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Abstract

We investigate amplitude chimera states in nonlin-
ear dynamical networks, which consist of coexisting
domains of synchronized and desynchronized dynam-
ics. In particular, we analyze the role of stochastic
dynamics for these synchronization-desynchronization
patterns. We address the question of robustness and
control of amplitude chimera states in the presence of
noise.
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1 Introduction

Chimera states in dynamical networks are intrigu-
ing spatiotemporal patterns which consist of coexist-
ing spatial domains of synchronized and desynchro-
nized behavior. The name is derived from the Greek
mythological monster which is composed of incongru-
ous parts of a lion, a goat, and a snake. They have
recently initiated a burst of activity in different fields of
research [Panaggio and Abrams, 2015]. These hybrid
states discovered in the early 2000s occur in a network
of identical homogeneously coupled elements which
spontaneously splits into two coexisting domains of co-
herent (synchronized) and incoherent (desynchronized)
behavior [Kuramoto and Battogtokh, 2002; Abrams
and Strogatz, 2004]. Until very recently, there was
no experimental evidence of chimera states. How-
ever, in 2012 two independent experiments with op-
tical [Hagerstrom et al., 2012] and chemical [Tinsley
et al., 2012] oscillators presented first experimental ob-
servations. Most recent experiments have been per-
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formed with mechanical [Martens et al., 2013; Kapita-
niak et al., 2014], electronic or optoelectronic [Larger
et al., 2013; Larger et al., 2015] and electrochemical
[Wickramasinghe and Kiss, 2013; Schmidt et al., 2014;
Schmidt and Krischer, 2015] oscillators.

Chimera states have been shown to be robust with re-
spect to various kinds of perturbations [Laing et al.,
2012]. In particular, they exist in ensembles of cou-
pled heterogeneous elements [Laing, 2010] and net-
works with irregular coupling topologies [Ko and Er-
mentrout, 2008; Shanahan, 2010; Laing et al., 2012;
Yao et al., 2013; Zhu et al., 2014]. In a recent
study both of these inhomogeneity types are consid-
ered [Omelchenko et al., 2015]. Chimeras also exist
in systems with delay [Ma et al., 2010; Sethia et al.,
2008; Omelchenko et al., 2015a]. However, the be-
havior of chimera states in the presence of stochastic
fluctuations still remains unresolved. This problem is
especially relevant in the light of experimental realiza-
tions where noise is inevitable. It is known that even
at a relatively low intensity, noise can significantly in-
fluence the behavior of a nonlinear dynamical system.
Under certain conditions noise can cause the increase
of coherence, e.g., in coherence resonance, and on the
contrary it can also induce irregular, chaotic dynamics.
Stochasticity appears due to the intrinsic fluctuations
in a system, or alternatively can be implemented as an
external random control force. The influence of noise
strongly depends on its characteristics such as intensity,
for example, which can be treated as bifurcation param-
eters of a stochastic system. Therefore, the investiga-
tion of noisy dynamics is on the one hand significant for
the understanding of the processes occurring in nature
and on the other hand relevant from the point of view
of control. We are interested in understanding how ro-



bust chimera patterns are with respect to noise and in
developing control mechanisms by means of noise.

It has been shown that chimera states are stable for
infinitely large networks and have transient nature for
finite networks. In the latter case chimeras represent
a chaotic saddle state. Moreover, the lifetime of a
chimera state - the time till it transforms into the com-
pletely coherent state - grows exponentially with the
system size [Wolfrum and Omel’chenko, 2011; Rosin
et al., 2014]. This has been found for networks of phase
oscillators, where the phase dynamics in a chimera pat-
tern is chaotic in time. Most recently discovered am-
plitude chimeras appear in systems which capture not
only phase but also amplitude dynamics and are char-
acterized by time periodic behavior of both amplitude
and phase [Zakharova et al., 2014; Zakharova et al.,
2015]. Interestingly, amplitude chimeras also collapse
into an in-phase synchronized state and can therefore
also be treated as transients towards a completely co-
herent regime.

Here we investigate the transient mechanism for am-
plitude chimeras and the impact of stochasticity on
their lifetime. Especially we focus on the question
of amplitude chimera control by noise. Additionally,
we explain our results by proposing that an amplitude
chimera pattern is a saddle state.

2 Model

We consider a network of N supercritical Stuart-
Landau (SL) oscillators. The uncoupled dynamics of
eachnode j € {1, ..., N} is given by z; = f(z;), with

F(zj) = (A +iw —|2]%)z;, (1)

where z; = z; + iy; = r;e’% € C, with
z;,Y5,75,¢; € R, and A\,w > 0. In the uncoupled
case, the system undergoes a Hopf bifurcation at A=0,
so that for A > 0 the single SL oscillator exhibits
self-sustained oscillations with frequency w and radius
r; = v/\. The only steady state 2; = 0 and y; = 0 is
unstable.

2.1 Deterministic dynamics on a network

We investigate a ring of N non-locally coupled SL os-
cillators, where each node is coupled to its P nearest
neighbors in both directions with the strength o

Jj+P

Zj = f(z) + % Z (Rez, — Rez;)  (2)
k=j—P

where 5 = 1,2,..., IV, and all indices are modulo V.
The coupling strength o, and the coupling range P/N
are identical for all connections. By definition, the val-
ues of P are restricted to positive integer numbers. We
further set the values of ¢ to be positive real numbers.
As the coupling term only involves the real parts, the
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Figure 1. Space-time plots of the synchronized regimes: (a) in-
phase synchronization; (b) coherent travelling wave. The colors in-
dicate the value of y/; for each node j. Different amplitude-chimera-

like initial conditions were used in panels (a) and (b). Parameters:

N=100,0=14, P/N=0.04,w=2,A=1.

rotational S! symmetry of the system is broken. This is
a necessary condition to obtain nontrivial steady states
zj # 0 [Zakharova et al., 2013].

2.2 Stochastic dynamics on a network

In order to study the impact of noise we supplement
Eq. (2) with a noise term leading to stochastic differen-
tial equations:

P
Z; = f(z) + % Z (Rez, — Rez;) + V2D¢;(t)
k=j_P

3)
where ¢;(t) is the normalized source of Gaussian white
noise: (§;(t)&;(t+ 7)) = (1), (§;(t)) = 0, and D is
the noise intensity. The noise terms are spatially un-
correlated: (&;(¢)¢;(t)) = d;5, i.e. every node j gets a
different input &; (¢).

3 Patterns in the deterministic model

It has been shown by [Zakharova et al., 2014] that the
following three types of regimes can be found in the
network Eq.(2) depending on the choice of coupling
parameters: in-phase synchronized regime (or travel-
ing wave), amplitude chimera (AC) and chimera death
(CD). The in-phase synchronized regime and coherent
traveling waves are shown as space-time plots color
coded by the variable y; in Fig. 1(a) and Fig. 1(b), re-
spectively. It is not surprising to find synchronized
solutions in a network of identical coupled elements.
However, the interplay of nonlocally coupled network
topology and symmetry-breaking coupling gives rise to
the amplitude chimera - a striking hybrid state charac-
terized by the spatial coexistence of two domains with



Figure 2. Space-time plot of an amplitude chimera state. Parame-

ters: N =200,0=18, P/N=0.04, w=2,A=1.
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Figure 3. Snapshot of an amplitude chimera (a): Real parts Z 5, (b):
imaginary parts Y. The dots mark the values of the corresponding
nodes j. Parameters: N = 100, w = 2, A = 1,0 = 14,
P/N = 0.04.

different behavior: one is oscillating with spatially co-
herent amplitude, while the other demonstrates oscilla-
tions with spatially incoherent amplitudes; in both do-
mains the phases remain spatially correlated, in con-
trast to the common phase chimeras, e.g., in the Ku-
ramoto model, where the chimera behavior is mani-
fested in the partially incoherent phases, and the am-
plitudes are not relevant. Fig.2 shows a typical space-
time plot, and Fig.3 depicts a snapshot for the am-
plitude chimera. Moreover, the chimera behavior of
steady states, i.e., chimera death, is also observed in
the network Eq.(2) [Zakharova et al., 2014]. In this
regime the network splits into two parts: spatially co-
herent oscillation death, where the neighboring nodes
populate the same branch of the inhomogeneous steady
state, and spatially incoherent oscillation death, where
the sequence of populated branches of neighboring el-
ements is random. A typical space-time plot for the
chimera death with two coherent and two incoherent
domains is given in Fig. 4. Additionally, chimera death
patterns with different number of clusters in the coher-
ent domain can be found while tuning the coupling pa-
rameters of the system Eq. (2) [Zakharova et al., 2014;
Zakharova et al., 2015].
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Figure 4. Space-time plot of a chimera death state. Parameters:

N=200,w=2A=1,0=18 P/N =04.
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Figure 5.  Space-time plot of an amplitude chimera state in presence
of noise with intensity D =5 - 1073, Parameters: N = 100,
0=19, P/N=0.04,w=2A=1.
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Figure 6. Snapshot of an amplitude chimera in presence of noise
with intensity D =5 - 1073, Parameters: N = 100, o = 19,
P/N=0.04,w=2A=1.

4 Stochastic case

Our numerical investigations of the stochastic model
Eq. (3) show that amplitude chimeras exist in the pres-
ence of random fluctuations and are robust to noise
even of high intensity. A space-time plot and a snap-
shot of amplitude chimeras for D =5 - 1072 are given
in Figs.5 and 6, respectively. Although chimera pat-
terns are preserved, their lifetime is dramatically de-
creased by noise and strongly depends on its intensity:
the larger the noise intensity the shorter the lifetime.

In order to quantitatively characterize the impact of
noise on the chimera structures we analyze their tran-
sient lifetime ¢;,. for various coupling strengths o in the
presence of noise of different intensity. For the range
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Figure 7. Transient times of amplitude chimeras (a) in dependence
on noise intensity 1) (logarithmic scale) for different values of cou-
pling strength ¢ = 6,9, 20, (b) in dependence on ¢ for different
values of ID. The black symbols represent the average over 50 real-
izations of the randomized initial conditions, the colored lines corre-
spond to a linear fit of those (following eg. (4)), the colored error bars
denote the corresponding standard deviation of the resulting 4, for
the 50 initial conditions; dots and red bars: 0 = 6, triangles and yel-

low bars: 0 =9, squares and blue bars: 0 = 20). Other parameters:

N=100,P/N=0.04,w=2,A=1.

of noise intensity 1072° < D < 102 we compare the
results for ¢4, for three choices of the coupling strength
(0 = 6,9,20) in a semi-logarithmic plot (Fig.7 (a)).
The transient times linearly decrease with the loga-
rithm of the applied noise intensity for all o. Therefore,
our numerical results suggest the following relation be-
tween the chimera lifetime and the noise intensity:

1
tiy = ——In(D)+n & D ~e 4)
u

where 11 and 7 are constants depending on the coupling
strength o: the stronger the coupling, the steeper is the
slope. Fig. 7 (b) shows that ¢4, increases monotonically
with the coupling strength o up to a maximum value.
The lifetime of amplitude chimeras in the determinis-
tic case strongly depends on the choice of initial condi-
tions as reported in [Zakharova et al., 2015]. In general
the sensitivity of chimera states to the initial configu-
rations is explained by the fact that classical chimera
states typically coexist with the completely synchro-
nized state, for which the basin of attraction is sig-
nificantly larger. Although we do not have a precise
geometric vision of the phase space or a strict ana-
lytical proof of the stability for amplitude chimeras,
all our numerical results support the idea that ampli-

Figure 8. Schematic saddle-point representation of the amplitude
chimera (AC). Solid lines denote the stable manifold and dashed lines
correspond to the unstable manifold. The green circle defines the
set of initial conditions and yellow shading represents the impact of

noise.

tude chimera patterns can be seen as a saddle state
composed of stable (solid lines in Fig. 8) and unstable
(dashed lines Fig. 8) manifolds. The set of initial condi-
tions can be represented as a volume restricted in phase
space (green circle in Fig. 8). The observed amplitude
chimera corresponds to trajectories starting from this
set and passing the saddle-point from the stable direc-
tion towards the unstable manifold. The lifetime of
an amplitude chimera, therefore, depends on the cho-
sen trajectory: the closer to the saddle point it gets,
the longer is the lifetime. In other words, the transient
time is determined by the time the system spends in the
vicinity of the saddle point where coherent and incoher-
ent oscillating domains coexist before it escapes to the
in-phase synchronized regime. Such a phase space sce-
nario explains the sensitivity of transient times to initial
conditions since they determine the particular path the
system takes.

Our numerical investigations of the stochastic model
Eq. (3) show that Gaussian white noise dramatically re-
duces the impact of initial conditions on the lifetime of
amplitude chimeras. In more detail, we have tested a
set of realizations of initial conditions which lead to
significantly different lifetimes of amplitude chimeras
without random forcing. In the presence of relatively
weak noise D =5-10~13 all realizations result in ampli-
tude chimeras with similar lifetime (results not shown).
This again supports our view of the amplitude chimera
as a saddle point, and allows for the following explana-
tion. The stochastic force, which continuously perturbs
the system, makes it randomly switch between differ-
ent trajectories close to the saddle point. Therefore, the
system’s dynamics is not determined by a single trajec-
tory anymore, but rather affected by a set of trajectories
belonging to the /NV-dimensional hyper sphere. This re-
duces the sensitivity of the amplitude chimera lifetime
to initial conditions. In Fig. 8 the impact of noise is
illustrated by yellow shading, denoting the stochastic
forces applied to the system.



5 Conclusion

We have shown that amplitude chimeras can be con-
sidered as transients towards in-phase synchronized
states. In the deterministic case their lifetime depends
on the choice of initial conditions. We have found that
amplitude chimeras are robust to noise and also exist in
networks with time-delayed coupling. Moreover, the
lifetime of amplitude chimeras can be controlled by
varying the noise intensity and the value of time de-
lay, which, therefore, play the role of control parame-
ters. The presence of noise allows one to decrease the
lifetime of amplitude chimeras, while time delay can
significantly increase it. Furthermore, we provide an
intuitive picture of the stability for amplitude chimera
states. The results of our numerical investigations sug-
gest that amplitude chimeras can be represented as a
saddle point in the high-dimensional phase space.

Acknowledgements

This work was supported by DFG in the framework of
SFB 910.

References

Abrams, D. M. and Strogatz, S. H. (2004). Chimera
states for coupled oscillators.  Phys. Rev. Lett.,
93(17):174102.

Hagerstrom, A. M., Murphy, T. E., Roy, R., Hovel, P,
Omelchenko, I., and Scholl, E. (2012). Experimen-
tal observation of chimeras in coupled-map lattices.
Nature Physics, 8:658—661.

Kapitaniak, T., Kuzma, P., Wojewoda, J., Czolczyn-
ski, K., and Maistrenko, Y. (2014). Imperfect
chimera states for coupled pendula. Scientific Re-
ports, 4:6379.

Ko, T. W. and Ermentrout, G. B. (2008). Partially
locked states in coupled oscillators due to inhomo-
geneous coupling. Phys. Rev. E, 78:016203.

Kuramoto, Y. and Battogtokh, D. (2002). Coexistence
of Coherence and Incoherence in Nonlocally Coupled
Phase Oscillators. Nonlin. Phen. in Complex Sys.,
5(4):380-385.

Laing, C. R. (2010). Chimeras in networks of planar
oscillators. Phys. Rev. E, 81(6):066221.

Laing, C. R., Rajendran, K., and Kevrekidis, 1. G.
(2012). Chimeras in random non-complete networks
of phase oscillators. Chaos, 22(1):013132.

Larger, L., Penkovsky, B., and Maistrenko, Y. (2013).
Virtual chimera states for delayed-feedback systems.
Phys. Rev. Lett., 111:054103.

Larger, L., Penkovsky, B., and Maistrenko, Y. (2015).
Laser chimeras as a paradigm for multi-stable pat-
terns in complex systems. arXiv, 1411.4483. ac-
cepted by Nature Comm.

Ma, R., Wang, J., and Liu, Z. (2010). Robust features of
chimera states and the implementation of alternating
chimera states. EPL, 91(4):40006.

1. Omelchenko, A. Zakharova, P. Hovel, J. Siebert, and

E. Scholl: Nonlinearity of local dynamics promotes
multi-chimeras, arXiv (2015), 1503.03377.

Martens, E. A., Thutupalli, S., Fourriere, A., and Hal-
latschek, O. (2013). Chimera states in mechani-
cal oscillator networks. Proc. Nat. Acad. Sciences,
110:10563.

Omelchenko, 1., Provata, A., Hizanidis, J., Scholl, E.,
and Hovel, P. (2015). Robustness of chimera states
for coupled fitzhugh-nagumo oscillators. Phys. Rev.
E, 91:022917.

Panaggio, M. J. and Abrams, D. M. (2015). Chimera
states: Coexistence of coherence and incoherence
in networks of coupled oscillators. Nonlinearity,
28:R67.

Rosin, D. P., Rontani, D., Haynes, N. D., Schoéll,
E., and Gauthier, D. J. (2014). Transient scaling
and resurgence of chimera states in coupled Boolean
phase oscillators. Phys. Rev. E, 90:030902(R).

Schmidt, L. and Krischer, K. (2015). Clustering as
a prerequisite for chimera states in globally coupled
systems. Phys. Rev. Lett., 114:034101.

Schmidt, L., Schonleber, K., Krischer, K., and Garcia-
Morales, V. (2014). Coexistence of synchrony and in-
coherence in oscillatory media under nonlinear global
coupling. Chaos, 24(1):013102.

Sethia, G. C., Sen, A., and Atay, F. M. (2008). Clus-
tered chimera states in delay-coupled oscillator sys-
tems. Phys. Rev. Lett., 100(14):144102.

Shanahan, M. (2010). Metastable chimera states in
community-structured oscillator networks. Chaos,
20(1):013108.

Tinsley, M. R., Nkomo, S., and Showalter, K. (2012).
Chimera and phase cluster states in populations of
coupled chemical oscillators. Nature Physics, 8:662—
665.

Wickramasinghe, M. and Kiss, I. Z. (2013). Spatially
organized dynamical states in chemical oscillator net-
works: Synchronization, dynamical differentiation,
and chimera patterns. PLoS ONE, 8(11):e80586.

Wolfrum, M. and Omel’chenko, O. E. (2011). Chimera
states are chaotic transients. Phys. Rev. E,
84(1):015201.

Yao, N., Huang, Z.-G., Lai, Y.-C., and Zheng, Z.
(2013). Robustness of chimera states in complex dy-
namical systems. Scientific Reports, 3:3522.

Zakharova, A., Kapeller, M., and Scholl, E. (2014).
Chimera death: Symmetry breaking in dynamical
networks. Phys. Rev. Lett., 112:154101.

Zakharova, A., Kapeller, M., and Schdll, E. (2015).
Amplitude chimeras and chimera death in dynamical
networks. J. Phys. Conf. Series. arXiv 1503.03371.

Zakharova, A., Schneider, 1., Kyrychko, Y. N., Blyuss,
K. B., Koseska, A., Fiedler, B., and Schéll, E. (2013).
Time delay control of symmetry-breaking primary
and secondary oscillation death. Europhys. Lett.,
104:50004.

Zhu, Y., Zheng, Z., and Yang, J. (2014). Chimera states
on complex networks. Phys. Rev. E, 89:022914.



