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Abstract: We consider a control problem for the heating process of an elastic
plate. The heat flux within the plate is modeled by the heat equation with
nonlinear Neumann boundary conditions according to Newton’s law. As input
at a part of the boundary we take the nonlinearly transformed and modulated
heat production of a separate heater which is given by a nonlinear Duffing-type
ODE. This ODE depends on measurements of the temperature within the plate
and on Bohr resp. Stepanov almost periodic in time forcing terms. The physical
problem is generalized to a bifurcation problem for non-autonomous evolution
systems in rigged Hilbert spaces. Using Lyapunov functionals, invariant cones and
monotonicity properties of the nonlinearities in certain Sobolev spaces, we derive
frequency domain conditions for the existence and uniqueness of an asymptotically
stable and almost periodic in time temperature field.
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1. INTRODUCTION space BS?(J; E) which consists of all functions

f € L (J; E) having finite norm
Let us introduce some function spaces. We follow

the representation in (Pankov, 1990). Suppose

(E, |- llg) is a Banach space.

If J C R is an interval, denote by C(J; E) the
space of all continuous functions from J to F, en-
dowed with the topology of uniform convergence
on compact sets. If J = R or J = R the space
Cy(J; E) is the subspace of C(J; E) of bounded
functions equipped with the norm

[fllc, =sup|lf(u)le -
ueJ

The Banach space of Stepanov bounded on J = R
or J = Ry functions (of exponent p = 2) is the
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9 t+1 )
17]12 = sup / £ ()13 dr .
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A subset § C R is relatively dense if there is a
compact interval L C R such that (s+/K)NS # @
for all s € R. A function f € Cy(R; E) is said to
be Bohr almost periodic if for any £ > 0 the set

{r €R[sup [[f(s +7) = f(s)ll < e}
s
of e-almost periods is relatively dense in R.

For a function f € L2 (R; E), put

loc
o) = ft+w), we 0,1, teR.

The function f°(¢) is regarded as a function with
values in the space L?(0,1; E). Then

BS*(R;E) = {f € L, (R; B)| f* € L*(R; L*(0,1; E))}

loc



and, moreover, || f|ls> = || f?||Le-

A function f € BS?(R;E) is called an al-
most periodic function in the semse of Stepanov
and of exponent 2 (abbreviated S2-a.p.) if f° €
CAP(R; L?(0,1; E)). In this case the e-almost pe-
riods of f* are called the e-almost periods of f.
The space of S2-a.p. functions with values in F
is denoted by S%(R; E). Obviously, CAP (R; E) C
S?(R; E).

2. CONTROL SYSTEMS IN LUR’E FORM
WITH A DUFFING TYPE NONLINEARITY

Let V1 C Vy C V_1 be a Gelfand rigging of the
real Hilbert space V), i.e. a chain of Hilbert spaces
with dense and continuous inclusions. Denote by
(-»-)y, and || - |ly,,J = 1,0, —1, the scalar product
resp. norm in V;(j = 1,0,—1) and by (-,")y_, v,
the pairing between V_; and V.

Let Ag € L(V1,V_1) be a linear operator,

by € V_1 a generalized vector, ¢y € Vy a vector
and dy < 0 a number. According to the vec-
tors ¢ and by we introduce the linear operators
Cy € [/(V(),R) and By € E(R, V,1> by Cov =
(co, )y, Y v €V, and By := &by, VE € R.
Assume that ¢ : R xR — Rand g : R — R are
two scalar-valued functions. Our aim is to study

a system of indirect control (Leonov et al., 1992),
which is formally given as

v = Aov +bo[¢(t, 2) + g(t)],
Z = (co, ), +dofo(t,2) +9(®)]. (1)
Let us demonstrate how (1) can be written as

a standard control system. Consider for this the
Gelfand rigging Y7 C Yy C Y_q, in which

Y; =V, xR, j=10-1. (2)

The scalar product (-,-); in Y is introduced as
((V17 z1), (va, 22))j := (v1,v2)y, +2122, where
(v1,21), (v2,22) € Y; are arbitrary. The pairing
between Y_; and Y; is defined for (h,&) € V_; x
R=Y_; and (v,¢) € V1 x R =Y; through

((h>§)7 (V> g))*l,l = (hvV)V71,V1 +&c. (3)
Let b:= {Zﬂ € Y. and c:= [{] € Yy. Suppose

further that the operators C € L(Yp,R) and
B € L(R,Y_;) are given as

Cy:(cay)()a Vy €Yo, BE=¢b, VEER,
and the operator A € £(Y7,Y_;) is defined as
Ap O
A= .
[Co 0}

Consider now the system
y=Ay+Blo(t,2) +91)], 2=Cy, (4

which is equivalent to (1) through y = (v, 2). If
—o0 < T7 < Ty < 400 are arbitrary, we define

the norm for Bochner measurable functions in
LQ(TlaTQ; )/1)7 ] = 1707 715 by

T 1/2
25 = (/T IIy(t)H?dt> )

Let W(T1,T5;Y1,Y_1) be the space of functions
y such that y € L?(Ty, Ty; Y1) and
y € L*(T1,T»;Y_1), equipped with the norm

(I3, + 15113, 1) ™"

(6)
Let us introduce the following assumptions (A1)
— (A6) about the operator Ag € L(V1,V_1), the
vectors by € V_1 and ¢y € Vy, and the functions
¢ and g.

Iyl

Hy”W(ThTz;YhY—l) = 37—1

(A1) For any T > 0 and any
(f1, f2) € L?(0,T;V_1 x R) the problem
v = Ao+ f(t), (7)
2= (co,v)vy + f2(t) ,  (¥(0),2(0)) = (0, 20)
is well-posed, i.e. for arbitrary (v, 2z0) € Yo,
(f1, f2) € L*(0,T;V_1 x R) there exists a unique
solution (v, z) € W(0,T;Y1,Y_1) satisfying (7) in
a variational sense and depending continuously on
the initial data, i.e.

|| (Vv Z) H12/V(O,T;Y17Y—l) <

kall(vo, 20) 15w + K2l (fu, f2)l5, 15 (8)
where k1 > 0 and ks > 0 are some constants .

(A2) There is a A > 0 such that Ag + A\ is a
Hurwitz operator .

(A3) For any T > 0, (vp,20) € V1 X R, (9, 20) €
Vi xR and (fy, f2) € L?(0,T;V; x R) the solution
of the direct problem (7) and the solution of the
adjoint problem

U=—(AF + XD+ f1(t)
F=—CFz—Ai+ folt) (9)

are strongly continuous in ¢ in the norm of V; xR.

(A4) The pair (A, by) is L2-controllable, i.e. for
arbitrary vy € V, there exists a control £(:) €
L?(0,00;R) such that the problem

U= Agv + by& , V(O) =1

is well-posed in the variational sense on (0, 00) .

Introduce by (¢ denotes the complexification)
X(p) = (5, (A5 = pI®) 71 b5)y, » p € p(Af)

the transfer function of the triple (A§, b5, ¢§) -

(A5) Suppose A > 0 and k1 > 0 are parameters,
where A is from (A2). Then:

a) Ado + Re (—iw — N x(iw — X)+
p1lx(iw—N) —do|* <0, VYw>0. (10)



(A6) The function ¢ : R x R — R is continuous
and ¢(t,0) =0, V¢t € R. The function g : R — R
belongs to L2 (R;R). There are numbers x1 > 0

loc

(from (A5)), 0 < kg < K3 < 400,01 < [z and
(2 < (7 such that:

a) B <g(t) <pa, (11)

for a.a. t from an arbitrary compact time interval ;

b) (¢(t,2)+Bi)(z—G) < mi(z—¢)%, i=1,2,

VtER, Vze [CQ?CI]; (113.)

) ka(z1 —22)? < (o(t, 21) — (t, 22)) (21 — 22) <

VtER, V21,22 € [(2,(1] -
(11b)

Hs(z’l - 22)2 ,

We assume in the next theorem that the solutions
of (1) are for every T' > 0 elements of the space
W(0,T;Y1,Y_1). Then we show the existence of
solutions with initial states from a certain set.

Theorem 1. Assume that for system (1) the hy-
potheses (A1) — (A6) are satisfied. Then there
exists a closed, positively invariant and convex set
G such that

{(r,2) eVy xR|lv=0,2€[(2,(1]} CG C
{(I/,Z) eV X R‘Z S [CQ,Cﬂ}. (12)

In order to prove this Theorem we need some
auxiliary results. The full proof of Theorems 1
— 3, which will be published elsewhere, is based
on the frequency theorem (Likhtarnikov and
Yakubovich, 1976; Yakubovich, 1964). A similar
approach was used in (Reitmann, 2005; Reitmann
and Kantz, 2004).

Suppose that Y7 C Yy C Y_; is a Gelfand rigging
of Yo, || -1l (-, -); are the corresponding norms and
scalar products, respectively, and (-,-)_1,1 is the
pairing between Y_; and Y;. Consider the linear
system

j=Ay, z=(cv)o, (13)
where A € L(Y7,Y_1) and ¢ € Y.

Assume that for each yg € Yy there exists a unique
solution y(-,y0) of (13) in W(0,00) satisfying
y(0,90) = yo. In the sequel we need the following
assumption (Brusin, 1976).

(A7) The space Y; can be decomposed as
Yo = Y," @Y, such that the following holds:
a) For each yg € Y, we have tlim y(t,y0) = 0.

For each yo € Y, there exists a unique
solution y_(t) = y(t,y0) of (13), defined
on (—00,0), such that . lim y_(t) = 0 and

(c,y(t,y0))o = 0,Vt > 0, if and only if
yo = 0.

b) For each yo € Y, the equality
(c,y(t,y0))o = 0, Vt < 0, holds if and only
if yo = 0. For each yp € Y, the equality
(¢,y(t,y0))o =0, Vt <0, holds if and only if
Yo =0.

Remark 1. Assumption (A7) a) means that we
assume for the linear system (13) the decomposi-
tion of Yy in y = 0 into a stable subspace E* = Y[)+
and an unstable subspace E" =Y . Assumption
(A7) b) characterizes the identifiability in the
sense of Kalman of the pair (A, ¢) on Y™ and Yy,
respectively.

In the following L > 0 for a linear operator
L € L(Y),Y a Hilbert space, means that L is
positive, i.e. (y,Ly)y > 0,Yy € Y\{0}; L <0
means that —L is positive.

Lemma 1. Suppose that system (13) satisfies
(A7) and there exists a linear continuous operator
P:Yy — Yy, P* = P, such that for any s < ¢t
and any solution y(-,yo) of (13) we have with
V(y) = (y, Py)o,y € Yo,

V((t 10) — V(u(s,90)) < — / (e, y(r0))2 dr -

(14)
Then
PJ‘YOJr Z O ) i-e~7 (y7py)0 > O
for all y € Y, \{0} (15)
and
P|Y07 < 0 ) i-e'a (yapy)o <0
for all y e Y, \{0}. (16)

Proof 1. Let yo € Y;'\{0}. Then by (A7) a)
we have lim; oo y(t,50) = 0 and, due to the
boundedness of P, lim; oo V(y(t,y0)) = 0. It
follows from (14) for s = 0 and ¢t — oo that

Vi) < - / Tleyry)dr. ()

Using again (A7) a), we conclude from (17) that

Vi) 2 [ ()} dr > 0.
0
Thus (15) is shown.

Let now yo € ¥, \{0}. Then by (A7) b) we have
lim;—, oo y(¢, y0) = 0 and, consequently,

limy oo V(y(t,y0)) = 0. If we take in (14)

s — —oo and t — 0, we receive

Viyo) < — / (cy(ryo)idr.  (18)

Assumption (A1) b) implies that
f?oo(c,y(T, Y0))2 dr > 0. Thus we conclude from
(18) that V(yo) < 0. This proves (16).



The next lemma is concerned with the separation
of quadratic cones by special functionals. Let us
recall some definitions. Assume that Y is a Hilbert
space with scalar product (-,-). A conein Y is a
set C C Y,C # &, such that y € C,a € Ry imply
that ay € C. It is easy to see that a cone C in
Y is convex if and only if y;,y2 € C imply that
y1 +y2 €C.

Suppose that P € L(Y),P = P*. Then the set
C:={y € Y|(y,Py) < 0} is a cone which is
called by us quadratic.

Assume that there is a decomposition Y =Y+ @
Y~ such that Hy+ > 0 and Hy— < 0. Then the
quadratic cone {y € Y| (y, Py) < 0} is called by
us quadratic cone of dimension dimY .

Lemma 2. Suppose that:

1) Y1 C Yo C Y_; is a Gelfand rigging of the
Hilbert space Yy with scalar products (-, );,
corresponding norms || - ||;,4 = 1,0, —1, and
pairing (-,-)—1, between Y_; and Y7i;

2) There is an operator
P e L(Y_1,Yy) N L(Yy, Y1), self-adjoint in Yy
such that

C:={yeYy|(y, Py)o <0}

is an 1-dimensional quadratic cone;

3) There are vectors h € Y_; and r € Yj such
that

2 (h,Py)_Ll = (Tv y)Ov \V/y € Yl (19)
and (h,r)—1,1 <0. (20)
Then we have

intCN{yeYi|(y,r)o=0t=2. (21)

Proof 2. Suppose that (21) is not true, i.e., as-
sume that there is a yo € Y1, yo # 0, such that

(y(), Py())o <0 and (y(),’l”)() =0. (22)
Since C is a cone, we have ayg € C, Va € R, and
span{yo}\{0} C intC. (23)

Since the inclusions Y7 C Yy C Y_; are dense,
there exists a sequence {h,}>2,,h, € Y1 (n =
1,2,...) such that h, — h for n — oo in the
norm of Y_;.

Because of (19) we have
2 (hp, Php)o — (ryhn)o for n—oo. (24)

Since (-,-)—1,1 is the unique extension by continu-
ity of the scalar product (-,-)o defined on Yy x Y7,
it follows from (20) that there are numbers gg > 0
and ng € N such that

(ryhn)o < —ep <0, Vn>mng. (25)

Thus for each &1 € (0,&q) there is an n; € N such
that

4(hnaPhn)0 S _5,17

where €] :=v —¢e7.

Vn>n, (26)

From (19) we conclude that 2 (h,,Pyo)o —
(r,y0)o = 0 for n — oo. Thus we have for each
€9 > 0 a number ny € N such that

2|(hn,Py0)0| < €9, Vn>ng. (27)

Take now 7 := max{ng,n1,n2}. Then the pro-
perties (24) — (27) are satisfied for n > 7. By (22)
and the inequality (g9 — 1) > 0, we can choose
the number €3 in (27) so small that

— (Y0, Pyo)o (€0 —€1) — &3 > 0. (28)
Let us show now that the plane II := {ayo +
B2hs|a, 8 € R}, with exception of the point 0,
is contained in int C. This will be a contradiction
to assumption 2) of the theorem if we show that
dim IT = 2. Suppose that this is not the case. This
means that there is an ag # 0 such that

QpYo = hﬁ . (29)

It follows from (25) and (29) that (r,hz)o < O,
and from (22) and (30) that (r,hz)o = 0. This
contradiction shows that dim IT = 2. It remains
to demonstrate that IT\ {0} C int C. Consider for
arbitrary o, 8 € R with a?+ 32 >0 the expression

(ayo + B2ha, P(ayo + f2ha)),
= a®(yo, Pyo)o + 4 a8 (ha, Pyo)o
+ 3%4(hn, Phy)o . (30)

Under our conditions the quadratic form (30)
is negative definite. Really, from (22) we have
(Yo, Pyo)o < 0 and from (26) 4 (hn,Phz)o < 0.
Thus by the Routh criterion the negative definite-
ness of the form is shown if the determinant D,
associated to this form, is positive. The straight
forward computation of D and the use of (26) —
(28) gives the estimates

D = (yo,Pyo)o 4 (hn,Pha)o— (4hn, Pyo)}
> —(yo, Pyo)o(eo — €1) — €3 > 0.

Remark 2. Lemma 2 can be considered as gene-
ralized lemma about the separation of cones
(Blyagoz and Leonov, 1978; Burkin and Yakubovich,
1975; Leonov and Churilov, 1976; Reitmann,
1982). Really, in the finite-dimensional case we
have Y1 = Yo = Y,1 = Rn7(',-),1’1 = (-,-)0 =
(+,+) the Euclidean inner product and P = P*,
det P # 0, a regular symmetric n X n matrix.
Assumption (19) in Lemma 2 states that there
are vectors h,r € R™ such that

2(h, Py) = (r,y), VyeR".  (31)
It follows from (31) that
2h =P lr. (32)



Equation (32) shows that assumption (20) of
Lemma 2 takes the form

(r,P7'r) <0. (33)
If (33) is satisfied, it follows from Lemma 2 for the

1-dimensional quadratic cone
C = {y € R"|(y, Py) < 0} that

mtCN{yeR"|(y,r)=0}=2. (34

But this is exactly the sufficient part of the
statement in (Burkin and Yakubovich, 1975).

Now we prove for (1) the existence of solutions in
W(0,T;V; x R,V_; x R) and the existence of at
least one solution in C,(R; Vo x R) N BS?(R; V; x
R). We need for this the a priori inclusion given
by Theorem 1 and two additional assumptions.

(A8) The imbedding V; C V), is compact.

(A9) The family of operators

{A }tERaA(t) : Yl - Y,]_, given by A<t)77 =
—An—Bo(t,Cn), vVt € R,Vn € Y1, is monotone on
the segment {n € Y1 |Cn € [(2,(1]}, i.e. for any
t € R we have

(A(t)n — A(t)9,mn —9)-11 >0,
Vn,9 €Yy, suchthat Cn,CY € [(2,G].
(35)

There exists a continuous function $:R xR —R
such that ¢ry(c,.c,] = ¢ and (35) with ¢ instead
of ¢ is satisfied for all n,9 € Y;.

Remark 3. If ¢ has the form ¢(t, z) = ¢1(t)p2(2)
with ¢, and ¢5 continuous, it is clear that such a
monotone extension exists.

Theorem 2. Assume that for system (1) the as-
sumptions (A1) — (A9) are satisfied. Then it
holds:

a) For any g € BS?(R;R) and any (v, 20) € G,
where G is the associated positively invariant set,
there exists a solution
(v,2) € W(0,00; V1 xR, V_1 xR) of (1) such that
(v(0), 2(0)) = (v0, 7).

b) For any g € BS?(R;R) there exists for (1) a
solution

(Ve, 24) € Cy(R;Vy x R)N BS?(R; Vy x R). (36)

(A10) Any continuous function ¢ which satisfies
(11a) and (11b) has a continuous extension to a

function ¢ : R x R — R which satisfies (11a) and
(11b) for all (t,z) € R x R.

The next theorem is a generalization of a result
from (Blyagoz and Leonov, 1978) for evolution
systems in rigged Hilbert spaces with Duffing-type
nonlinearity.

Theorem 3. Assume that for system (1) the as-
sumptions (A1) — (A10) are satisfied and in
addition to this the following holds:

(i) The operator Aoz Bo from £(Y1,Y_q) is
C() l€2d0

Hurwitz;

(ii) There exists a number € > 0 such that

1 Re X (iw) — dy
K3 — Ko iw + Ko (x(iw) — do)

>e YweR.
(37)

Then we have:

a) For any g € BS?(R;R) system (1) has a unique
solution (v, w,) inside G which satisfies (36) and
this solution is exponentially stable inside G.

b) Let the families of functions

{#(-,2) |z € [¢2, (1]} and {@(-, 2) | z € S}, where ¢
is from (A9) and S C R is an arbitrary bounded
interval, be uniformly Bohr a.p.. Then for any S2-
a.p. forcing function g the unique in G bounded
and exponentially stable solution (vy, z,) is Bohr

a.p. .

3. EXAMPLE

We consider the restricted boundary control prob-
lem for the temperature (Butkovskii, 1975)

0, = 61000 — 020, 61> 0,65 > 0 (38)

0 —0 91| —53[¢(taw)+g(t)]a 53 GR,
o = / 0(z, 1) k(z) dz + a6t w) + g(8)] . (39)
Here k(-) is a kernel function, d4 <0,
B(t,w) = w — d5(t)w? is a Duffing-type (40)
nonlinearity, d5(¢t) > 0 a.e.
Write (38), (39) as ODE in Hilbert space
v = Aoy + Bo[g(t, w) + g(1)] (41)
w = Cov + do[o(t,w) +g(t)], (42)
Vl = WI’Q(O, 1) s VO = LQ(O7 1) y V_l = Vf,
space of test state space dual space
functions (w.rt. Vo)
1
(v,9); := / VY + v, 0, ] dx v, €V .
0

Ap : V1 — V_q is given by
1

(Agw, ) = — / 61/ ()9 (2) + a0(2)0 ()] da
0

BO R — V_l
through

(BO gu V) = 5151/(1) ’

(Control operator) is given

VEER, VveV,



i.e. By = 616(z — 1) is Dirac’s d-function concen-
trated at z = 1. Cy : Vo — R (measurement
operator) is given by

1
Cov = / k(x)v(x)dx , Vv ey.
0

(A7): Variational solution of (41), (42)

A pair of functions (0(z, t), w(t)) is a weak solution
of (38), (39) on (0,T) if

0(-,t) € Wh2(0,1) ,
T 1

/ { / [0m — (310,77, + 020m)] d +

0 0
Bislé(tw) +g(®)n (LY fdt =0, (43)

T
/ / O(z, t)k(z) dx +
0

dalo(t,w) + g(t ) }dt (44)

w,w € L*(0,T) ,

vV  smooth test function n(zx,t), ( 0) =n(z,1)=0,

YV smooth test function (), ¢(0) =¢((T) =0.
(A6):
Transfer function: x(p / 9 p)dx where

0(z, p) is the solution of the BVP ( =1,
03 =1, 84 = —1, 05(t) = 5) :

p=60" —60,
0 =0, O, =1.
~ cosh/p+dazx
= O(z,p) = . ;
VD + 2 sinh v/p + 9o
1
= x(p) =

VP + 02 sinh v/p + 5,

/ cosh\/p + 0 dx =

p+ 52
= sufficient to assume that
()] < —2 teR
— a.e. .
g 3305
Ro = ¢/ (7‘1), R3 = 1 = (A].)
1
x(p) = m
A € (0,02) = (A3)
— A+ k1 <0 :>(A6)

z=0

0y = 610, — 020 — 020
—0o = cooling
| | heating

p=1]

w — (5571)3 +g(t)
———
B (w)

03 >4k | = (A3) + (A6)--» cooling

condition
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