliding window in image
processing leads to better filtering quality.

From the results presented in Section 5, it can be seen
that the algorithm performs slightly worse than the me-
dian filter, while providing a gain in computational com-
plexity from O(n x M x loga M) to O(n).
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