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Abstract
We consider a planar circular array of ultrasound

emitter-receiver elements. Due to manufacturing rea-
sons, the actual positions of the elements slightly dif-
fer from the ideal equidistant positions exactly on the
circle; also, there exist delays in emitting and receiv-
ing the signals. This leads to corrupted resulting ultra-
sound images, and these misplacements and delays are
to be evaluated in order to obtain better images. It is
assumed that the only available information that we pos-
sess is the noisy measurements of the times between the
instant of activation of every sensor and the instant of
registration of the signal at the receiver. Some of the ex-
isting approaches to this calibration problem have vari-
ous drawbacks such as very high dimensions of the as-
sociated convex optimization problem or convergence to
local minima in nonconvex formulations, etc. To solve
this problem, we developed a very simple iterative pro-
cedure that requires solving moderately-sized systems of
linear equations. At every iteration, we first optimize
by a part of variables and then use their updated values
to optimize over the rest of the variables. With simple
tricks, both problems are converted into linear ones, thus
making solution very fast. Preliminary experiments over
synthetic data testify to a rather promising performance
of the method.
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turing imperfections, calibration, iterative method, sys-
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1 Introduction
Female breast cancer has surpassed lung cancer as the

leading cause of global cancer incidence in 2020. Tradi-
tional handheld ultrasound imaging is one of the major
imaging tools for breast cancer screening in Russia and
China; however, it suffers a number of drawbacks. It
uses reflection signals for imaging, the patient is usually
in the supine position during scanning, the linear array
probe is close to the breast skin, and about 10 ml of liq-
uid gel coupling agent is used. The probe can be rotated
and translated, the breast tissue can be examined from
multiple perspectives. In such a scenario, examination
results are dependent on the technique and experience of
the technician.

As a potential competitor imaging method for the early
detection of breast cancer, ultrasound computed tomog-
raphy (USCT) technology has been developed rapidly in
recent years. Compared with traditional handheld 2D ul-
trasound devices that use reflection signals for image re-
construction, the USCT system employs a large number
of array elements around the imaging object, where the
reflection signals are used for structural (reflection) im-
age reconstruction and the transmission signals are used
for tissue parameter (sound speed and attenuation) im-
ages reconstruction.

In breast USCT imaging, the patient is in a prone po-
sition during scanning, and the breast hangs down in
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the scanning chamber. Through pre-designed mechani-
cal movements, multi-layer ultrasound tomographic im-
ages or whole breast 3D images are scanned and recon-
structed, the dependence on technicians is minimized,
and the standardization of acquisition can be realized.

Since relatively recently, USCT is being widely used
in medical imaging also due to its non-invasive nature
and low cost of the equipment. A number of ultrasound
imaging systems have been developed specifically for
breast cancer screening, [Durić et al., 2007, Ruiter et al.,
2012, Lenox, 2015, Song et al., 2022], and [Zhang et
al., 2025]; and algorithms have been proposed to recon-
struct the structure of the region under analysis based on
the results provided via use of these devices, [Jovanović,
2008, Roy et al., 2011, Wang et al., 2020], and [Fang
et al., 2022]. In this paper, we analyze one of the as-
pects of improving the accuracy of image reconstruction
in USCT.

A large group of the USCT methods for recovery of
high-resolution images relies on measuring time of flight
(ToF) of the signal between an emitter and a receiver.
The speed of sound depends on the density of media it
propagates in, hence, based on these measurements, it
is possible to reconstruct the density map of specific 2D
sections of the analyzed tissue with the succeeding diag-
nosis being formulated.

However, these measurements are hard to perform pre-
cisely. Indeed, typically, the diameter of the circular ar-
ray used in medical USCT is 20 to 25cm, and the speed
of sound (in water) is approximately 1 500m/sec, de-
pending on the temperature [Durić et al., 2007]. That
means that the time of flight is at most a fraction of a mil-
lisecond, which is quite difficult to measure accurately.
Also, the sensors located close to each other have high
noise/signal ratio due to even much smaller ToF between
them; hence, such measurements are not quite reliable.

Moreover, and most importantly, due to imperfections
of the manufacturing process, the actual positions of sen-
sors differ from the ideal ones, which are equidistant
on the circle, and the distances between sensors are not
known precisely. By the same manufacturing reasons,
there exist delays in emitting and receiving the signals,
the first one being the time gap between the moment of
activation of the transmitting sensor and the actual mo-
ment of emission. This equally applies to signal recep-
tion delays.

The magnitudes of these imperfections are very small;
still, since the speed of sound in different types of tissue
varies only slightly, these inaccuracies pose serious dif-
ficulties in reconstructing the density map from the final
ultrasound image. Therefore, to obtain a clean image,
it is crucial to detect these imperfections as precisely as
possible. We refer to this detection procedure as calibra-
tion.

Mathematically, from the optimization point of view,
the existing approaches to calibration can be roughly di-
vided into two groups.

The first approach works directly with the Cartesian
coordinates of the sensors. Then, shaping a certain per-
formance index as a function of the coordinates and de-
lays with the succeeding minimization, it is possible to
recover the misplacements and actual delays. Thus, a
global optimization approach to finding the actual lo-
cations of sensors was proposed in [Rahaman et al.,
2023]. However, the performance functional in [Ra-
haman et al., 2023] is a nonconvex function; hence,
such method sometimes converges to local minima, and
multiple restarts from various initial points are required.
Also, the algorithm was tested over a 28-sensor array,
whereas the approach presented in our paper enables
processing much larger arrays. A similar approach pro-
posed in [Lin et al., 2021] suffers the same local-minima
drawback.

Within the second approach (e.g., see [Roy et al., 2011]
as a typical paper), the problem is reformulated in terms
of distances between the elements; it then becomes con-
vex, so that solving it by means of any reasonable op-
timization procedure leads to the unique, global opti-
mum. However the crucial difficulty in solving this spe-
cific problem is a huge number of variables and huge
dimensions of the coefficient matrices, which severely
complicates data storage and the solution itself. With n
being the amount of sensors, these quantities are of the
order of (n

2−n
2 + 2n + 1) and n2 × (n2 + 2n), respec-

tively, which is highly laborious to tackle for n = 1000
and higher. Also, recovery of coordinates from distances
requires application of the so-called Miltidimensional
Scaling procedure, which incorporates additional inac-
curacies in the computational scheme.

To solve this calibration problem, in this paper we pro-
pose a simple iterative method of a totally different fla-
vor. At every iteration it requires one matrix-vector mul-
tiplication of size 2n and solving n times a system of two
linear equations in two variables.

Preliminary versions of this paper are [Granichin et
al, 2024] and [Granichin et al., 2025]; here, we present
more accurate formulations about the noise in the mea-
surements, change the structure of the method, modify
the motivation, logic, and the overall presentation of the
material.

2 Assumptions and Formulation of the Problem
Schematically, a typical array of sensors is depicted in

Fig. 1. To formulate the problem of our interest, we let n
denote the amount of sensors and adopt several assump-
tions.

The first basic assumption is the availability of noise-
corrupted observations

mij = tij + ei + rj + εij , i, j = 1, . . . , n, i ̸= j,
(1)

where tij , i, j = 1, . . . , n, is the actual time of flight of
the signal between emitter i and receiver j; ei, ri, i =
1, . . . , n, are emission and reception delays; and εij is
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Figure 1. A scheme of a circular array of ultrasound sensors

the observation noise; see below for a detailed descrip-
tion. The quantities tij , ei, ri are not known, and the
only information we possess is the set of noisy measure-
ments mij of the time elapsed from the time instants be-
tween the activation of emitter i and the registration of
the signal arrived at emitter j. By arrival we understand
the registration of the first peak magnitude of the signal
by a receiver.

By the very physics of the process, this last instant can-
not be measured precisely; in particular, because of the
continuous nature of the signal propagation and the dig-
ital, quantized nature of the sensors. To reflect this in-
consistency, we introduce errors εij in the time measure-
ments (1). They are assumed to be independent random
variables having identical continuous probability distri-
bution with zero mean and symmetric with respect to the
mean. Moreover, the support set of the εijs is assumed to
be finite and bounded by slightly more than a half of the
quantization time of a sensor. The most natural distri-
bution in this class is the uniform one, though truncated
Gaussian, triangular, etc. may be considered.

The second assumption is the precise enough knowl-
edge of the speed of signals. It can either be measured di-
rectly, or the following formula for the speed of sound in
pure water under normal conditions may be used, [Lub-
bers and Graaff, 1998]:

c ≈ 1 404.03 + 4.7T − 0.04T 2,

where T is the temperature (Celsius). Numerous experi-
ments confirmed rather high accuracy of this formula for
temperatures between 15◦ ≤ T ≤ 35◦.

As the third assumption, for simplicity we consider the
purely planar shape of the array, though the method pre-
sented below can be reformulated for three-dimensional
coordinates of the sensors.

Finally, we omit the presence of other possible man-
ufacturing inaccuracies, e.g., such as incorrect orienta-
tion of sensors leading to non-planar directions of emit-
ted signals, and the like.

Now, denote by xi = (xi1, xi2)
⊤ ∈ R2 the coordi-

nates of sensor i on the plane, and the distance dij =
∥xi − xj∥2 between emitter i and receiver j. Then we

have

(xi1 − xj1)
2 + (xi2 − xj2)

2 = (ctij)
2, i < j. (2)

The problem is to evaluate the xis, eis, ris, and tijs
from data (1) and relations (2).

3 The Proposed Iterative Method
At every iteration of the method we separately evalu-

ate the delays and the coordinates (the latter is referred
to as triangulation) by solving low-dimensional systems
of linear equations, so that every step of the method con-
sists of two stages where the optimization is performed
over a part of variables. In other words, our algorithm
can be considered as a version of the Block Coordinate
Descent; e.g., see [Bertsekas, 1999].

The initial guess of the iterative procedure is e0i =
r0i = 0, and x0

i are taken to be “ideal” positions of the
sensors located precisely equidistantly on the circle. Re-
spectively, at step s we have approximations esi , rsi , and
xs
i , i = 1, . . . , n.
We now describe how the two stages of iteration (s+1)

are executed.

3.1 The first stage: Estimates of the delays are up-
dated

Having xs
i s, we update esi → es+1

i and rsi → rs+1
i . To

this end, introduce

tsij =
1

c

(
(xs

i1−xs
j1)

2+(xs
i2−xs

j2)
2
)1/2

, i < j, (3)

according to (2), and first sum up equations (1) over i for
every j to obtain the following n linear equations in 2n
variables ei, ri:

n∑
i=1

i̸=j

ei+(n−1)rj =

n∑
i=1

i̸=j

(mij−tsij)+

n∑
i=1

i ̸=j

εij , j = 1, . . . , n.

(4)
Similarly, we sum up equations (1) over j for every i

to obtain yet another set of n linear equations:

(n−1)ei+

n∑
j=1

j ̸=i

rj =

n∑
j=1

j ̸=i

(mij−tsij)+

n∑
j=1

j ̸=i

εij , i = 1, . . . , n.

(5)
We refer to operations in (4) and (5) as summation trick.

We rewrite equations (4)-(5) in the compact form as

C

(
e
r

)
= vs + ε,

where

C =

(
1n×n (n− 1)In×n

(n− 1)In×n 1n×n

)
− I2n×2n ∈ R2n×2n

(6)
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Figure 2. Execution time for the peudoinverse routine pinv in
MATLAB as function of the matrix size

is the matrix composed of the coefficients at the left-
hand sides of equations (4)-(5), whereas 1n×n ∈ Rn×n

and In×n ∈ Rn×n are the all-ones and the identity matri-
ces, respectively; e = (e1, . . . , en)

⊤, r = (r1, . . . , rn)
⊤

are the variables; vs ∈ R2n is the vector of the
data mij and estimates tij on the right-hand sides of
equations (4)-(5), and ε ∈ R2n is the cumulative vec-
tor of errors εij shaped in accordance with (4)–(5).

Now, to find the (s + 1)st-step approximations to the
delays ei, ri, we use the standard least squares approach;
its correct application is justified by the assumptions on
the noise (independence, identical distribution, and un-
biasedness).

Two comments regarding the summation above are due
at this point.

First, having estimates tijs, we might consider the ini-
tial data representation (1) and apply the least squares
procedure. However, the amount of equations in (1) is
(n2 − n), whereas we arrived at a much less sizeable
set of 2n equations. Second, by summing up, we “im-
prove” the statistical properties of the reidual ε,—due to
the adopted properties of the εij .

The coefficient matrix C (6) is seen to be singular,
with the eigenvector corresponding to the zero eigen-
value having the form

p = t/∥t∥; t = (1, . . . , 1︸ ︷︷ ︸
n

,−1, . . . ,−1︸ ︷︷ ︸
n

)⊤.

The rest of the eigenvalues are λ = 2(n − 1), µ = −n,
and ν = n− 2, the latter two having multiplicity n− 1.

Hence, as the (s+ 1)st-step approximations to the de-
lays ei, ri we adopt the least squares solution(

es+1

rs+1

)
= C+vs,

where C+ is the Moore–Penrose pseudoinverse of C,
see [Albert, 1972].

It is important to note that the matrix C remains un-
changed at all iterations, so the pseudoinverse operation
is to be performed only once, prior to starting the itera-
tive process. This is a very attractive salient feature of
our method, because as the dimensionality of the matrix
(i.e., the number of sensors) increases, the computation
time grows extremely fast and reaches about 25sec on a
“standard” laptop for n = 2048 (see Fig. 2 for an illus-
tration), which is a “typical” amount for modern ultra-
sound equipment. This observation shows the benefits
of the summation trick. Finally, the matrix-vector multi-
plication above comes at almost no cost.

3.2 The second stage: Estimates of the positions are
updated

At this point we have approximations xs
i =

(xs
i1, x

s
i2)

⊤ ∈ R2, i = 1, . . . , n, to the true positions xi,
and the approximations es+1

i , rs+1
i , i = 1, . . . , n, to the

delays.
Having all this data, consider a fixed element i and up-

date its estimate xs
i . To this end, we treat xi as a variable,

pick an arbitrary (say, randomly chosen) trial pair xs
j , xs

k,
where j ̸= k ̸= i, and consider es+1

i , rs+1
j , rs+1

k . Since
tij = mij − ei − rj − εij by (1), from (2) we have

(xi1−xs
j1)

2+(xi2−xs
j2)

2 = c2 (mij−es+1
i −rs+1

j −εij)
2

(7)
and

(xi1−xs
k1)

2+(xi2−xs
k2)

2 = c2 (mik−es+1
i −rs+1

k −εik)
2.

(8)
Let us now split the right-hand sides of (7) and (8) into

two terms: The first one, call it fs+1
ij (respectively, fs+1

ik )
accumulates all error-free quantities, and the second one,
call it δs+1

ij (respectively, δs+1
ik ) accumulates all error-

dependent quantities. Expanding the brackets on the left-
hand sides of these two equations and extracting the sec-
ond equation from the first one, we arrive at the relation

2xi1(x
s
k1 − xs

j1) + 2xi2(x
s
k2 − xs

j2) + ∥xs
j∥2 − ∥xs

k∥2

= fs+1
ij − fs+1

ik + δs+1
ij − δs+1

ik ,

which is linear in xi1, xi2. This operation will be re-
ferred to as the removal-of-squares trick. With the short-
hand notation:

asjk1xi1 + asjk2xi2 = us+1
ij + µs+1

jk , (9)

where the coefficients are given by

asjk1 = 2(xs
k1 − xs

j1); asjk2 = 2(xs
k2 − xs

j2) (10)

and

us+1
jk = fs+1

ij − fs+1
ik + ∥xs

k∥2 − ∥xs
j∥2, (11)

µs+1
jk = δs+1

ij − δs+1
ik . (12)
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Similarly, picking another trial pair xs
p, xs

q , where p ̸=
q ̸= j ̸= k ̸= i, we obtain the associated linear equation

aspq1xi1 + aspq2xi2 = us+1
pq + µs+1

pq , (13)

where the form of the coefficients aspq1, a
s
pq2, u

s+1
pq , µs+1

pq

is clear from the context. In the matrix form equa-
tions (9), (13) write(

asjk1 asjk2
aspq2 aspq2

)(
xi1

xi2

)
=

(
us+1
jk

us+1
pq

)
+

(
µs+1
jk

µs+1
pq

)
. (14)

Noting that the coefficient matrix in the last relation
is generically nonsingular, application of Least Squares
yields the (s + 1)st-step approximation xs+1

i to the po-
sition xi:

xs+1
i =

(
asjk1 asjk2
aspq2 aspq2

)−1(
us+1
jk

us+1
pq

)
As one of the possible modifications of the method we

might consider use of ℓ > 2 pairs of triangulation points
at this stage to improve the numerical stability of the
method. In that case, we obtain ℓ > 2 equations of the
form (13) and use pseudoinverse of the associated ℓ× 2
coefficient matrix.

We note that a similar “linearization” approach to loca-
tion reconstruction was proposed in [Sastry, 2023]; how-
ever, it assumed the absence of delays ei, rj in the obser-
vation setup. Moreover, the source of the measurement
errors εij was basically limited to the quantization of
sensors, and the estimates of these errors were obtained
from statistical/physical considerations or using specific
instrumental tools.

Now, perform these manipulations with other ele-
ments i to obtain (s + 1)st-step approximations to
all xi, i = 1, . . . , n. Iteration s is complete.

We next proceed to step (s + 2), etc. until a certain
prespecified accuracy is attained or the maximum num-
ber of iterations is exceeded.

Specifically, we measure the progress in the estimation
by the relative improvement of the estimates

Ψs =
1

n

(√√√√ n∑
i=1

∥xs
i − xs−1

i ∥2

+

√√√√ n∑
i=1

(esi − es−1
i )2

+

√√√√ n∑
i=1

(rsi − rs−1
i )2

)
(15)

and stop as soon as it becomes negligibly small.
The algorithmic form of the method is given below.

The Calibration Algorithm

Input: Speed c of sound,
number n of sensors,
measurements mij , i, j = 1, . . . , n,

initial guess x0
i , e

0
i , r

0
i , i = 1, . . . , n,

tolerance ν, max number of iterations smax

1. Form the matrix C (6), compute its pseudoinverse
C+; set s := 0; Ψs−1 = 0, Ψs := 1001

2. while (|Ψs −Ψs−1| > ε) ∧ (s ≤ smax) do:
3. Compute tsij (3), compose vs from the determin-

istic terms at the right-hand sides of (4), (5)

4.
(
es+1

rs+1

)
:= C+vs

5. for each i ∈ {1, . . . , n} do:
6. Pick different j, k, p, q ̸= i from {1, . . . , n}
7. Compute asjk, a

s
pq via (10), us+1

jk , us+1
pq via (11)

and µs+1
jk , µs+1

pq via (12)

8. xs+1
i :=

(
asjk1 asjk2
aspq2 aspq2

)−1(
us+1
jk

us+1
pq

)
9. end for
10. s → s+ 1
11. Compute Ψs via (15)
12. end while

Output: Estimates xs
i , e

s
i , r

s
i of the positions and delays

It is expected that just a few iterations are needed to
obtain an accurate enough final estimate.

4 Simulation Setup and Preliminary Results
4.1 Design of the test data

We tested the algorithm over several sets of low-
dimensional “synthetic” data. Specifically, we lo-
cated n points equidistantly on the circumference of
diameter d = 22cm and then corrupted their co-
ordinates by random noise uniformly distributed on
[−0.001d, 0.001d] to model inaccuracies in the sensor
locations; see Fig. 3 for n = 32.

To model the values of the measurements mij , we in-
voke the actual positions xi generated above and cal-
culate the distances dij between the sensors; since the
value of c is assumed to be known, we compute the exact
values of ToF as tij = dij/c, which is at most 1.5 ·10−4s
(max dij = 0.22m; c = 1500m/sec). Then, we model
the delays as

ei = 0.01
1

n

∑
j ̸=i

tij , ri = ei+ξi; ξi = U [−0.01ei, 0.01ei],

where U [a, b] denotes the uniform distribution
over [a, b]. In words, the magnitude of each de-
lay ei was taken to be at most 1% of the mean ToF of
signals emitted form emitter i; same for receiver i, with
a small random amount added, just to differ from the
eis. Finally, noting that a typical sampling frequency
of ultrasonic sensors is about 25MHz, we model the
noise εij as a random variable uniformly distributed
over [−0.4 · 10−7, 0.4 · 10−7].

1Actually, Ψs ≪ 100 for all s, since the absolute values of the
quantities involved are very small.
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Figure 3. Ideal (green) and actual (red) locations ofn = 32 sensors,
schematically

Overall, the test data (the errors in the ideal locations of
sensors, time of flight, and the values of delays) was gen-
erated to conform with a typical real-world setup; i.e.,
both the absolute and relative magnitudes of the quan-
tities involved and small manufacturing imperfections
both in the locations and delays seem to be adequate to
practice; e.g., see [Roy et al., 2011].

As noted in the introduction, the measurements mij for
sensors i and j located close to each other can have high
noise/signal ratio, so the sensors in the trial pairs should
be chosen sufficiently distant from the triangulated one.
In the experiments, we selected trial pairs randomly uni-
formly over a subset of sensors that does not include the
nearest n/4 elements to the left and right of the triangu-
lated sensor.

The performance of the algorithm was measured by

Φs =
1

n

(√√√√ n∑
i=1

∥xs
i − xi∥2

+

√√√√ n∑
i=1

(esi − ei)2

+

√√√√ n∑
i=1

(rsi − ri)2

)
, (16)

the cumulative mean square error, where xi, ei, ri are the
generated quantities and xs

i , e
s
i , r

s
i are their sth-step es-

timates obtained with our method. Note that this perfor-
mance index differs from the one in (15), since in the
“synthetic experiment,” the actual positions and delays
are known (being generated by us), and such an index is
more reliable and easier to interpret.

4.2 Results of simulations and discussion
For each of the various values of n = 16, 32,

64, 128, ..., we ran our algorithm over N = 100 different

sets of synthetic data {xi, ei, ri,mij , i, j = 1, . . . , n}
designed as above, and using the described policy of
picking the trial pairs.

The typical performance of the method for n = 64
is depicted in Fig. 4. The method is seen to converge
very quickly, leading to Φ12 ≈ 10−4, i.e., after just 12
iterations, the initial error was reduced by a factor of 300;
for s = 16 iterations, we obtained Φ16 ≈ 10−6 and
Φ20 ≈ 10−8. A similar or better behavior was observed

0 2 4 6 8 10 12 14 16 18 20
0

0.005

0.01

0.015

0.02

0.025

0.03

Figure 4. Performance of the algorithm for n = 64

for smaller number of sensors, n = 16 and n = 32.
However, for n = 128, after 15 iterations, the process

often (≈15% of runs) saturated at Φlim ≈ 10−5 and there
was no further decrease in the performance index. Still,
in this case, the accuracy was improved by a factor of
200 to 300. The value of the saturation level and the per-
centage of “poor” outcomes grow as n increases; more-
over, for n = 2048, the method exposed divergence in
10% of the runs.

A possible explanation for these phenomena could be
the accumulation of errors when repeatedly solving sets
of linear equations and use of the pseudoinverse of a
high-dimensional matrix computed via the floating-point
operations. Also, the instability of the algorithm for
higher values of n may be explained by the insufficiency
of use of just two pairs of trial points for triangulation.
These issues are the subject of further refinement of the
method.

5 Conclusions and Future Research
We proposed a formulation of a new iterative method

for calibration of planar circular arrays of ultrasound
sensors; i.e., a method that recovers imprecise loca-
tions of the sensors and emitter/receiver delays from the
available measurements. The computational complex-
ity of the method is very low, since it requires solving
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moderately-sized systems of linear equations. Prelimi-
nary numerical experiments over low-dimensional “syn-
thetic” data demonstrated reasonable performance of the
method. Needless to say, there is a lot of issues to be
addressed in the future research, and below we mention
some of the most important ones.

• Note that estimation of the locations of two different
sensors is performed independently of each other,
so that parallel or distributed computations might
be applied to essentially reduce the runtime of the
algorithm.

• The procedure needs to be tested over high-
dimensional (n = 2048) real, not synthetic data.

• A theoretical proof of convergence is highly desired.
• To further stabilize the numerical performance of the

method, artificial disturbances can be incorporated
into the measurements with subsequent use of the
so-called Simultaneous Perturbation Stochastic Ap-
proximation approach, [Spall, 2003]. The associ-
ated algorithm can be based on the ideas proposed in
[Granichin et al., 2021] and [Erofeeva et al., 2025].
Also, accelerated versions of the method can be im-
plemented along the lines formulated in [Chernov
et al., 2025].
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