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Abstract

This paper considers the problem of simultaneous op-
timization of the program motion and a bundle of per-
turbed motions for a nonlinear controlled dynamic sys-
tem. Such problems arise in the study of optimization
of charged particle beam dynamics in accelerating and
focusing structures. When solving the problem of stabi-
lizing the program motion, we also encounter the signifi-
cant dependence of the perturbed motions on the selected
program motion and the need to take this into account.
The sum of a pair of Bolza type functionals is consid-
ered. One is defined on the program motion, the other
is defined on a bundle of trajectories. Necessary opti-
mality conditions are given. Moreover, in the stationary
case, the function that attains a maximum under optimal
control is constant, just as under optimal control of an
individual trajectory.
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Introduction

Mathematical optimization methods are widely used
in various fields of science and technology. In the
study of controlled systems, the maximum principle
of L. S. Pontryagin plays a significant role [Pontrya-
gin et al,, 1969]. A special place in the control of
dynamic systems is occupied by problems related to
the control of a beam (ensemble) of trajectories, when
the initial state of the controlled system belongs to a
certain set [Kurzhanskii, 1977; Ovsyannikov, 1980].
Trajectory beam control problems arise when optimiz-
ing complex electrophysical equipment, in particular,
when studying the dynamics of charged particles in
accelerators [Ovsyannikov, 1990; Ovsyannikov et al.,

2006]. Various control problems of continuous and dis-
crete [Bortakovskii, 2020; Golovkina and Ovsyannikov,
2020; Nikolskii and Belyaevskikh, 2018], deterministic
and stochastic dynamic systems [Karane and Panteleev,
2022; Vladimirova et al., 2015], as well as feedback sys-
tems, are also considered in conditions of uncertainty
in setting the initial conditions of motion and incom-
plete information about the parameters of the control
object [Zavadskiy et al., 2023; Panteleev and Semenov,
1992]. The theory of beam control can be used, in
particular, to solve problems of optical and non-optical
flows [Kotina et al., 2022; Larochkin et al., 2025; Kotina
et al., 2024].

The paper investigates a nonlinear controlled dynamic
system. The problem of simultaneous optimization of
a software and a beam of perturbed motions is consid-
ered [Ovsyannikov, 2000; Ovsyannikov, 2006; Ovsyan-
nikov et al., 2009]. A new representation of the func-
tional variation and, accordingly, a new form of the max-
imum principle is given. It is shown that the function,
which reaches its maximum under optimal control, is
constant in the stationary case. A similar result occurs
when controlling a single trajectory [Pontryagin et al.,
1969].

The problems of simultaneous optimization of pro-
gram and perturbed motions arise when optimizing the
dynamics of charged particles in accelerators, as well as
when studying the problems of program motion stabi-
lization.

When optimizing perturbed movements, it is reason-
able simultaneously consider the program motion. Thus,
when studying the dynamics of a beam of charged par-
ticles in accelerators, it turned out that it is most ef-
fective to optimize the dynamics of a beam of particles
with the joint optimization of the program (motion of a
synchronous particle) and an ensemble of perturbed mo-
tions [Ovsyannikov, 2013; Ovsyannikov, 2014].
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The paper considers a functional that takes into ac-
count both the terminal characteristics of the program
and the beam of perturbed motions, as well as their char-
acteristics over the entire considered interval. In this
case, the density of the particle distribution along the
perturbed motions is also taken into account.

1 Problem statement

Let us consider a controlled dynamical system de-
scribed by a system of ordinary differential equations
with initial conditions of the following form:

dx
E:f(tvx7u)a (1)
dy
E - F(tvxvy7u)a (2)
x(0) = o, 3
y(0) = yo € Mo. )

Along with the system (1, 2), let us consider the equa-
tion for changing the density of the particle distribution
p = p+ = p(t,y(t)) along the trajectories of subsys-
tem (2) with the law pg(yo) of the particle density distri-
bution on the set M specified at the initial moment:

p .
% = —p: dZUyF(t,xa Z/7U)7 (5)

p(0) = p(0,4(0)) = po(vo), yo € My. (6)

Here t € Ty = [0,7] C R' - independent variable
(as a rule, time); x € R™ and y € R™ — vectors of
phase variables x1,22,...,x, and y1,¥2, ..., Yn, sizes
n and m respectively; ©v € R" — r-dimensional control
vector-function; 7" — fixed number. The vector-functions
f(t,x,u) and F(t,2z,y,u) are assumed to be definite
and continuous with respect to the totality of arguments
on the sets Ty x €, x U and Ty x Q, x Qy x U

together with its partial derivatives in z and y — gf ;,
where i,k € {1,2,...,n} and gfk, ‘351 , aikg% , 8?;6%
where k € {1,2,...,n},4,5,0 € {1,2,...,m} The set
of nonzero measure My C £, will be considered com-
pact; the point 29 € Q; po(yo) is some non-negative
continuous function.

Acceptable controls u = u(t),t € Tp, form a certain
class D of piecewise continuous functions on the interval
[0, T, that take values from a compact set U. By piece-
wise continuous functions, we mean functions that have
only a finite number of discontinuities of the first kind.

Definition 1. By program motion, we will further un-
derstand the solution of subsystem (1) under the initial
condition (3).

Definition 2. Solutions of subsystem (2) with initial
conditions (4) for a fixed program motion will be called
disturbed (perturbed) motions.

Remark. Controls for programmed and perturbed

movements can be different. However, without losing
generality, we can denote them by u, assuming that dif-

ferent components of this control may or may not si-
multaneously enter the right-hand sides of systems (1)
and (2).
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Let’s say that subsystem (1) describes the dynamics of
program motion, and subsystem (2) describes the dy-
namics of a bundle of trajectories or the dynamics of
perturbed movements according to initial conditions.

The mathematical control model under study describes
a fairly general situation encountered in practice. We can
consider separately the task of optimizing program mo-
tion by selecting the appropriate control function. Sub-
system (2), in particular, can be considered as an equa-
tion in deviations from the program motion. The choice
of control and program motion affects the decisions of
subsystem (2), which directly depends on them. It can
be solved in stages: first, the task of finding a program
motion, and then the tasks of stabilizing and optimizing
transients processes, for example, by the deviation of the
initial data from the specified ones. However, this is not
always advisable, because the dependence of perturbed
movements on program motion is not taken into account.

The problem arises of simultaneous optimization of
program motion and an ensemble of perturbed motions
or a bundle of trajectories originating from the set M,
characterizing the area of permissible deviations of the
initial data in yg.

2 Functional of quality

We introduce a functional that simultaneously evalu-
ates the dynamics of the program motion and the dy-
namics of the particle beam, taking into account their
distribution density, for further joint optimization. This
functional will be determined based on the solutions of
system (1), (2) and equation (5) under the appropriate
initial conditions (3), (4), (6) and the selected control

u(t):

I(u) = Li(u) + Ix(u), ©)

T
Il(U):/ o1 (6 2(8), u(t)) di 1 g1 (2(T)). ()
:// o (t, x(t), ye, p(t, ye), u(t)) dy; dt+
Mfu
/ g2 (yrs p(T, yr)) dyr, ©
Mt

Here, the set M, ,, is the cross-section at time ¢ of the
bundle of trajectories of subsystem (2) originating from
the set My under control of u(t) and the correspond-
ing program motion x(¢). The functions ¢1, 2,91, 92
are non-negative continuously differentiable functions of
their arguments.

The task of minimizing the functional (7) will be called
the task of simultaneous (joint) optimization of the pro-
gram motion and particle beam dynamics. The accept-
able control ©°(t) € D, which provides a minimum to
the functional (7), will be called optimal control.
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3 Auxiliary functions

Let the auxiliary (conjugate) functions v (t), v(¢, y),
w(t, yi), A(t,ye) satisfy along the trajectories of the sys-
tem (1), (2), (5) the following equations and conditions
are at the right end:

do __ (OF\" L (%)
dt (am) w+<8m> ’ (19)
v (Of\"  [(OF\" N
at~ N\oz) " \oz )
odivy F\ " 1 (g2 \"

du oF 8dwy
i - (ay) o (M) s
S e
dA o . 1 8@2
B = i, P - <<p2 = pt) L a3)
_ g1
o) = (22 (14)
_ 1 (9g:\"
1 (dg2\"
T = —— 16
u(r) == (52 (16)
1 092 )
MT) = —— e . 17
( ) (PT)2 (92 8,0 PT (17)
Let’s introduce the functions:
:¢* 'f(t,x,v)_SOl(t,Jf,'U), (18)
Hy=v"- f(t,x,v)+p* - F(t,z,y,v)— (19)

1
=A- de"UyF(t,iL',y, U) - 7902(t,$7y7p7v)'
P

Note that the function H; can be considered as the
Hamiltonian of the combined system (1), (10) for vari-
ables x and 1), since the relations obviously hold:

o _ (00 g

dt o
dp _ (OH(t,x(t), ¥(t), u(t)\"
T T

Variables 1) are called conjugate to variables x, and
system (21) is called the conjugate system of equations
for system (20).

Note also that the function Ho, in turn, is the Hamil-
tonian of the system obtained by combining the sys-
tems (1), (2), (5) and the corresponding auxiliary sys-
tems (3)-(13) for variables z, y, p and v, u, A, respec-
tively, since the relations are fulfilled
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dz _ (8H2(t’$(t)7yt:l)t;l’t7ﬂt;>\t7u(t)) ) -

dt ov

dy _ ( 0Hs(t,@(t),ye.pe,ve s e su(®) ) (22)
dt o ’

dp _ [ OH2(t,x(t),yt,pt Ve, ke, Ae,u(t)) *

dt o
dv ([ OH2(t,x(t),yt,pt,Ve,008, ¢,u(t))

dt — oz
dp _ [ OH2(t,x(t),ye,pe,ve.pe At u(t)) * (23)
dt dy
d\ [ OH2(t,x ()Yt 01, Ve, ke, Ae,u(t)) *

dt dp

The variables v, p, A will be called conjugate to the
variables x, y, p, and system (23) will be called the con-
Jjugate system of equations for system (22).

4 Representation of a functional variation

Let us choose a certain control function u(t). Let us
consider corresponding to it the program motion z(t), a
bundle of perturbed motion trajectories y;, and also p;,
which are the densities of the particle distribution along
them. For shortness, the set of these values will be called
the selected process.

Let’s introduce the function H (¢, v) for some selected
process:

H(t,v) = Hy(t,z(t),(t),v)+

+ H2(t7x(t)uyt>pt7Vt7/14t7v)pt dy,
Mt,u

where, as all arguments (except the v) in the functions
H, and H> the functions of the same name of the se-
lected process and the corresponding auxiliary functions
Y(t), vi = v(t,ye), e = p(t,ye), e = At ye) are
substituted.

Then the variation of functional (7) can be written in
the following form

T
ol = _/ AvH(t7U)|v=u(t) dt =
0
T
_ / AuHy (1 2(8), 0(8), u(t)) di—
0
T
- / / A Ha (6, 2(8), Yt pis ves 12, A u(t))-
0 My

“pt dyz dt.

5 Necessary optimality conditions

Theorem 1. Let u° = u°(t) be the optimal control that
corresponds to the optimal selected process. Then for all
t € Ty = [0, T the following condition holds:

max HO(t,

vel

v) = HO(t,u’(t)). (24)
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Here, the function H(¢,v) is the function H (¢,v) for
the optimal selected process z°(), 32, p¥, u®(t) with the
corresponding auxiliary functions 1°(t), v0 = v0(t, y;),
g = 10t ye), AL = At ).

Theorem 1 provides the necessary conditions for the
optimality of the process and can also be understood as
an extension of the Pontryagin maximum principle for
the introduced generalized functional.

The selected process x(t), ys, pt, u(t) will be called a
process satisfying the necessary optimality conditions if
the condition of Theorem 1 is fulfilled for it:

max H(t,v) = H(t,u(t)).

6 The constancy of the function H(z,u(z)) in the sta-
tionary case

Let us consider in more detail in the stationary case the
properties of the function H (¢, v) for some selected pro-
cess satisfying the necessary optimality conditions. By
the stationary case, we will understand the case when
the right-hand sides of the studied system of differen-
tial equations (1), (2) and integral functions in function-
als (8) and (2) do not explicitly depend on time.

Then the functions Hy =  Hi(z,%,v) and
Hy = Hy(z,y,p,v, u, A\,v) can be introduced as fol-
lows and will not explicitly depend on time:

H,y :’L/)*'f(l'ﬂ)) _301(‘%’”)7
HQZV* f(xav)+ﬂ* 'F('T7y7v)_

) 1
—A- pdlva(CI)‘, Y, U) - ;@2(1‘7 Y, P, U)'
The function H (¢, v) will take the form:
H(t7 ’U) = Hl (Jf(t), ¢(t)7 U)+

+ HQ(J:(t))ytvptyVta,uta)‘hv)ptdyt'
M,

Note that all the properties and statements for the func-
tions Hy, Hy and H (¢, v) from the general (nonstation-
ary) case remain valid.

Let’s introduce the function M (t) = H (¢, u(t)):

M(t) = Hi(x(t), (1), u(t))+

+ Hy(x(t), e, pe, Ve, pies Ao, u(t)) pe dyy.
M.,

Here u(t) is the control that corresponds to the selected
process.

Theorem 2. Let us consider a process satisfying the
necessary optimality condition. Then for all ¢t € Ty =
[0, T, the following condition holds:

M(t) = H(t,u(t)) = const. (25)
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Theorem 2 provides the necessary conditions for the
optimality of the process in the stationary case. The fol-

lowing lemma is used to prove Theorem 2.
Lemma. Let some function H(¢,v) defined for

t € To = [0,T) and v € U be a continuous function
with respect to the totality of its arguments, as well as
its partial derivative %H (t,v). Let also u(t) be a piece-
wise continuous function defined at ¢t € Ty, taking val-
ues from the set U. If the maximum condition is ful-
filled for them for all ¢: max,cy H (¢, u(t)) (or a weaker
condition H (t,u(s)) < H(t,u(t)) for all s and t), and
at the points of continuity of the function w(t) in addi-

8Ha(?v) lv—u(t) = 0, then H (¢, u(t)) = const for all

tion
t eTp.

The proof of the lemma is carried out similarly to the
proof of the theorem from Boltyansky’s book [Boltyan-

skii, 1966] on the constancy of the function H.

Now let’s check that the function M (t) = H (¢, u(t))
from Theorem 2 meets the conditions of the lemma. This
obviously follows from its definition and properties dis-
cussed earlier. Note, in particular, that the following
equalities will be true:

dHl(m(t)u"l)(t)?v) —
dt v=u(t)
_ (8H1(ff(t),¢(t)7v) dx(t)
ox dt
OH: (z(t),(t),v) dy(t)
- o dt )v:u(t)
_ <8H1(=’B(t),¢(t),v) (3H1(r(t)7w(t)7U(t))>* B
ox oY
_ OHi(x(t),9¥(t),v) (GHl(x(t)Mﬁ(t)M(t)))*)
o ox

v=u(t)
=0.

There are also equalities:

dH2(x(t), yt, pt, Vi, pit, At, )
dt

=0,
v=u(t)
d
dt
_/ dHa(x(t), yt, pt, Ve, pit, At, v)
YA dt

_ dHi(z(), ¥(t),v)
v=u(t) di

+ dHQ(:E(t)1ytaptvytvﬂtv)‘tav)
My o

/ Ho(z(t), yt, pt, Vi, pit, At, v)pt dyr =
th,u

pt dye,

OH (t,v)
ot

+
v=u(t)

) pt dye,
v=u(t)

dt

OH (t,v .
wpn| o

v=u(t)

and therefore

Thus, the conditions of the lemma are fulfilled, and
Theorem 2 is proved.
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Conclusion

A nonlinear controlled dynamic system is investigated.
The problem of simultaneous optimization of the pro-
gram and the beam of perturbed motions is set. For
the introduced functional, a special representation is ob-
tained for its variation. The necessary optimality con-
ditions have been obtained that extend the Pontryagin
maximum principle for the problem under consideration.

It is shown that the function, which reaches its max-
imum under optimal control, is constant in the station-
ary case. The obtained statement generalizes the result
(known for controlling a single trajectory) to the case of
controlling a bundle (beam) of trajectories and the case
of simultaneous optimization of program and disturbed
motions.
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