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Abstract

We consider equivalence relation between switched
linear systems and compute the dimension of equiva-
lence classes, after proving they can be obtained as the
orbits of the action of a Lie group on the differentiable
manifold of matrices defining the subsystems the sys-
tem consists of and deduce miniversal deformations.
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1 Introduction

Switched linear systems constitute a class of non-
linear systems having a behavior far from that of clas-
sical systems. They have been studied recently because
of their interesting properties and the great number of
applications from which they arise. We define natural
equivalence relations in the space of matrices defining
switched linear systems, which include basis changes
in the state variables, inputs and outputs spaces, state
feedback and output injection. Equivalence classes co-
incide with the orbits under suitable Lie group actions
on the differentiable manifold of matrices defining the
systems. From this identification, the dimension of
equivalence classes may be deduced and miniversal de-
formations are obtained, following Arnold’s techniques
in [Arnold, 1971] and [Tannenbaum, 1981].

Throughout the paper, R will denote the set of real
numbers, M, ., (R) the set of matrices having n rows
and m columns and entries in R (in the case where n =
m, we will simply write M, (R)) and by GI,,(R) the
group of non-singular matrices in M, (R).

2 Switched linear systems

Switched linear systems consist of different subsys-
tems of linear equations and a rule orchestrating the
changes between them. More concretely, we can de-
fine them as follows.
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Definition 2.1. A switched non-singular linear system
is a system which consists of several non-singular lin-
ear subsystems and a rule that determines the switching
between them. It can be written as

K(t) = Aox(t) + Bou(t)
2 {y<t> — Cox(1)

with o a piecewise constant signal taking values from
an index set M = {1,...,(}.

Example 2.1. Let us consider a PWM (pulse-width
modulator) boost-converter. We will (as usual) denote
by L an inductance, C a capacitance, R a load resis-
tance and eg(t) the source voltage. It allows to trans-
form the source voltage es(t) into a higher voltage
ec (t) over the load R.

Figure 1. PWM boost-converter



Equations when the switch S is closed are:

()= (5 ) (9)-(0)

and when the switch Sy is closed are:

()= ) ()= (5)

It is modeled by a switched linear system defined by
matrices

3 Equivalence relations

For simplicity’s sake, we will restrict ourselves to
the case where the system consists of two subsystems
(! = 2). The cases where there are more than two
subsystems can be handled in analogous way. Then
a switched linear system is defined by a 6—tuple of
matrices (Al, AQ, Bl, BQ, Cl, CQ) e X = Mn(R) X
M, (R) X Myxm(R) x Myxm(R) X Mpyxn(R) x
Myxn(R).

We will consider the following elementary transfor-
mations:
ET1 Change of basis of the state variables

(Alv A27 Blv BQ; Clv CZ) —

(TAlTil, TAQTil, TBl, TBQ, ClTil, CQTil)

ET2 Change of basis of the input variables

(Al, As, By, By, Ch, 02) —

(A1, Az, B1V, BoV, C1, Cy)
ET3 Change of basis of the output variables

(Alv A27 Bla BQ; Clv CQ) —

(A1, Ag, By, By, WC1, W)
ET4 State feedback

(A1, Az, By, By, C1,C3) —

(A1 + B1K, Ao + B3 K, By, B2, C1,C5)
ETS Output injection

(Alv A27 Bla BQa Clv CZ) —

(Al + UCl,Ag + UCQ, Bl, BQ, Cl, CQ)
and the equivalence relation which includes the ele-
mentary transformations above.

Definition 3.1. We define equivalent 6-tuples

(A1, As, By, B, C1,Cy) ~ (A}, Ay, B, By, Gy, Cy)

as those such that there exist T € GIl,(R),V €
Gl(R),W € G,(R),K € My,wR),U €
My p(R) with

(A/lvA/Q’Bi>B;7CLCé) =

= (TAlT_1+TBlK—|—U01T_1,TAQT_1+TBQK—|—
U02T717T81‘/7TBQ‘/, WClTil,WCQTil)

We also consider the following elementary transfor-
mation:
ET6 Premultiplication of the state equations by invert-
ible matrices

(1417 AQ, Bl, BQ, Cl, CQ) —

(Q1A1,Q242,Q1B1,Q2B2,C1,Cs)

When including this new elementary transformation,
we obtain a new equivalence relation, which we will
denote by ~, (generalized equivalence relation).

Definition 3.2. We define equivalent 6-tuples with re-
spect to generalized equivalence

(A17A27BI7BQ7CI7CQ) ~g (AllaAl27B;7Bé>Cia C;)

as those such that there exist Q1 € GL,(R),Q2 €
GL,(R),T € GI,(R),V € Gl,(R),W €
Glp(R), K € Myxn(R),U € M,,»,(R) with

(A/h A,Q’ Bllv B;’ Civ Cé) = (QlTAlT_1+
QTBK +UCYT™, QoT AT~ + QT B K
+UCQT71, QlTBlv, QQTBQ‘/, WClel, WCQTil)

In order to compute the dimension of the equivalence
classes, a key point is to view them as orbits under a
suitable Lie group action. This is a particular case of
the more general situation where a Lie group acts on
a differentiable manifold. The equivalence classes un-
der the equivalence relation defined above are, in fact,
differentiable manifolds. More concretely, we can state
this as follows.

Proposition 3.1. Equivalence relation ~ is the one
induced by the action of the Lie group:

G = {(T.V,W,K,U) € GI,(R) x Gl;n,(R) x
Glp(R) X Mypsn(R) x Mypyp(R)} on X.

And generalized equivalence relation ~ is the one in-
duced by the action of the Lie group:
Gy ={(Q1,Q2, T, V,IW,K,U) € Gl,(R) xGl,,(R) x
Gl (R) X Gl (R) X Gl (R) X My ey (R) X My o (R) }
on X.
In particular, the elementary transformations ET1,ET?2,
ET3, ET4, ETS5 above are equivalence relations in-
duced by the action of the Lie subgroups of G:

gl = {(Tv Imajpvoao) € g}
G ={(1,,V,1,,0,0) € G}
g3 = {(Inalm; VV,0,0) S g}
g4 - {(In,lm,lp,K, O) S g}
g5 = {(L,,,Im,lp,O, U) S g}



and ET6 by the Lie subgroup of G,:

gG = {(Q17Q27]n7[ma-[pa0»0) € gg}

on the differentiable manifold X.

Proof. Tt is straightforward to check that the equiva-
lence classes acording to ~ (respectively, ~4) coincide
with the orbits under G (respectively, G,), being the ac-
tions on X as follows.

a:GxX — X

where if G = (T,V,W,K,U) € G and X =
(Al,AQ,Bl,BQ,Cl,CQ) € X’ then:

(G, X) = (TAT' + TBK + UC, T,
TAQTil +TByK + UCQTil,
TB,V,TB,V,

WClT_l, WCQT_I)

and ayx : G — X, ax(G) = oG, X).
Analogously, we define the action:

g : GgX — X

whereif G, = (@1, Q2, T, V,W,K,U) € G,and X =
(A1, Ag, By, By, C4,C5) € X, then:

ag(Gg, X) = (QTAT '+ QiTBiK + UC, T,
QQTAQT_I 4+ QTB K + UCQT_l7
Q1TB1V,Q2TByV,

WO T-L, W, T—1)

and ag, 1 Gy — X, 0y (Gg) = ay(Gy, X).

Given any set of matrices (A1, Ay, By, By, C1,C5) €
X, we will denote by O(A;, A, By, By, C1,C5) and
O4(A1, Az, By, By, C1,C5) its orbits under equiva-
lence and generalized equivalence, respectively.

Proposition 3.2. Equivalence classes under both
equivalence relations are locally closed differentiable
submanifolds of X and their boundaries are a union
of equivalence classes or orbits of strictly lower
dimension. In particular, equivalence classes or orbits
of minimal dimension are closed.

The Proposition below describes the tangent spaces
and provides a way to obtain a basis of the normal
spaces with regard to the following Euclidean scalar
product in X
((A1, A2, B1, B2, C1,Cs), (Y1,Y2, 21, Z2,Th,T2)) =
tI'(Alyrlt) + tl‘(AQYQt) + tr(31Z11£) + tI'(BzZ%) +
tr(Cle) —|—[I’(OQZ£)

Proposition 3.3. Ler us denote by
TO(A1, Az, By, B2,C1,C2) the tangent space and by
NO(A1, Az, B1, B2,C1,C2) the normal space to the
orbit of (A1, Az, B1, B2, C1,C2) under equivalence and
T,0(A1, A2, B1, By, C1,C%) the tangent space and by
NyO(A1, Az, B1, Ba, C1, Cs) the normal space to the orbit
of (A1, A2, B1, B2, C1,C3) under generalized equivalence
at the point (A1, A2, B1, B2, C1,C2). Then:

(a) TO(Al,AQ,Bl,BQ,C1,C2) is the set
{([T,A1] + B1K + UC.,[T,A2] + B:K +
UCQ,TBl +31V,TBQ+BQV, WleC&T, WCy —
C.T), (T, V,W,K,U) € T1G}
where
T:G is {(T,V,W,K,U) € M,R) x M,(R) x
My(R) % My (R) x Mosp(R)}.

(b) NO(A1, Az, B1, B2,C1,C5) is the vector subspace
consisting of 6-tuples
(Y17Y2,Z17ZQ,T1,T2) € X such that

[AL, Y|+ B1Z} —T{C1+][A2, Y31+ B2 Z5—T5C = 0

ZiB1 + Z3B> =0
C1Yy + oYy =0
Y{B1 +YsBy =0
CiTY + CoTy =0
(c) TgO(A17A2,B17BQ7C1,Cz) is the set
{(IT, A1] + Q141 + BiK + UCH, [T, As) +
Q2A2 + B:K + UC,TB1 + @Q1B1 +
BV, TB> + QQBQ + BV, WC(Cy — C1T, WCy —
CQT)7 (Q17Q27T7 V7 W7 K7 U) S Tlgg}
where
Tlgg is {(Q1’Q27T7V7VV7K7U) S Mn(R) X
My (R) x My, (R) X My, (R) X Mp(IR) X My xn (R) X
Myxp(R)}
(d) NgO(A1, A2, B1,Bz,C1,C2) is the vector subspace
consisting of 6-tuples (Y1,Y2, 721,722, T1,T2) € X
such that

A Y+ BiZi=0
AyYd + BoZh =0

[A1, Y|+ B1Zi —T{C1+][A2, Y31+ B2 Z5—T5Cy = 0
ZiBy + Z5B: = 0
CLYY + CoYs =0
YYB1+ Y4By =0
CiT} 4 CoT5 =0

Proof. (a) If we consider I = (I, Im, I,0,0):
dax(I+eG) = ((In +eT)A (In +T)"* + (In +
eT)B1eK + eUC, (I, + T) 71,

(I, + eT)Ax(In + eT)™" + (In + eT)BaeK +
eUCy(In, +eT) ™t (In + eT)B1(Im, + V),

(In + eT)B2(Im + €V), (I, + eW)Ci(In +
eT) ™, (I, + eW)Co (I, +T)™ 1) =
=(In+eT)A1(I, —T+...)+ (In+eT)BieK +
eUC(In —eT +...),

(In + eT)Ax(In — eT + ...) + (In + €T)BaeK +
eUCx(I, — T + ...),(In + eT)Bi(Im +
eV),(In + eT)Ba(Im + V), (Ip + eW)Ci(I, —
eT + ...), (I, + eW)Co(I, — T + ...)7Y) =
(Al, AQ, B1, BQ, Cl, Cg) + E(TAl — AlT + BlK +
UCl,TAQ—A2T+BQK+UCQ7TBl+B1‘/,TBQ+
BaV, wC, — C1T, WCy — CQT) + 62(. ..

and the statement follows.



(b)

©

(d

For any (Y1, Y2, Z1, Z2,T1,T2) € X, this 6-tuple is in
NO(Al, AQ7 Bl, BQ, C1, CQ) if, and only if,

(TA, — AT+ B1K+UC,,TAy — AsT + Bo K +
UC2,TB1 + BV,

TB2 + BQV7 Wcl -
CoT), (Y1,Ya, Z1, Zo, T1, To)) =

C\T,WCy  —

= tr((TA1 — AT + B1K + UCl)Yf) =+ tr((TA2 —
A>T + BoK + UCQ)YQt) + tr((T81 + Bl‘/)Z{) =+
tr((TBs + B2V)Z3) + u((WC1 — CiT)TY) +
tI‘((WCz — CzT)Tgt) =

= tw(TAY! — AiTY! + BiKY! + UCYY) +
tI‘(TAzYQt — AQTYQt + BQKYQt + UCQYQt) +
tw(TB1Z + BiVZY) + w(TB2Z5 + BV ZE) +
tr(WOLTY — C1TTY) + ae(WCTh — CoTTY) =

= [r(Alyi ) — tr(Y AlT) + tr(YfBlK) +

tr(C1YU) +tr(AYST) —tr(Yd Ao T) +tr(Yy Bo K) +
tI'(CQYQ )+tr(31Z1 )+tl‘(Z§B1V)+tI‘(B2Z5T)+
tr(Y3 Zo V) +tr(CL TIW) —tr(TE C1 T) +tr(Co TS W) —
tr(T2 CQT)

= tl‘((Alylt—YltAl +A2Y2t—Y2tA2 —|—31Zf—|—BQZ§—
Tlt017T2tCQ)T)+tr((ZfB1+Z§BQ)V)+tr((Cle+
CQTQ"‘)W) + tr((YfBl + YQtBQ)K) + U‘((Clylt =+
CoY3)U) =

= <(A1Y1t7Y1tA1 +A2Y'2t7Y2tA2+B1Zf+B2Z§*
TiCy — T5Cs, Zi By + Z5Ba, C1TY + Co T3, Y By +
YiBs, C1Y{ + CoYF (T', V' W' K' UY)) =
0, V(Tt,Vt,Wt,Kt,Ut).

And we obtain the equations:

[A1, Y [+ B1 Z1 —T{ C1+[Az2, Y3 ]+ B2 Z3—T5Co = 0
ZiB1 4+ ZiBy =0
C1Y1t + Cngt =0
Y{B1 + Y4By =0
CiTE + CoTE =0

If we consider I = (I, Inn, In, Im, Ip,0,0):

dogy (I +eGg) = ((In + eQ1)(In + eT)A1(In +
eT)™ ' + (I, + eQ1)(I, + eT)B1eK + EUCl([n +
eT) ™, (In +€Qa2)(In +eT)As(Ip +eT)F + (I, +
€Q2)(I, + €T)B2eK + eUC:(I, + eT)~ ', (I +
eQ)(In + eT)Bi(Im + V),(In + €Q2)(In +
eT)Ba (I + V), (I, + eW)Ci (I, + T) L, (I, +

eW)Co(I, +eT)™h) =
=((In+eQ1)In+eT)A1 (I, — T +...)+ (L
eQ1)In +eT)B1eK +eUC (I, —eT +...),(In
eQ2)In+eT)As(In —eT+...)+ (In +5Q2)(In
eT)BoeK +eUCo(In —eT +...),(In + Q1) (In
ET)Bl(Im + €V),(In + 6Q2)(I + ET)BQ(Im
eV), Ip+eW)Ci(In—eT+...),(Ip+eW)Ca (I,
eT+..) )=

= (Al,AQ,Bl,BQ,Cl,CQ) =+ €(TA1 — AlT =+
Q1A1 + B1K + UCl,TAg — AT + Q2A2 +
By K +UC2,TB1 + Q1B1 + B1V,TB2 4+ Q282 +
BQV, wcCi, — ClT, WCy — CQT) =+ 62(. . )

and the statement follows.

For any (Y1, Y2, Z1, Z2,T1,T2) €, this 6-tuple is in X
NO(Al,AQ,Bl,BQ,Ol,CQ) ifandonly lf,

<(TA1 - AT + QlAl + B1K + UO1,TA2 —
AT + Q242 + B:K + UC2,TB1 + Q1B +
Blv,TBQ + QQBQ —+ BQV7 wcC, — ClT, WCy —

3

|+ 4+

Proposition 4.1. The
O(A1, Az, B1,B2,C1,C2) coincides with the rank of
matrix M (A1, Az, B1, B2, C1,C3) the matrix associated
to the linear system yielding the normal space to the
orbit of the given 6-tuple, and the dimension of orbits
O4(A1, A, By, B2,C1,C2) coincides with the rank of
matrix Mg(A1, A2, B1, B2, C1, C2) associated to the linear
system yielding the normal space to the orbit of the given
6-tuple.

CoT), (Y1,Y2, Z1, 22,11, T2)) =

= tr((TA1 — AT + Q1A1 + B1K + UCl)Ylt) =+
tr((TAz7A2T+Q2A2+B2K+UCQ)Y2"’)+II"((T31+
Q1B1 + B1V)ZY) +tr((T Bz + Q2B2 + B2 V) Z5) +
tr((WC’1 - ClT)Tlt) —+ tr((WC’g — CQT)T%) =

= tr(TA1§/1t — AlTYf + Q1A1Y1t =+ BlKYf
UCLYY) 4+ w(TAYS — ATYd + QaA2Yd
BQKY; =+ UCQYth) + tr(T31Zf -+ QlBlzf
B1VZf) + tr(TBgZé =+ QQBQZ; + BQVZ;)
tr(WCTY — C1TTY) + u(WCT3 — CoTT) =

+ 4+t

= tr(A1Y1 ) — tr(YfAlT) + tl‘(Al Yth1) =+
tl"(Yl BlK)+tr(01Y1 )—i—tr(AgYQtT)—tr(YgtAgT)—F
tr(AQYQ Qg) -+ tr(YQ BQK) -+ tl’(CnggtU) -+
I‘(Bl Zl )+tr(B1 Z1Q1)+tr(Z231 V)—l—tr(BgZéT)—i—
(
(

=g

tr BQZQQ2)+tr(Y2 ZQV)+tr(ClT1 ) tr(TfC’lT)—F

tr CQTQ ) tr(T2 CQT)

= tI'((Alylt — )/fAl + A2Y2t — YQtAQ + BlZf —+
ByZ5 — TICy — TEC)T) + t0((Z1B1 + Z5Bo2)V) +
tr((Cle + CQTQt)W) + tr(()/itB1 + Y2tB2)K) =+
r((ChYY + C2YH)U) + w((ArY! + B1Z1)Q1) +
tr((AQYQt —+ BQZ;)QQ) =

= (A1 Yy + B1Z8, AoYd 4 BoZ5, A Y — YA +
AoYs —Y5 Ao+ B1 Zi+Ba Z3—T{ C1 —T5C2, Zi B1+
Z5By,CiTY + CoT3,Y{B1 + Y3B,ChY{ +
CQY2t)7(Qt17Q57Tt7Vt,Wt7Kt7Ut)> =
07 V(Q33Q57Tt7vt’wt’Kt7Ut)'
And we obtain the equations:
AY +BiZ =0
AsYy + BaZ5 =0
[A1, Y|+ B1Z} —T{C1+[A2, Y31+ B2 Z5—T5C2 = 0
ZiB1 4+ ZiBy =0
C1YY + Y3 =0
Y{B1 + Y4By =0
C1T1t + CQTQt =0

4 Dimension of equivalence classes

It is a classical technique for computing the dimension of
orbits or equivalence classes to calculate the codimension of
the normal spaces (of any set of matrices in the same equiv-
alence class), since they coincide. In particular, we can state
the following

dimension of orbits

Example 4.1. We consider the circuit in Example 2.1. A
basis of the normal space NO(A1, Az, B1, B2, C1,C3) to
the orbit of the 6-tuple defining the system is:

-Lo
Vi = {0,( 0 0) ,0,0,0,(0 1)}7



o (2)000).

i
={0,0,0,0,(01),0},

1/4_{0000( 0),0},

00
VSZ{O7(_1 0)7070707(10)}7
—-10 1
‘/6_{( O O>707<0>,O70’0},
—-LO0
V7—{0,( 0 1),0,0,0,0}

On the other hand, a basis of the normal space
NyO(A1, Az, By, B2,C1,C2) is

00
‘/l = {O7<_1 0>7070707(10)}7

V2 ={0,0,0,0,(01),0},

Vs ={0,0,0,0,(10),0},

1/4:{0,(8 0) 0,0,0, (0 )}

In this case, the dimension of the orbit under equivalence of
this 6-tuple is 9, and the dimension under generalized equiv-
alence is 12.

5 Miniversal deformations

When tackling the problem of how small perturbations of
the system may lead to different structures a classical ap-
proach is to consider miniversal deformations, which provide
all possible structures which can arise from small perturba-
tions. Moreover, they can be applied to the study of singu-
larities and bifurcations. We recall that the number of pa-
rameters in any miniversal deformation is always equal to the
codimension of orbits.

Definition 5.1. A deformation  of the  6-tuple
(A1, A2, B1,B2,C1,C2) € X is a differentiable map
@ : U — X, with U an open neighborhood of the origin in
Rd, such that (p(O) = (A1, Az, Bl, BQ, C’17 02)

Let G be a Lie group acting on X’ through the action c.

A deformation ¢ : U — X of (A1, Az, B1, B2,C1,C2)
is called versal at O if for any other deformation of
(Al,AQ,Bl7B2,Cl,CQ), ’L/) : V. — X, there exists a
neighborhood V' C V with 0 € V’, a differentiable map - :
V' — U with v(0) = 0 and a deformation of the identity
Ie€G,6:V' — G,suchthat ¥(u) = a(6(p), p(y(w)))
forall p e V',

A versal deformation with minimal number of parameters d
is called miniversal deformation.

A miniversal deformation may be deduced from a basis of
the normal space to the orbit of a given triple (see [Arnold,
1971], [Tannenbaum, 1981], where the main definitions and
results about deformations and versatility can be found).
This miniversal deformation is usually called the orthogonal
miniversal deformation.

Theorem 5.1. The mappings
RY — x
d
(nla cee 777d) = (Al’ A27 317 B2a Cla 02) + Z 771‘/;
i=1

where {Vi,...,Vq} is any basis of the vecto-
rial subspace NO(A1, Az, B1, By, C1,C3) or
NyO(A1, Az, By, B2, C1, Cs) is a miniversal deformation
of (A1, As, B1, B2, C1, C2) with respect to equivalence or
generalized equivalence of 6-tuples in X.
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