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Abstract
The paper addresses the propagation of the breather

in the quasi-one-dimensional model of locally resonant
granular lattice metamaterial on the elastic foundation.
The model is presented as a one-dimensional mass-in-
mass chain with Hertzian type of nearest-neighbor inter-
action and linear coupling with the inner elements. In
the case of impact excitation on the side of the chain,
we demonstrate the formation of the breathers. We con-
sider two types of traveling breathers and detect their ex-
istence in a wide range of system parameters. We report
that the propagation of the breather is accompanied by
energy radiation to the oscillatory tails. Furthermore, we
present an asymptotic analysis of the propagation and
formulate the criteria for the absence of the energy loss
of the breather.

Key words
locally-resonant granular chain, mass-in-mass model,

breathers, oscillatory tails.

1 Introduction
Energy transfer in nonlinear chains has attracted the in-

terest of researchers for decades [Vakakis et al., 2022]. It
is closely connected with the study of the mechanisms of
energy transfer and localization [Vorotnikov et al., 2018;
Manevitch, 2018; Yacobi et al., 2019; Manevitch et al.,
2016], nonlinear wave transition, and their stability [Ka-
pitula et al., 2013]. Modern science and technology take
advantage of the effects of local resonances to control

energy transfer and construct media and systems with
desired properties [Ma et al., 2016; Haberman et al.,
2016; Deng et al., 2021; Roca et al., 2020; Zhou et al.,
2023; Zega et al., 2020]. The main interest is focused on
the metamaterials, or metastructures. Acoustic metama-
terials are a promising and fundamentally important area
of research for describing the energy-absorbing prop-
erties of materials and the possibilities of controlling
wave dynamics in one-dimensional, two-dimensional,
and three-dimensional systems. The aim of the research
is to analyze the passage of waves and the energy trans-
fer associated with breathers through such locally res-
onant chain structures. The analysis of the wave tran-
sition, their changes and redirection play a key role in
understanding numerous phenomena in various fields of
physics and technology[Bashar Esmail, 2022; Gantzou-
nis et al., 2013; Yacobi et al., 2019; Smith et al., 2004].
One of the common types of models describing meta-
materials are discrete nonlinear chains, for example, of
a granular type[Gantzounis et al., 2013; Yacobi et al.,
2019; Smith et al., 2004; Fang et al., 2025], especially
with locally resonant inclusions[Gantzounis et al., 2013;
Smith et al., 2004; Fang et al., 2025; Espinosa et al.,
2024; Bonanomi et al., 2015; Kevrekidis et al., 2013].
Understanding the mechanisms of excitation propaga-
tion along quasi-one-dimensional, locally resonant gran-
ular systems or its localization in a certain domain of
such a system is necessary both for describing structural
features and for predicting the properties of final mate-
rials. We consider the model of a one-dimensional, lo-
cally resonant granular chain on the substrate subject to
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Figure 1. A one-dimensional, locally resonant chain of the mass-in-
mass type on a substrate

the impact load on one side of the long chain. We show
the existence of the traveling breathers accompanied by
the oscillatory tails. Furthermore, we consider the two
types of traveling breathers existing in the model. The
effect of chain parameters on the breathers’ transition is
discussed, and different regimes of breathers’ existence
and their stability are studied numerically for different
parameters ranges. The energy transfer is considered in
connection with the properties of the chain. Using the
Fourier representation, we find the anti-resonance condi-
tion for the oscillatory tails and formulate criteria for the
system’s parameters to eliminate the energy radiation of
the breathers. The paper is organized as follows: Section
2 presents the system description and its basic proper-
ties. Section 3 demonstrates results of the numeric sim-
ulations. Section 4 is devoted to the analytical criteria of
the absence of the oscillatory tails. In the Conclusions
section we discuss the results.

2 The Model
The locally resonant structures are often modeled

by the mass-in-mass oscillatory chains[Banerjee et al.,
2019]. The mass-in-mass chains are widely consid-
ered in old and recent papers [Bonanomi et al., 2015;
Kevrekidis et al., 2013; Banerjee et al., 2019; Huang
et al., 2009; Rosenau et al., 2014; Kikot et al., 2022;
Porubov, 2023]. The oscillatory chains with Hertzian
type of interaction were thoroughly studied experimen-
tally, numerically, and theoretically in numerous works
[Gantzounis et al., 2013; Espinosa et al., 2024; Bo-
nanomi et al., 2015; Kevrekidis et al., 2013; Jayaprakash
et al., 2013; James, 2012; James et al., 2013; Kevrekidis
et al., 2016; Xu et al., 2015; Liu et al., 2016; Wallen
et al., 2017; Liu et al., 2016; Vorotnikov et al., 2018].
It was shown that the nonlinear waves can exist in such
systems, and their form and stability were also discussed.
However, the locally resonant granular chains on the
substrate were not considered. It is known that the granu-
lar chains with elastic substrate without local resonances
demonstrate standing and traveling nonlinear breathers
[ James, 2012; James et al., 2013; Starosvetsky et al.,
2017; Hasan et al., 2013]. In our work, we present a
study of the mass-in-mass model of the chain on the elas-
tic substrate with Hertzian type of interaction between
the ‘outer’ elements.

To describe the interaction between the outer granules,

we will use the Hertzian potential. In accordance with
Hertz’s law, the contact force F of the approaching bod-
ies depends nonlinearly on the distance δ:

F = kδp,

where k = 2 (1−µ2)
E is elastic constant, µ is Poisson’s

ratio, E is the normal modulus of elasticity. For contact
between two solid spherical surfaces p = 3

2 . We con-
sider the chain without precompression. The outer gran-
ules of the system are located on an elastic substrate, and
the strength of their interaction is linearly dependent on
displacement, so the substrate is represented as an elas-
tic spring with some known stiffness coefficient. The
interaction of the outer granules with the corresponding
internal elements is linear. The equations of motion look
as follows:

Mün = ke(un−1 − un)
p
+

− ke(un − un+1)
p
+ − ksun − ki (un − yn) ,

mÿn = ki (un − yn) ,

(1)

where p = 3
2 . M,m are the masses of internal and

outer granules, respectively;ke is coefficient of interac-
tion of external granules with each other; ks is coefficient
of interaction of external granules with the substrate; ki
is coefficient of interaction of external granules with in-
ternal granules.

The subscript ”+” means multiplication by the Heavi-
side function, which allows us to take into account that
the interaction between the outer granules occurs only
when they come closer:

(un−1 − un)
p
+ = θ (un−1 − un) (un−1 − un)

p
;

(un − un+1)
p
+ = θ (un − un+1) (un − un+1)

p
.

To reduce the free parameters of the system, we will
carry out normalization

ün = g(un−1 − un)
p
+

− g(un − un+1)
p
+ − un − k1 (un − yn) ,

V1ÿn = k1 (un − yn) ,

(2)

where ke

m = g; ks

m = 1; ki

m = k1;V1 = m
M

3 Unit-cell model
To get some idea of the behavior of the system, we con-

sider the effect of various parameters on the frequency
of the system. To do this, let’s consider a unit cell of the
system, which can be described by the following system
of equations:

ü = −u− k1 (u− y) ;

V1ÿ = k1 (u− y) .

(3)
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Figure 2. (a) Frequency of a single cell of the system, when the pa-
rameters of local resonance change; (b) the ratio of the system’s fre-
quencies

To obtain the dispersion relation, we substitute solu-
tions in the form of a plane wave:

u = Aei(kd−ωt);

y = Bei(kd−ωt),

then

V1ω
4 − ω2 (k1 + V1 + k1V1) + k1 = 0. (4)

A similar result can be obtained if the original system of
equations is linearized. The solution of the above char-
acteristic equation gives two frequencies ω1 > ω2 > 0,
which depend on the characteristics of the resonator V1

and k1. Figure 2(a) shows the frequencies ω1, ω2 de-
pending on local parameter k1 for different values of V1.
Our study of the linear spectrum is in good agreement
with the presented in [Bukhari et al., 2023]. However,
for clarity, we present here the main features of the spec-
trum. The two different normal modes are evidently seen

from Fig. 2(a) when the mass-ratio V1 is not zero. The
case when V1 = 0 corresponds to a one-dimensional dis-
crete oscillatory chain considered, for example, in [Mo-
jahed et al., 2020]. The modes hybridization leads to
the appearance of the band gap where no linear waves
can exist. The frequency ratios of the two modes can
change drastically for different values of V1 and k1, see
Fig.2(b), having the minima for moderate values of k1.
For smaller values of k1 the mode with higher frequency
ω1, corresponds to the out-of-phase motion with fre-
quency close to unity; this behavior is asymptotically
close to the motion of the discrete chain of masses with-
out local resonances. It serves as the upper boundary of
the isolation zone. The lower frequency ω2 is the typ-
ical in-phase mode, its value is close to the frequency
of the acoustic waves in the rigid body, and it serves
as the upper boundary of the isolation zone. With an
increase of k1 one can see the transition between the
modes. For larger values of k1, the second mode be-
comes the lower boundary of the isolation zone, which
is close to the fast frequency of a one-dimensional dis-
crete chain without local resonators, while the first mode
frequency increases with the growth of k1.

4 Numerical simulation results
As mentioned in many studies, nonlinear waves play

an essential role in signal processing, energy transfer,
and localization in granular acoustical metamaterials
[James et al., 2013; Kevrekidis et al., 2016; Xu et al.,
2015; Liu et al., 2016; Wallen et al., 2017; Liu et al.,
2016; Vorotnikov et al., 2018; Bonanomi et al., 2015;
Starosvetsky et al., 2017; Hasan et al., 2013; Bukhari
et al., 2023; Wattis, 2022; English et al., 2005]. One-
dimensional granular chains with internal resonators can
support propagation of breathers. A breather is a lo-
calized nonlinear wave with an internal degree of free-
dom. One-dimensional granular chains of the mass-in-
mass type without a substrate have been well studied,
the existence of breathers was considered [Liu et al.,
2016; Wallen et al., 2017; Liu et al., 2016; Vorotnikov
et al., 2018; Bonanomi et al., 2015; Starosvetsky et al.,
2017; Hasan et al., 2013; Bukhari et al., 2023; Wat-
tis, 2022; Hasan et al., 2015; James, 2012]. However,
when a substrate is added, breathers become long-living,
as they radiate energy into the oscillating tail. A similar
observation was made for the granular, locally resonant
chain without elastic foundation [Xu et al., 2015; ?]. In
this section, we demonstrate the traveling breathers in
the oscillatory model mass-in-mass with elastic substrate
for different ranges of parameters. The system of equa-
tions (2) was solved numerically using the Runge-Kutt
method (ode45 function in MATLAB Software). The
chain was taken long enough to study the transition of
the waves without reflections. It was taken into account
that the first and last outer elements are bounded by the
wall, the interaction with it realized by the Hertzian po-
tential with the same degree of nonlinearity. Depending
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Figure 4. Temporal profile for the displacements of the outer and in-
ner elements in the middle element of the chain for the travelling in-
phase breather

Figure 5. . Spatial profile for outer and inner elements in the middle-
element of the chain for the travelling in-phase breather

Figure 6. Spatiotemporal energy profiles of external (a) and internal
(b) elements for the travelling in-phase breather

Figure 7. Spatial profiles for outer and inner elements during the
transition of the breather for the parameters set: g = 1; k1 =
0.07; v1 = 0.1, initial conditions:u0 (0) = 0.5

Figure 3. Spatial profiles for outer and inner elements during the tran-
sition of the in-phase breather for the parameters set: g = 1; k1 =
0.7; v1 = 0.1and initial conditions: u̇1 (0) = 0.5; ẏ0 (0) =
0.5.
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Figure 10. Spatiotemporal energy profiles of external (a) and internal
(b) elements for the travelling anti-phase breather

Figure 8. Temporal profile for the displacements of the outer and in-
ner elements in the middle element of the chain for the travelling anti-
phase breather

Figure 9. . Spatial profile for outer and inner elements in the middle-
element of the chain for the travelling anti-phase breather

on the initial conditions, it is possible to obtain solutions
in the form of traveling breathers. To obtain them, it is
necessary to specify the initial displacements or pulses,
the first granules of the chain, external, internal, or both
at once. Figure 3 shows the temporal profiles of the
outer (blue) and inner (orange) elements for the travel-
ing breather demonstrating in-phase movement of the
outer and inner elements. We call such breathers in-
phase breathers for clarity. Figure 3 demonstrates the
displacement of certain inner and outer granules over
time. It can be seen that the breather moves along the
chain almost without changing its amplitude and shape
at a certain speed, and an oscillating tail spreads behind
it. The same set of parameters and initial conditions is
used to obtain Fig. 4, Fig.5, and Fig.6.

Let us consider Figure 6 with space-time energy pro-
files. An area coloured more intensely denotes greater
energy. The dark line passing through the diagram corre-
sponds to the breather, from which we can conclude that
the breather carries the most energy in the system under
consideration. Part of the breather’s energy is radiated
by the wave following the main pulse, which is com-
monly called an oscillatory tail. If the mass ratio V1 is
increased or the elastic ratio k1 is decreased, the in-phase
breathers become significantly unstable, and the out-of-
phase travelling breathers can be considered. Figure 7
shows the temporal profiles of the outer (blue) and inner
(orange) out-of-phase breathers. Similar to the in-phase
breathers, they can propagate along the chain almost at
a certain speed, and an oscillating tail spreads behind it.
However, the dynamics of the inner and outer elements
appears to be out-of-phase. The same set of parameters
and initial conditions is used to obtain Fig. 8,Fig.9 and
Fig.10.

As can be seen from Figure 9, in the wake of out-of-
phase breathers propagating through the granular chain,
there may be breathers of a smaller amplitude in a bound
state. The interaction between them occurs in a nonlin-
ear way, through an oscillating tail. This phenomenon
requires additional research, which is not the subject of
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Figure 13. . Spatial profile for outer and inner elements in the middle-
element of the chain. Parameters and initial conditions same as in
Fig.11

Figure 14. Spatiotemporal energy profiles of external (a) and internal
(b) elements for the travelling breather. Parameters and initial condi-
tions same as in Fig.11

Figure 11. Temporal profile for the displacement of the outer and
inner elements in the middle-element of the chain for the parameters
set:g = 1.5; k1 = 4.7; v1 = 1, initial conditions: u̇1 (0) =
0.4; ẏ0 (0) = 0.5.

Figure 12. Oscillating tail of the breather. Parameters and initial con-
ditions same as in Fig.11

current work. However, it is not possible to achieve their
complete absence empirically, so in the next chapter we
will consider an analytical method for finding the condi-
tions for the propagation of breathers without oscillating
tails, that is, the anti-resonance condition.

5 Anti-resonance condition
In this section we make a study on parameters of the

system for the anti-resonance condition which should
exclude the existence of oscillating tails of the traveling
breathers. To achieve the non-radiating solution, we look
for the anti-resonance condition similar to [Xu et al.,
2015; English et al., 2005]. For convenience, we renor-
malize the initial system of equations (1) as follows:

k1
m

= 1;
k2
m

= k̃2;
k3
m

= k1;V1 =
M

m
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For brevity, let us omit the tilde over the coefficients ,
then the system of equations will take the form:

ün = (un−1 − un)
p
+

− (un − un+1)
p
+ − k2un − k1 (un − yn) ,

V1ÿn = −k1 (yn − un) .

(5)

Let’s focus on solutions in the form of a traveling wave
in the following form:

un (t) = r (n− ct) = r (ξ)

vn (t) = r (n− ct) = s (ξ) .
(6)

Now we transform the system to relative displacement
variables or strain variables, which can be defined as fol-
lows

R (ξ) = r (ξ − 1)− r (ξ)

S (ξ) = s (ξ − 1)− s (ξ) .
(7)

The equations take the form:

c2R̈ (ξ) = (R (ξ + 1))
p
+ + (R (ξ − 1))

p
+ − 2 (R (ξ))

p
+

−k2R (ξ)− k1 (R (ξ)− S (ξ)) ,

c2V1S̈ (ξ) = −k1 (S (ξ)−R (ξ)) .
(8)

We will follow the approach of [Bonanomi et al.,
2015], rewriting the problem in Fourier space (upon a
Fourier transform) and seeking fixed points of that prob-
lem upon inverse Fourier transform, similarly to [Bo-
nanomi et al., 2015; Vorotnikov et al., 2018]. The de-
tails of the finite-domain scheme of the Fourier trans-
form for the localized solutions are discussed in detail
in [Huang et al., 2009], we proceed to the consideration
of the finite-domain Fourier transform. The following
Fourier series representation is valid: ξ ∈ [−L,L]:

f (ξ) =

∞∑
k=−∞

fke
i 2π
2Lkξ;

fk =
1

2L

∫ L

−L

f (ξ) e−i 2π
2Lkξdξ.

Consequently, the system of equations for Fourier im-
ages takes the form:k1 + k1V1 − c2V1

(π
L

)2
k2 − k2k1

c2
(
π
L

)2
k
2 + k2V1

×

×Rk =

=
1

c2

(
k1 − c2V1

(π
L

)2
k2
)
sinc2

( π

2L
k
) (

Rp
+

)
k
;

c2V1Sk

(π
L

)2
k2 = −k1 (Sk −Rk) .

(9)
Note that∫ L

−L

[
(R (ξ + 1))

p
+ + (R (ξ − 1))

p
+ − 2 (R (ξ))

p
+

]
×

×e−i π
Lkξdξ = −4 sin2

( π

2L
k
) (

Rp
+

)
k
.

For the resulting system of equations to be solvable,
the following conditions are to be valid, which are the
conditions of anti-resonance:

a)k1p = 2πn; k2p = 2πm or
(
Rp

+

)
1p,2p

= 0;

b)kd = L
π

√
k1

V1c2
;
(
Rp

+

)
kd

=
(
Rp

+

)
−kd

;
where

k21p,2p =

=

(
L

π

)2
1

2V1c2
((k1 + k1V1 + k2V1)±

±
√
(k1 + k1V1 + k2V1)

2 − 4V1k2k1.

We can rewrite the equation (9a) as follows:

Rk =
1

c2

(
k1 − V1

(
c π
L

)2
k2
) (

c π
L

)2
k
2((

π
L

)2
k2 − k21p

)((
π
L

)2
k2 − k22p

)×
×sinc2

( π

2L
k
) (

Rp
+

)
k
.

Using the notation:

M1k =
1

c2

(
k1 − V1

(
c π
L

)2
k2
) (

c π
L

)2
k
2((

π
L

)2
k2 − k21p

)((
π
L

)2
k2 − k22p

)×
×sinc2

( π

2L
k
)
,

we can rewrite the equation in the short form:

Rk = M1k

(
Rp

+

)
. (10)

Knowing that the inverse Fourier transform of the
product of the two images is equal to the convolution of
the original functions, we perform the inverse transfor-
mation for M1k. Let’s designate it as follows m1 (ξ) =∑∞

k=−∞ M1ke
i π
Lkξ;

m1 (ξ) =
1

2L
×

×
∞∑

k=−∞

(
k1 − V1

(
c π
L

)2
k2
) (

c π
L

)2
k
2((

π
L

)2
k2 − k21p

)((
π
L

)2
k2 − k22p

)×
×sinc2

( π

2L
k
)
ei

π
Lkx.

Details are presented in Appendix 1.
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Figure 15. Spatial profiles for inner elements for the different param-
eters: the solid line corresponds to the anti-resonance condition, while
the dotted and dashed lines show the modified parameters set

m1 (x) =
1

2L

(
k1 − c2V1k2p

2

k2p
2 − k1p

2

)
∗

∗[−2 |x| (sinc(k2px)− sinc(k1px))+

+ |x+ 1| (sinc(k2p (x+ 1))− sinc(k1p (x+ 1)))+

+ |1− x| (sinc(k2p (1− x))− sinc(k1p (1− x)))].

Applying a complete Fourier transform of the equation
(10a), we obtain an integral equation of the convolution
type

R (ξ) =
1

2L

(
m1 ∗Rp

+

)
(ξ) . (11)

Considering the equation (9b), we can express Rk and
substitute it into the equation (9a), then we get:k1 + k1V1 − c2V1

(π
L

)2
k2 − k2k1

c2
(
π
L

)2
k
2 + k2V1

Sk =

=
k1
c2

sinc2
( π

2L
k
) (

Rp
+

)
k
.

Same as above, we will introduce the notation, then:

M2k =
k1
c2

sinc2
(

π
2Lk

) (
Rp

+

)
k((

k π
L

)2 − k21p

)((
k π
L

)2 − k22p

)
Sk = M2k

(
Rp

+

)
.

Sk = M2k

(
Rp

+

)
. (12)

Let us proceed to the inverse transform for
M2km2 (ξ) =

∑∞
k=−∞ M2ke

i π
Lkξ

m2 (x) =
1

2L

k1
c2

×

×
∞∑

k=−∞

sin2
(

π
2Lk

)
eikx((

k π
L

)2 − k21p

)((
k π
L

)2 − k22p

) (
k π
L

)2 .
Details are presented in Appendix 1.

m2 (x) =
1

2L

k1
c2

[
2

k21pk
2
2p

max (1− |x| , 0)+

+
1(

k21pk−2p
2
)2 ∗ [−2 |x| (sinc(k1px)− sinc(k2px))+

+ |x+ 1| (sinc(k1p (x+ 1))− sinc(k2p (x+ 1)))+

+ |1− x| (sinc(k1p (1− x))− sinc(k2p (1− x)))]].

By applying a complete Fourier transform of the equa-
tion (12), we obtain an integral equation of the convolu-
tion type:

S (ξ) =
1

2L

(
m2 ∗Rp

+

)
(ξ) . (13)

Figures 17(a) and 18(a) show the spatial profiles of
the outer and inner elements, respectively. Figures 17(b)
and 17(b) show graphs of the corresponding oscillating
tails in magnification. As expected from theoretical con-
siderations, there are no oscillating tails when the anti-
resonance conditions are met: k1 = 2πn; k2 = 2πm but
with a slight detuning, they reappear.

6 Discussion and Conclusions
In our work we considered the model of the 1D locally

resonant granular lattice on the elastic substrate. With
the use of the numerical simulations, we observed two
types of breathers, with in-phase and out-of-phase evo-
lution of the inner and outer elements. The same way
as in the case of mass-in-mass chains without substrate,
the breathers can irradiate energy into the accompany-
ing oscillatory tail. We use the approach of the inverse
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Fourier transformation from the work by Xu et al.[Xu
et al., 2015] to obtain the anti-resonance condition for
the oscillatory tail to vanish. We consider the travelling
waves in real space and demonstrate that the use of finite
domains under non-resonance conditions may enable the
convergence of the solution scheme. This approach gives
us a complicated but valuable condition on the parame-
ters of the system. This work could have some impact on
the wave manipulation and control for the wider range
of materials which represented by the discrete oscilla-
tory models. The nonlinearity together with the local
resonance phenomena can serve as a useful tool for the
energy transport control and signal processing in many
applications with different scales of realization, starting
from micro- and up to macro-objects.
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Appendix A Head of an Appendix
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Let’s divide it into two terms and introduce the nota-
tion: π

Lk = k̃, we will omit the tilde below.
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Next, let’s break it down into elementary fractions:
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Let’s rewrite separately

m1 (ξ) = ma (ξ) +mb (ξ) .

Knowing [4] that
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Let us consider the first component:
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Let us consider the first component:
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