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Abstract
The paper develops a stochastic discrete-time frame-

work for practical fixed-time consensus. Constructive
estimates are obtained for the practical consensus set
and for the expected entrance time into this set. A
comparison-based argument is also established to relate
the stochastic dynamics to an ideal noise-free model and
to quantify their finite-horizon closeness.
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1 Introduction
Multi-agent systems are extensively employed in

robotics, autonomous transportation, sensor networks,
and distributed computing. In these applications, each
agent typically has access only to local information and
can interact directly only with a limited set of neighbor
agents. Consequently, achieving a global system-level
objective requires the design of distributed coordination
mechanisms that ensure the emergence of a prescribed
collective behavior across the network. This challenge
naturally gives rise to the consensus problem, which
has become one of the foundational and most actively
studied topics in distributed control theory [Olfati-Saber
et al., 2007; Ma et al., 2017].

The role of the communication graph is crucial in
such problems, since graph-theoretic characteristics af-
fect qualitative and quantitative properties of distributed
algorithms. In this context, Laplacian spectra of basic
and hierarchical graphs and their relevance to decentral-
ized optimization and multi-agent control were recently
studied in [Erofeeva and Parsegov, 2024].

For standard linear consensus protocols, the closed-
loop dynamics typically guarantees only asymptotic con-

vergence. In many engineering applications, however,
asymptotic convergence is not sufficient, since one needs
an explicit and uniform upper bound on the settling
time. This has motivated extensive research on finite-
time and fixed-time control based on nonlinear feed-
back laws and homogeneity arguments. In particular,
fixed-time stabilization was systematically developed
in [Polyakov, 2012], while fixed-time consensus algo-
rithms for multi-agent systems were studied, for exam-
ple, in [Parsegov et al., 2013]. At the same time, the
passage from continuous-time designs to discrete-time
implementations is nontrivial, and consistent discretiza-
tion of finite-/fixed-time stable systems requires separate
analysis [Polyakov et al., 2019; Polyakov et al., 2023].

The stochastic discrete-time setting is substantially
more delicate. When agents exchange noisy information
over switching communication graphs, exact consensus
is generally no longer guaranteed, and the natural ob-
jectives become approximate or practical consensus in
suitable probabilistic metrics. In this direction, Amelina
and Fradkov [Amelina and Fradkov, 2012] investigated
approximate consensus in stochastic dynamic networks
with incomplete information, measurement delays, and
variable topology by means of the local voting proto-
col and the method of averaged models. This methodol-
ogy is closely related to the classical continuous-time ap-
proximation of discrete stochastic recursive procedures,
also known as the Derevitskii–Fradkov–Ljung (DFL)
scheme, whose early form goes back to Derevitskii and
Fradkov [Derevitskii and Fradkov, 1974]. The local
voting approach was further developed for decentral-
ized load balancing over networks with switched topol-
ogy and noisy measurements in [Amelina, 2013]. In
particular, that work considered a discrete-time load-
balancing model and introduced a nonlinear local vot-
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ing protocol that is structurally close to the protocol ana-
lyzed in the present paper. A more general approximate-
consensus framework for stochastic networks with ap-
plication to load balancing was proposed in [Amelina
et al., 2015], where switching topology, noisy and de-
layed measurements, and nonvanishing step sizes were
considered. Later, Amelina, Granichin, and Kornivetc
[Amelina et al., 2013] studied decentralized load balanc-
ing under switched topology, noise, and delays, and ob-
tained suboptimality estimates for local voting with non-
vanishing step size. Related local-voting mechanisms
were also used for distributed node scheduling in multi-
hop wireless networks in [Vergados et al., 2018]. Related
distributed resource-allocation problems under commu-
nication constraints were also considered in [Fu et al.,
2025], where the agents cooperate over a network while
exchanging only limited information with their neigh-
bors.

These works justify the importance of local voting
protocols in stochastic coordination and load-balancing
problems. At the same time, the combination of stochas-
tic discrete-time dynamics, persistent noisy relative mea-
surements, nonlinear mixed-power local voting, and
practical fixed-time entrance-time estimates remains less
developed.

The relevance of decentralized coordination under
noisy and time-varying information structures is also
supported by recent studies on adaptive multi-agent sys-
tems. For example, decentralized correction of task-time
predictions with consensus over a time-varying commu-
nication graph and bounded noise was considered in
[Tarasova and Moseiko, 2025]. More broadly, recent
results on stochastic and discrete-time consensus have
mainly addressed mean-square consensus, hybrid or het-
erogeneous agent dynamics, and delayed or noisy com-
munication [Zhang et al., 2022; Sun et al., 2023; Zhang
et al., 2024]. In contrast, constructive practical fixed-
time guarantees with explicit entrance-time estimates re-
main much less developed for stochastic discrete-time
multi-agent systems with persistent measurement pertur-
bations.

Another important line of research concerns nonlinear
consensus algorithms and finite-time cooperative con-
trol based on homogeneity arguments and mixed-power
feedback mechanisms. Homogeneity-based methods
are useful for constructing fast convergent feedback
laws, while implicit Lyapunov-function methods pro-
vide an efficient framework for their analysis. Re-
cent works in this direction include finite-time average-
consensus constructions and stability analysis for ho-
mogeneous systems with sector nonlinearities [Galk-
ina and Zhdanov, 2024; Galkina et al., 2025; Galkina,
2025]. However, most existing finite-/fixed-time consen-
sus results are developed either for deterministic systems
or for continuous-time models, whereas the stochastic
discrete-time case with persistent measurement pertur-
bations remains much less understood.

This issue is particularly relevant in applications such

as decentralized load balancing, where persistent per-
turbations, nonvanishing gains, and topology variations
arise naturally as intrinsic features of the model. In this
setting, the appropriate objective is to establish a practi-
cal fixed-time consensus guarantee.

In this paper, we study a stochastic discrete-time
single-integrator multi-agent system with switching con-
nected communication graphs and a nonlinear local vot-
ing protocol. The protocol combines sublinear and su-
perlinear terms, which together induce a Lyapunov drift
structure suitable for practical fixed-time analysis.

The main contribution of the paper is the develop-
ment of a stochastic discrete-time framework for prac-
tical fixed-time consensus. We derive constructive esti-
mates for the practical consensus set and the expected
entrance time, and establish a comparison-based result
relating the stochastic dynamics to an ideal noise-free
model. The theoretical findings are further illustrated
through a decentralized load-balancing problem.

The remainder of the paper is organized as follows.
Section 2 introduces the notation. Section 3 presents the
stochastic system, the nonlinear local voting protocol,
the comparison model, and the standing assumptions.
Section 4 contains the main results, including the mixed-
power drift analysis, practical fixed-time consensus esti-
mates, and the finite-horizon trajectory-comparison re-
sult. Section 5 presents numerical illustrations. Sec-
tions 6 and 7 conclude the paper and outline future re-
search directions, respectively.

2 Notation
Let R be the set of real numbers, N the set of positive

integers, and Z≥0 the set of nonnegative integers. For
a vector x ∈ Rn, x⊤ denotes its transpose, xi its ith
component, and ∥x∥ the Euclidean norm. For a matrix
A ∈ Rn×n, A⊤ denotes its transpose, and ∥A∥ denotes
the induced Euclidean norm. The identity matrix of di-
mension n is denoted by In, and 1n ∈ Rn denotes the
vector of all ones.

For s ∈ R and γ > 0, define

⟨s⟩γ := |s|γ sign(s),

where sign(0) = 0.
Throughout the paper, capital letters c, c1, c2, . . .

denote generic positive constants whose values may
change from line to line. Constants introduced in state-
ments of lemmas and theorems are fixed within the cor-
responding result.

3 Problem statement
3.1 Stochastic System and Practical Consensus

We consider the stochastic discrete-time single-
integrator dynamics

xt+1
i = xt

i + ut
i + wt+1

i , (1)
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where i ∈ N := {1, . . . , n} and t = 0, 1, 2, . . .. Here
wt

i denotes a possible additive state disturbance.
The agents interact according to the nonlinear local

voting protocol

ut
i = α

n∑
j=1

a
(σt)
ij

(
K1⟨ztij⟩1/3 +K2⟨ztij⟩3

)
, (2)

for each i ∈ N , where

ztij := xt
j − xt

i + ξtij (3)

is the noisy relative state measurement associated with
the edge {i, j}.

The powers 1/3 and 3 are chosen in accordance with
the standard mixed sublinear–superlinear mechanism
used in fixed-time stabilization [Polyakov, 2012]. In the
Lyapunov analysis below, the term ⟨z⟩1/3 generates a
drift of order V 2/3, which is effective near the consen-
sus manifold, whereas the cubic term ⟨z⟩3 generates a
drift of order V 2, which provides a contraction mech-
anism for large disagreements. Other pairs of powers
0 < γ1 < 1 < γ2, including reciprocal choices such as
1/5 and 5, are expected to yield analogous mixed-power
drift structures. However, they would require a sepa-
rate proof, with modified constants and, in the stochas-
tic case, different moment requirements on the measure-
ment noise.

Let

Xt := [xt
1, . . . , x

t
n]

⊤, Π := In − 1

n
1n1

⊤
n . (4)

Here, Xt is the state vector, Π is the orthogonal projec-
tion onto the disagreement subspace, et is the disagree-
ment vector, and Vt is the corresponding quadratic dis-
agreement functional. Define

et := ΠXt, Vt :=
1

2
∥et∥2. (5)

Thus, et is the disagreement vector, while Vt is the cor-
responding Lyapunov function.

Next, introduce the filtration

Gt := σ
(
X0, {σℓ}tℓ=0, {Ξℓ}t−1

ℓ=0

)
, t ≥ 0, (6)

where Ξt = [ξtij ] is the noise matrix at time t.
Then Xt and σt are Gt-measurable, whereas Ξt is not.

All conditional expectations below are taken with re-
spect to Gt.

For any ε > 0, define the entrance time

τε := inf{t ∈ Z≥0 : Vt ≤ ε}. (7)

Definition 1. For a given ε > 0, define the entrance
time

τε := inf{t ∈ Z≥0 : Vt ≤ ε}.

We say that the stochastic discrete-time network achieves
semi-global practical fixed-time consensus on the

bounded set {V0 ≤ R} if there exist constants ε⋆ > 0
and N⋆ > 0, independent of the particular initial condi-
tion inside {V0 ≤ R}, such that

Eτε⋆ ≤ N⋆.

Since ∥ΠXt∥2 = 2Vt, this means that the disagreement
enters the practical consensus layer

∥ΠXt∥2 ≤ 2ε⋆

within an expected time uniformly bounded over all ini-
tial conditions satisfying V0 ≤ R.

This notion is weaker than classical exact fixed-time
consensus: the result concerns entrance into a nonzero
practical consensus layer and the uniform bound is im-
posed on the expected entrance time.

To formalize the trajectory comparison, we introduce
the ideal discrete-time system with exact measurements,
driven by the same switching graph sequence:

X̄t+1 = X̄t + αFσt(X̄t), X̄0 = X0. (8)

For each p ∈ {1, . . . ,M}, define the mapping Fp :
Rn → Rn by

[Fp(x)]i :=

n∑
j=1

a
(p)
ij

(
K1⟨xj − xi⟩1/3

+ K2⟨xj − xi⟩3
)
, i ∈ N ,

(9)

where x = [x1, . . . , xn]
⊤ ∈ Rn.

The actual stochastic system admits the vector form

Xt+1 = Xt + αGσt(X
t,Ξt) +W t+1, (10)

where Ξt = [ξtij ] is the matrix of measurement errors
and W t+1 = [wt+1

1 , . . . , wt+1
n ]⊤ is the vector of additive

state disturbances.
For each p ∈ {1, . . . ,M}, define Gp : Rn × Rn×n →

Rn by

[Gp(x,Ξ)]i :=

n∑
j=1

a
(p)
ij

(
K1⟨xj − xi + ξij⟩1/3

+ K2⟨xj − xi + ξij⟩3
)
,

(11)

where i ∈ N .
We compare the disagreement trajectories associated

with the stochastic and ideal systems. To this end, define
et = ΠXt,, ēt = ΠX̄t.

The corresponding trajectory-comparison error is in-
troduced as

∆t := et − ēt = Π(Xt − X̄t), Dt :=
1

2
∥∆t∥2.

(12)
We impose the following assumptions.
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(H1) Finite family of undirected connected graphs.
There exists a finite family

G := {Gp = (N , Ep, A
(p)) : p = 1, . . . ,M}

such that, for every t ≥ 0, the active communication
graph is Gσt

for some σt ∈ {1, . . . ,M}.
Each graph is undirected, connected, and weighted
in the sense that

a
(p)
ij = a

(p)
ji > 0 for i, j ∈ Ep,

a
(p)
ij = 0 for i, j /∈ Ep, a

(p)
ii = 0.

Thus, the connectedness assumption refers to the
positive-weight edge set Ep.

(H2) Uniform graph bounds. The graph family is finite.
Hence, the following quantities are well defined and
finite:

amax := max
p,i,j

a
(p)
ij , (13)

∆max := max
p

max
i

n∑
j=1

a
(p)
ij , (14)

|E|max := max
p

|Ep|. (15)

(H3) Noisy relative measurements with antisymmetric
edge noise. For each active undirected edge {i, j} ∈
Eσt

, the random measurement error satisfies

ξtij = −ξtji.

Assumption (H3) corresponds to a reciprocal edge-
measurement model: the same noisy relative mea-
surement is used by the two incident agents with
opposite signs. This structure is natural for pairwise
exchange and load-balancing protocols. It is also
used in the analysis to preserve the average state and
to combine the two oriented edge contributions into
a dissipative Lyapunov term. Non-antisymmetric
directional measurement errors would generate ad-
ditional perturbation terms; therefore, the present
estimates would not apply directly and a separate
analysis would be required.

(H4) Conditional centering and bounded higher mo-
ments. Conditional centering and bounded condi-
tional moments are assumed with respect to the pre-
noise filtration. Specifically, for every active edge
{i, j} ∈ Eσt

and all t ≥ 0,

E[ξtij | Gt] = 0. (16)

Moreover, there exist constants µ2, µ4, µ6 > 0 such
that, almost surely,

E[|ξtij |2 | Gt] ≤ µ2, (17)

E[|ξtij |4 | Gt] ≤ µ4, (18)

E[|ξtij |6 | Gt] ≤ µ6, (19)

uniformly in i, j, and t.
(H5) Constant step size. The gain α is constant and sat-

isfies

0 < α ≤ 1.

(H6) Bounded initial disagreement. The initial condi-
tion belongs to a prescribed bounded set:

V0 ≤ R.

(H7) A priori boundedness/localization of trajectories.
There exists R̂ ≥ R such that the sublevel set

ΩR̂ :=

{
x ∈ Rn :

1

2
∥Πx∥2 ≤ R̂

}
is forward invariant almost surely for both the actual
system (10) and the ideal comparison system (8).
This assumption is not a consequence of the mo-
ment bounds in (H4). Rather, it should be under-
stood as a localization condition. It is satisfied un-
der additional boundedness mechanisms, such as
bounded measurement errors together with a suit-
able step-size restriction, or a saturated/projected
implementation of the protocol.

(H8) Parameterized small-noise moment bounds for
trajectory comparison. There exist a scalar ρ ≥ 0
and constants µ̄2, µ̄4, µ̄6 > 0 such that, for every ac-
tive edge {i, j} ∈ Eσt

and all t ≥ 0, the conditional
moments of the measurement noise satisfy, almost
surely,

E[|ξtij |2 | Gt] ≤ ρ2µ̄2, (20)

E[|ξtij |4 | Gt] ≤ ρ4µ̄4, (21)

E[|ξtij |6 | Gt] ≤ ρ6µ̄6. (22)

Assumption (H8) refines the moment bounds in
(H4) by introducing an explicit noise-level parame-
ter ρ. It is not needed for the practical consensus es-
timate of Theorem 1, but is used in the finite-horizon
comparison with the ideal exact-measurement sys-
tem, where one needs to quantify the mismatch and
prove that it vanishes as ρ → 0.

(H9) Common initial condition for the comparison
system. The actual and ideal trajectories start from
the same initial state:

X̄0 = X0.
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Remark on the measurement model. To keep the
stochastic discrete-time proof fully self-contained, the
main theorems are formulated for current noisy rela-
tive measurements on the active edges. The extension
to bounded delays can be treated separately as an ad-
ditional perturbation layer, but it requires an auxiliary
estimate and is not needed for the mixed-power homo-
geneous core of the argument.

4 Main Results
4.1 Homogeneous Edge Functionals

For r > 0, define

W (p)
r (e) :=

∑
{i,j}∈Ep

a
(p)
ij |ei − ej |r, (23)

here p ∈ {1, . . . ,M} and e ∈ Rn. For every r > 0,
there exist constants mr > 0 and Mr > 0 such that

mr∥e∥r ≤ W (p)
r (e) ≤ Mr∥e∥r (24)

for all e ∈ 1⊥
n and all p ∈ {1, . . . ,M}.

By Assumption (H1), the edge set Ep consists of
positive-weight edges and is connected.

To justify (24), fix p ∈ {1, . . . ,M}. The mapping e 7→
W

(p)
r (e) is continuous and positively homogeneous of

degree r. Since the graph Gp is connected, the identity
W

(p)
r (e) = 0 with e ∈ 1⊥

n implies e = 0.
Now consider

S := {e ∈ 1⊥
n : ∥e∥ = 1}. (25)

This set is the unit sphere in the disagreement subspace.
Since S is compact, the minimum and maximum of
W

(p)
r on S are finite. Moreover, both are strictly posi-

tive. Taking the minimum and maximum over the finite
family of graphs yields uniform constants mr and Mr.

Lemma 4.1. Suppose that Assumptions (H1)–(H5)
hold. Then there exist positive constants c1, c2, b0, b1,
and b2 such that, for all t ≥ 0,

E[Vt+1 − Vt | Gt] ≤ − αc1V
2/3
t − αc2V

2
t + αb0

+ α2b1V
1/3
t + α2b2V

3
t .

(26)

The constants c1, c2, b0, b1, and b2 depend only on the
graph family, the gains K1 and K2, the bounds µ2, µ4,
and µ6, and the graph parameters amax, ∆max, and
|E|max. In particular, one may take

c1 = 2−1/3K1m4/3, c2 = 2K2m4. (27)

Proof: For each active undirected edge {i, j} ∈ Eσt ,
define stij := eti − etj , η

t
ij := −ξtij , ζ

t
ij := stij + ηtij .

By Assumption (H3), the edge noise is antisymmetric
ηtji = −ηtij .

Since the signed-power map is odd, the control satisfies
1⊤
n ut = 0.
Moreover, the analysis is carried out for W t+1 ≡ 0.

Therefore the average state is preserved and

et+1 = et + ut.

Hence

Vt+1 − Vt = e⊤t ut +
1

2
∥ut∥2. (28)

Pairing the contributions of the two orientations of
each undirected edge, we obtain

e⊤t ut = −α
∑

{i,j}∈Eσt

a
(σt)
ij stij

(
K1⟨ζtij⟩1/3+K2(ζ

t
ij)

3
)
.

(29)
For the sublinear contribution,

s⟨s+ η⟩1/3 = |s|4/3 + s
(
⟨s+ η⟩1/3 − ⟨s⟩1/3

)
.

The signed-power map r 7→ ⟨r⟩1/3 is Hölder continu-
ous of order 1/3, so there exists C1/3 > 0 such that

∣∣⟨s+ η⟩1/3 − ⟨s⟩1/3
∣∣ ≤ C1/3|η|1/3.

Consequently,

s⟨s+ η⟩1/3 ≥ |s|4/3 − C1/3|s| |η|1/3.

Applying Young’s inequality with conjugate exponents
4/3 and 4, we obtain

|s| |η|1/3 ≤ 1

2C1/3
|s|4/3 + C̃1/3|η|4/3,

Therefore, we can say that

s⟨s+ η⟩1/3 ≥ 1

2
|s|4/3 − Ĉ1/3|η|4/3. (30)

For the cubic term, expand

s(s+ η)3 = s4 + 3s3η + 3s2η2 + sη3.

Using Young’s inequality on each mixed term, there
exists a constant Ĉ3 > 0 such that

s(s+ η)3 ≥ 1

2
s4 − Ĉ3|η|4. (31)

Substituting (30) and (31) into (29), we obtain
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e⊤t ut ≤ − αK1

2

∑
{i,j}∈Eσt

a
(σt)
ij |stij |4/3

− αK2

2

∑
{i,j}∈Eσt

a
(σt)
ij |stij |4

+ αC0

∑
{i,j}∈Eσt

a
(σt)
ij

(
|ηtij |4/3 + |ηtij |4

)
,

(32)
for some constant C0 > 0.
Using the homogeneous norm equivalence on 1⊥

n , we
obtain∑
{i,j}∈Eσt

a
(σt)
ij |stij |4/3 = W

(σt)
4/3 (et) ≥ m4/3(2Vt)

2/3,

and ∑
{i,j}∈Eσt

a
(σt)
ij |stij |4 = W

(σt)
4 (et) ≥ 4m4V

2
t .

Taking conditional expectations in (32) and using
Assumption (H4) together with Jensen’s inequality
E[|η|4/3 | Gt] ≤ µ

2/3
2 , we obtain

E[e⊤t ut | Gt] ≤ −αc1V
2/3
t − αc2V

2
t + αβ0, (33)

where

c1 := 2−1/3K1m4/3, c2 := 2K2m4,

and β0 > 0 depends only on C0, amax, |E|max, µ2, µ4.
By the definition of the protocol, Cauchy–Schwarz in-

equality, and (r + s)2 ≤ 2r2 + 2s2,

∥ut∥2 =

n∑
i=1

∣∣∣∣∣∣α
n∑

j=1

a
(σt)
ij

(
K1|ζtij |1/3 +K2|ζtij |3

)
sign(ζtij)

∣∣∣∣∣∣
2

≤ α2∆max

n∑
i=1

n∑
j=1

a
(σt)
ij

(
K1|ζtij |1/3 +K2|ζtij |3

)2

≤ 2α2∆max

n∑
i=1

n∑
j=1

a
(σt)
ij

(
K2

1 |ζtij |2/3 +K2
2 |ζtij |6

)
.

Since

|r + s|2/3 ≤ 22/3
(
|r|2/3 + |s|2/3

)
, (34)

and

|r + s|6 ≤ 32
(
|r|6 + |s|6

)
, (35)

there exists a constant C1 > 0 such that

∥ut∥2 ≤ α2C1

∑
{i,j}∈Eσt

a
(σt)
ij |stij |2/3

+ α2C1

∑
{i,j}∈Eσt

a
(σt)
ij |stij |6

+ α2C1

∑
{i,j}∈Eσt

a
(σt)
ij |ηtij |2/3

+ α2C1

∑
{i,j}∈Eσt

a
(σt)
ij |ηtij |6.

(36)

Next, observe that

∥et∥2/3 = (2Vt)
1/3, (37)

and

∥et∥6 = (2Vt)
3 = 8V 3

t . (38)

Using the upper homogeneous norm equivalence, we
obtain

∑
{i,j}∈Eσt

a
(σt)
ij |stij |2/3 ≤ M2/3(2Vt)

1/3, (39)

and

∑
{i,j}∈Eσt

a
(σt)
ij |stij |6 ≤ 8M6V

3
t . (40)

Taking conditional expectations and using

E[|ηtij |2/3 | Gt] ≤ µ
1/3
2 , E[|ηtij |6 | Gt] ≤ µ6,

we arrive at

E[∥ut∥2 | Gt] ≤ α2
(
d0 + d1V

1/3
t + d2V

3
t

)
, (41)

for some positive constants d0, d1, d2 depending only
on the graph family, the gains, and the moment bounds.

Substituting (33) and (41) into (28), we obtain

E[Vt+1 − Vt | Gt] ≤ − αc1V
2/3
t − αc2V

2
t + αβ0

+
α2

2

(
d0 + d1V

1/3
t + d2V

3
t

)
.

(42)
Since α ∈ (0, 1] by Assumption (H5), it follows that

α2d0
2

≤ αd0
2

. (43)

Now define

b0 := β0 +
d0
2
, b1 :=

d1
2
, b2 :=

d2
2
. (44)

Here b0, b1, and b2 are the constants appearing in (26).
With these definitions, inequality (26). follows. This
completes the proof.
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Remark. The signed-power terms of orders 1/3 and 3
generate two different homogeneous drift mechanisms.
The term ⟨s⟩1/3 produces a drift proportional to V 2/3

and is therefore responsible for the fast approach to the
consensus layer near the origin. The term ⟨s⟩3 produces
a drift proportional to V 2 and provides a uniform con-
traction mechanism for large disagreements.

4.2 Practical Fixed-Time Consensus
Theorem 1. Suppose that Assumptions (H1)–(H7) hold.
Let c1, c2, b0, b1, b2 > 0 be the constants from
Lemma 4.1. Assume, that

αb2R̂ ≤ c2
2
, (45)

and

ε⋆ := max

{(
2b0
c1

)3/2

,

(
2αb1
c1

)3
}

< 1. (46)

Then, for every initial condition such that V0 ≤ R, the
entrance time

τε⋆ := inf{t ≥ 0 : Vt ≤ ε⋆} (47)

satisfies

Eτε⋆ ≤ N⋆, (48)

where

N⋆ :=

⌈
6

αc1
+

2

αc2

⌉
. (49)

Consequently,

E∥ΠXτε⋆ ∥
2 ≤ 2ε⋆. (50)

That is, the stochastic discrete-time protocol achieves
semi-global practical fixed-time consensus on the
bounded set {V0 ≤ R}.

Proof. By Lemma 4.1

E[Vt+1 − Vt | Gt] ≤ − αc1V
2/3
t − αc2V

2
t + αb0

+ α2b1V
1/3
t + α2b2V

3
t .

(51)
By Assumption (H7), one has Vt ≤ R̂ almost surely

for all t ≥ 0. Therefore,

α2b2V
3
t = α2b2Vt V

2
t

≤ α2b2R̂ V 2
t

≤ αc2
2

V 2
t .

(52)

Next, suppose that Vt ≥ ε⋆. Then, by (46),

αb0 ≤ αc1
2

V
2/3
t , (53)

and

α2b1V
1/3
t ≤ αc1

2
V

2/3
t . (54)

Hence, for all t such that Vt ∈ [ε⋆, R̂],

E[Vt+1 − Vt | Gt] ≤ −αc1
2

V
2/3
t − αc2

2
V 2
t . (55)

Define

τ⋆ := τε⋆ = inf{t ≥ 0 : Vt ≤ ε⋆}, Yt := Vt∧τ⋆ .

Set

g(s) :=
c1
2
s2/3 +

c2
2
s2, s > 0.

Consider the function

Φ(s) :=


s

g(ε⋆)
, 0 ≤ s ≤ ε⋆,

ε⋆
g(ε⋆)

+

∫ s

ε⋆

dr

g(r)
, s > ε⋆.

The function Φ is nonnegative and concave on [0,∞).
Moreover, for s > ε⋆,

Φ′(s) =
1

g(s)
.

On the event {t < τ⋆}, one has Vt > ε⋆. By (55),

E[Vt+1 − Vt | Gt] ≤ −αg(Vt).

Using the concavity of Φ, we obtain on the event {t <
τ⋆}

Φ(Vt+1)− Φ(Vt) ≤ Φ′(Vt)(Vt+1 − Vt).

Since Yt = Vt and Yt+1 = Vt+1 on the event {t < τ⋆},
whereas Yt+1 = Yt on the event {t ≥ τ⋆}, and since
{t < τ⋆} ∈ Gt, we get

E[Φ(Yt+1)− Φ(Yt) | Gt] ≤ −α1{t<τ⋆}.

Taking expectations and summing from t = 0 to N−1,
we obtain

EΦ(YN )− EΦ(Y0) ≤ −α

N−1∑
t=0

P(t < τ⋆).
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Since Φ ≥ 0, it follows that

αE(N ∧ τ⋆) ≤ EΦ(Y0).

Since ε⋆ < 1, for all s ≥ 0 we have

Φ(s) ≤ ε⋆
g(ε⋆)

+

∫ 1

ε⋆

2 dr

c1r2/3
+

∫ ∞

1

2 dr

c2r2
.

Therefore,

EΦ(Y0) ≤
ε⋆

g(ε⋆)
+

∫ 1

ε⋆

2 dr

c1r2/3
+

∫ ∞

1

2 dr

c2r2
.

Hence,

EΦ(Y0) ≤
2ε

1/3
⋆

c1
+

6(1− ε
1/3
⋆ )

c1
+

2

c2
≤ 6

c1
+

2

c2
.

Letting N → ∞ and using monotone convergence, we
obtain

Eτε⋆ ≤ 6

αc1
+

2

αc2
.

Taking the ceiling gives (49).
Since Vτε⋆

≤ ε⋆ almost surely and ∥ΠXt∥2 = 2Vt, we
obtain (50).

The theorem is proved.

4.3 Finite-Horizon Trajectory Comparison
Lemma 4.2. Suppose that Assumptions (H1)–(H9)
hold. Then there exist positive constants L1, L2, and
M0 such that, for every p ∈ {1, . . . ,M}, the following
estimates hold.

The constants L1, L2, and M0 depend only on Rb, the
graph family, and the gains K1 and K2.

(i) For all x, z ∈ ΩRb
,

∥Fp(x)−Fp(z)∥ ≤ L1∥Π(x−z)∥1/3+L2∥Π(x−z)∥.
(56)

(ii) For all x ∈ ΩRb
and all t ≥ 0,

E
[
∥Gσt

(x,Ξt)− Fσt
(x)∥2

∣∣Gt

]
≤ M0 qρ, (57)

where

qρ := ρ2/3 + ρ4/3 + ρ2 + ρ4 + ρ6. (58)

Proof. Fix p ∈ {1, . . . ,M}.
For part (i), define for each oriented edge (i, j),

sij(x) := xj − xi, sij(z) := zj − zi.

Since the signed-power map r 7→ ⟨r⟩1/3 is globally
Hölder continuous of order 1/3, there exists CH > 0
such that

∣∣⟨sij(x)⟩1/3 − ⟨sij(z)⟩1/3
∣∣ ≤ CH |sij(x)− sij(z)|1/3.

(59)
Since ΩRb

is bounded, all edge differences are uni-
formly bounded on ΩRb

. Hence the cubic signed power
map is Lipschitz on the corresponding compact interval.

Therefore, there exists C3 > 0 such that

∣∣⟨sij(x)⟩3 − ⟨sij(z)⟩3
∣∣ ≤ C3|sij(x)− sij(z)|. (60)

Thus, for every i,

|[Fp(x)− Fp(z)]i| ≤ K1CH

n∑
j=1

a
(p)
ij

×
∣∣(xj − zj)− (xi − zi)

∣∣1/3
+K2C3

n∑
j=1

a
(p)
ij

×
∣∣(xj − zj)− (xi − zi)

∣∣.
(61)

Now apply the finiteness of the graph family, the uni-
form degree bound, and norm equivalence on 1⊥

n . This
yields (56).

Define

rij(x,Ξ) := K1

(
⟨xj − xi + ξij⟩1/3 − ⟨xj − xi⟩1/3

)
+K2

(
⟨xj − xi + ξij⟩3 − ⟨xj − xi⟩3

)
.

(62)
Here rij(x,Ξ) denotes the edgewise perturbation in-

duced by the measurement error ξij .
By the same Hölder and local Lipschitz estimates,

there exist constants C1, C2 > 0, depending only on Rb,
K1, and K2, such that

|rij(x,Ξ)| ≤ C1|ξij |1/3 + C2|ξij |+ C2|ξij |3. (63)

Let yij := |ξij |. Squaring (63) and using Young’s in-
equality for the mixed products, we obtain, with a possi-
bly larger constant C > 0,

|rij(x,Ξ)|2 ≤ C
(
y
2/3
ij + y

4/3
ij + y2ij + y

10/3
ij + y4ij + y6ij

)
.

Since, for all y ≥ 0,

y10/3 ≤ y2 + y4,

the term of order 10/3 is absorbed into the terms of or-
ders 2 and 4.

Therefore, for some constant C > 0,
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∥Gp(x,Ξ)− Fp(x)∥2 ≤ C
∑

{i,j}∈Ep

a
(p)
ij |ξij |2/3

+ C
∑

{i,j}∈Ep

a
(p)
ij |ξij |4/3

+ C
∑

{i,j}∈Ep

a
(p)
ij |ξij |2

+ C
∑

{i,j}∈Ep

a
(p)
ij |ξij |4

+ C
∑

{i,j}∈Ep

a
(p)
ij |ξij |6.

(64)
The constant C depends only on the graph family and

the gains.
Next, take conditional expectations with respect to Gt.

Using Assumption (H8) together with Jensen’s inequal-
ity, we obtain

E
[
∥Gσt

(x,Ξt)− Fσt
(x)∥2

∣∣ Gt

]
≤ M0

(
ρ2/3 + ρ4/3 + ρ2 + ρ4 + ρ6

)
.

(65)

Finally, define

qρ := ρ2/3 + ρ4/3 + ρ2 + ρ4 + ρ6. (66)

Then (65) takes the form

E
[
∥Gσt

(x,Ξt)− Fσt
(x)∥2

∣∣Gt

]
≤ M0qρ. (67)

This proves (67).

Theorem 2. Suppose that Assumptions (H1)–(H9) hold.
Define

∆t := Π(Xt − X̄t), (68)

and

Dt :=
1

2
∥∆t∥2, dt := EDt. (69)

Here ∆t is the projected trajectory-comparison error,
Dt is its quadratic measure, and dt is its expectation.

Let L1, L2, and M0 be the constants from Lemma 4.2.
Next, define

a0 := 24/3L2
1, (70)

a1 := 22/3L1, (71)

a2 := 1 + 2L2 + 4L2
2, (72)

and

a3 :=
3

2
M0. (73)

Then, for every t ≥ 0,

dt+1 ≤ dt + αa0d
1/3
t + αa1d

2/3
t

+ αa2dt + αa3qρ.
(74)

Consequently, if the scalar sequence {zt}t≥0 is defined
by

z0 = 0,

zt+1 = zt + α
(
a0z

1/3
t + a1z

2/3
t + a2zt + a3qρ

)
,

(75)
then

dt ≤ zt, ∀t ≥ 0. (76)

In particular, for every fixed N ∈ N,

sup
0≤t≤N

E∥Π(Xt − X̄t)∥2 = 2 sup
0≤t≤N

dt ≤ 2zN . (77)

Moreover, for every fixed N ,

zN → 0 as ρ → 0.

Hence the disagreement trajectories of the stochastic
system and the ideal exact-measurement system are uni-
formly close in mean square on every fixed finite hori-
zon, and the closeness radius vanishes with the noise
level.

Proof. Using the reduced form of the actual system with
W t+1 ≡ 0, it follows from (10) and (8) that

∆t+1 = ∆t + αAt + αBt, (78)

where

At := Π
(
Fσt(Xt)− Fσt(X̄t)

)
, (79)

and

Bt := Π
(
Gσt(Xt,Ξt)− Fσt(Xt)

)
. (80)

Here At is the deterministic increment mismatch,
whereas Bt is the noise-induced increment error.

Since both Fσt
and Gσt

preserve the average on undi-
rected graphs with antisymmetric edge perturbations, the
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projector Π may be omitted in the corresponding norm
estimates. Therefore,

Dt+1 −Dt = α∆⊤
t At + α∆⊤

t Bt

+
α2

2
∥At +Bt∥2.

(81)

By Lemma 4.2,

∥At∥ ≤ L1∥∆t∥1/3 + L2∥∆t∥.

Hence

|∆⊤
t At| ≤ ∥∆t∥ ∥At∥ ≤ L1∥∆t∥4/3 + L2∥∆t∥2.

Since ∥∆t∥2 = 2Dt, this implies

|∆⊤
t At| ≤ c1D

2/3
t + c2Dt (82)

for suitable positive constants c1, c2.
Next, apply Young’s inequality together with

Lemma 4.2. This yields

E
[
|∆⊤

t Bt| | Gt

]
≤ 1

2
∥∆t∥2 +

1

2
E[∥Bt∥2 | Gt]. (83)

Since Dt =
1
2∥∆t∥2, and by Lemma 4.2,

E
[
|∆⊤

t Bt| | Gt

]
≤ Dt +

M0

2
qρ. (84)

Therefore,

E
[
α∆⊤

t Bt | Gt

]
≤ αDt +

αM0

2
qρ. (85)

For the quadratic term, we use the elementary inequal-
ity

(u+ v)2 ≤ 2u2 + 2v2. (86)

Hence,

∥At +Bt∥2 ≤ 2∥At∥2 + 2∥Bt∥2. (87)

Next, by Lemma 4.2,

∥At∥2 ≤ 2L2
1∥∆t∥2/3 + 2L2

2∥∆t∥2. (88)

Using Dt =
1
2∥∆t∥2, we obtain

∥At∥2 ≤ c̃1D
1/3
t + c̃2Dt, (89)

where

c̃1 := 24/3L2
1, c̃2 := 4L2

2. (90)

Therefore

α2

2
E[∥At +Bt∥2 | Gt] ≤ α2c̃1D

1/3
t + α2c̃2Dt

+ α2M0qρ.

(91)

Since 0 < α ≤ 1, it follows that α2 ≤ α. Hence,

α2

2
E[∥At +Bt∥2 | Gt] ≤ αc̃1D

1/3
t + αc̃2Dt

+ αM0qρ.

(92)

Substituting (82), (85), and (92) into (81), we obtain

E[Dt+1−Dt | Gt] ≤ α
(
a0D

1/3
t +a1D

2/3
t +a2Dt+a3qρ

)
for suitable positive constants a0, a1, a2, a3.
Taking expectations and using Jensen’s inequality for

the concave functions s 7→ s1/3 and s 7→ s2/3 gives

dt+1 ≤ dt + α
(
a0d

1/3
t + a1d

2/3
t + a2dt + a3qρ

)
,

which is exactly (74).
Now define zt by (75). Since d0 = D0 = 0 = z0 and

the right-hand side of (75) is monotone increasing in zt,
a straightforward induction yields dt ≤ zt for all t ≥ 0.

Finally,

E∥Π(Xt−X̄t)∥2 = 2dt ≤ 2zt ≤ 2zN , 0 ≤ t ≤ N.

For fixed N , the recursion (75) depends continuously
on qρ, and when ρ = 0 one has qρ = 0 and zt ≡ 0.

Therefore zN → 0 as ρ → 0. The theorem is proved.

4.4 Transfer of practical convergence from the ideal
trajectory

Under the assumptions of Theorem 2, let

ēt := ΠX̄t, V̄t :=
1

2
∥ēt∥2.

Then, for every t ≥ 0,

EVt ≤ 2EV̄t + 2zt. (93)

Consequently, if for some N ∈ N,

EV̄N ≤ ε̄, (94)

then the actual stochastic trajectory satisfies

EVN ≤ 2ε̄+ 2zN . (95)

Equivalently,

E∥ΠXN∥2 ≤ 4ε̄+ 4zN . (96)

If, in particular, V̄N ≤ ε̄ almost surely (for exam-
ple, when the switching sequence is deterministic), then
(95)–(96) follow immediately as a special case.
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Proof. Since

et = ēt +∆t,

we have

Vt =
1

2
∥et∥2 =

1

2
∥ēt+∆t∥2 ≤ ∥ēt∥2+∥∆t∥2 = 2V̄t+2Dt.

Taking expectations and using Theorem 2, we obtain

EVt ≤ 2EV̄t + 2EDt = 2EV̄t + 2dt ≤ 2EV̄t + 2zt.

This proves (93). Setting t = N and using (94) yields
(95).

Multiplying by 2 gives (96).

5 Experiments
This section provides a numerical illustration of the

theoretical results for a stochastic discrete-time multi-
agent system over a switching communication network.
The purpose of the simulations is threefold: first, to
demonstrate the decay of the disagreement energy to-
ward a small practical neighborhood of the consensus
manifold; second, to illustrate the role of the two mixed-
power terms in the proposed local voting protocol; third,
to illustrate the finite-horizon mean-square closeness be-
tween the actual stochastic trajectory and the corre-
sponding ideal exact-measurement trajectory.

We consider a network of n = 8 agents with single-
integrator dynamics and the nonlinear local voting pro-
tocol introduced above. The communication topology
switches periodically between the two sparse connected
undirected graphs shown in Fig. 1. The first graph is the
path

E1 = {(1, 2), (2, 3), (3, 4), (4, 5),
(5, 6), (6, 7), (7, 8)},

whereas the second graph is the sparse connected tree

E2 = {(1, 4), (4, 2), (2, 6), (6, 3),
(3, 8), (8, 5), (5, 7)}.

Both graphs have n − 1 = 7 edges and diameter 7. The
switching law is given by

σt =

{
1, if t is even,
2, if t is odd.

The initial states are chosen as

x0
1 = 5.5, x0

2 = 3.5, x0
3 = 2.3, x0

4 = 3.15,

x0
5 = 7.4, x0

6 = 1.1, x0
7 = 2.8, x0

8 = 9.9.

For this initial condition, the average value is

x̄ =
1

n

n∑
i=1

x0
i = 4.45625,

and the initial disagreement energy is

V0 =
1

2
∥ΠX0∥2 ≈ 30.3336.

The measurement noise is generated explicitly as fol-
lows. For each Monte Carlo run, each time instant t, and
each active undirected edge {i, j} ∈ Eσt , we indepen-
dently generate

ωt
ij ∼ U [−1, 1]

and set

ξtij = ρωt
ij , ξtji = −ξtij .

For inactive edges, the corresponding measurement error
is set to zero. Thus, the simulated noise is zero-mean,
bounded, and antisymmetric on each active edge. More-
over,

E|ξtij |2 =
ρ2

3
, E|ξtij |4 =

ρ4

5
, E|ξtij |6 =

ρ6

7
,

which is consistent with Assumptions (H3), (H4), and
(H8).

The reported empirical characteristics are computed
over NMC = 200 Monte Carlo runs on the horizon
T = 140. In all numerical experiments, the additive
state disturbance in (1) is set to zero, wt+1

i ≡ 0, con-
sistently with the theoretical analysis. The step size is
fixed at α = 0.04. In the practical-consensus and abla-
tion experiments, the noise amplitude is ρ = 0.10. In
the trajectory-comparison experiment, the same switch-
ing law and initial condition are used while the noise am-
plitude is varied over ρ ∈ {0.03, 0.07, 0.12}. The base
random seed is fixed at 12345. Common random num-
bers are used across gain pairs, ablation protocols, and
noise amplitudes in order to make the comparisons re-
producible.

To characterize the consensus behaviour, we use the
disagreement energy

Vt =
1

2
∥ΠXt∥2.

For the comparison experiment, we also simulate the
ideal exact-measurement system driven by the same
switching sequence and compute

Dt =
1

2
∥Π(Xt − X̄t)∥2.
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Figure 1. Two sparse connected switching communication graphs
used in the simulations.

Practical Consensus Behaviour We first examine the
disagreement decay for several gain pairs (K1,K2). For
each choice of gains, we compute the empirical disagree-
ment

V̂t :=
1

NMC

NMC∑
k=1

V
(k)
t ,

where V
(k)
t is the disagreement energy in the k-th run.

The corresponding results are shown in Fig. 2.

Figure 2. Empirical disagreement V̂t for three gain pairs
(K1,K2), averaged over NMC = 200 runs. The dashed line
indicates the numerical practical layer εnum = 0.5. The shaded
regions indicate empirical 5–95 percentile ranges.

The figure shows a clear decay of V̂t toward a
small practical neighborhood of the consensus manifold.
Larger values of K1 and K2 shorten the transient stage
and lead to a faster decrease of the empirical disagree-
ment, which is consistent with the mixed-power drift
mechanism established in Section 4. The dashed hori-
zontal line in Fig. 2 indicates a numerical practical layer
εnum = 0.5, used only for visualization of the entrance
behaviour and not intended to coincide with the conser-
vative theoretical value ε⋆.

To quantify the transient stage, we define the empirical
entrance time

τ̂ (k)εnum
:= inf{0 ≤ t ≤ T : V

(k)
t ≤ εnum}.

If the layer is not reached by time T , we set τ̂ (k)εnum = T +
1. For the gain pairs shown in Fig. 2, the corresponding
empirical mean entrance times are approximately

Êτεnum ≈ 136.0, 78.0, 45.7,

respectively. In all three cases, the empirical hitting
probability is phit = 1.000. For the strongest tested
gain pair (K1,K2) = (0.8, 0.02), the final empirical dis-
agreement is

V̂T ≈ 1.7345 · 10−3.

Thus, the simulations are consistent with the practical
fixed-time interpretation of Theorem 1: the stochastic
system reaches a small numerical neighborhood of the
consensus set after a bounded transient interval.

Figure 3. Representative state trajectories under sparse switching
topology.

Ablation of the Mixed-Power Mechanism We next
examine the role of the two nonlinear components in
the proposed local voting protocol. We compare the
full mixed-power protocol (K1,K2) = (0.8, 0.02), the
sublinear-only protocol (K1,K2) = (0.8, 0), the cubic-
only protocol (K1,K2) = (0, 0.02), and the linear vot-
ing baseline with KL = 0.8.

The results are shown in Fig. 4.

Figure 4. Ablation of the local voting mechanism under sparse
switching topology.
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The mixed-power protocol reaches the numerical layer
faster than the sublinear-only and cubic-only variants.
The empirical mean entrance times are

45.6, 71.0, 141.0, 42.0,

for the mixed-power, sublinear-only, cubic-only, and lin-
ear voting protocols, respectively. The cubic-only proto-
col does not reach the numerical layer on the considered
horizon, with phit = 0. This illustrates the importance
of the sublinear term near the consensus manifold.

The linear voting baseline reaches the selected numer-
ical layer slightly faster than the mixed-power protocol
for the chosen gain. Therefore, the simulations should
not be interpreted as showing that the proposed proto-
col is the fastest among all baselines. At the same time,
the mixed-power protocol yields a smaller final empiri-
cal disagreement:

V̂ mixed
T ≈ 1.8023 · 10−3, V̂ linear

T ≈ 3.8965 · 10−3.

The empirical mean control efforts for the mixed-power
and linear protocols are approximately

1.8090 · 10−2 and 1.6297 · 10−2,

respectively.

Finite-Horizon Trajectory Comparison We next il-
lustrate the trajectory-comparison result of Theorem 2.
For each realization of the stochastic system, we sim-
ulate the associated ideal exact-measurement trajectory
and compute

D
(k)
t =

1

2
∥Π(X

(k)
t − X̄t)∥2.

The empirical mismatch is then defined by

D̂t :=
1

NMC

NMC∑
k=1

D
(k)
t .

Figure 5 shows D̂t for several values of the noise am-
plitude ρ.

Figure 5. Empirical mismatch D̂t between the actual stochastic tra-
jectory and the ideal exact-measurement trajectory for several noise
amplitudes ρ, averaged over NMC = 200 runs. The shaded regions
indicate empirical 5–95 percentile ranges.

One observes that the actual stochastic trajectory re-
mains close to the ideal exact-measurement one on the
considered finite horizon, and that the empirical mis-
match becomes smaller as ρ decreases. At the final time,
the empirical mismatch values are

D̂T ≈ 6.1184 · 10−4, 1.3113 · 10−3, 2.3856 · 10−3

for ρ = 0.03, 0.07, 0.12, respectively. This behaviour
agrees with the comparison estimate of Theorem 2 and
with the fact that the closeness radius vanishes as ρ → 0.

Load-Equalization Interpretation In the present
simulations, the state xt

i is interpreted as a normalized
local load level of agent i. The experiment therefore
models a static load-equalization scenario: the initial
values represent an uneven distribution of load over the
network, and the local voting protocol redistributes this
imbalance through neighbor interactions. No exogenous
arrival process, service process, queue dynamics, or ca-
pacity constraints are included in this numerical exam-
ple. The purpose of the experiment is to illustrate the
consensus and trajectory-comparison properties proved
above in a load-equalization setting rather than to model
a full queueing-based load-balancing system.

Overall, the simulations are consistent with the theory:
exact fixed-time consensus is not expected under per-
sistent stochastic perturbations, but the system exhibits
practical entrance into a small numerical neighborhood
of the consensus manifold together with finite-horizon
closeness to the ideal exact-measurement dynamics.

6 Conclusion
This paper studied a stochastic discrete-time multi-

agent system with a nonlinear local voting protocol con-
taining signed-power terms of orders 1/3 and 3. The
analysis was carried out in the framework of semi-global
practical fixed-time consensus.

Using a disagreement Lyapunov function and a mixed-
power drift estimate, we derived a constructive practical
consensus radius and a constructive bound on the ex-
pected entrance time into the corresponding consensus
layer.

We also introduced an ideal exact-measurement com-
parison system and obtained a finite-horizon bound on
the mismatch between the actual stochastic dynamics
and the ideal one. This comparison shows that the
stochastic trajectory remains close to the ideal trajectory
on every fixed finite horizon, with an accuracy that im-
proves as the noise level decreases.
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The numerical simulations illustrated the theoretical
findings on sparse switching communication graphs.
They showed practical entrance into a small neighbour-
hood of the consensus manifold and demonstrated that
the finite-horizon mismatch between the stochastic and
ideal trajectories decreases as the noise amplitude be-
comes smaller.

7 Future Work
Future research may be directed toward extending the

proposed framework to more general classes of stochas-
tic disturbances, communication delays, and imperfect
information exchange, as well as toward establishing
practical fixed-time consensus results under weaker as-
sumptions on the switching interaction topology.
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