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Abstract 2 Statement of the problem

The report is devoted to the impulsive control opti- We shall consider the object of control, which will
mization problem, when the object of control is de- be described by the Lagrangian equation of the second
scribed by the Lagrangian equation of the second kind. kind, which after the solving with respect to the second
We consider a class of the Lagrangian equations of thederivative of the vectoz will be in the form
second kind when the right part does not contain oper-
ations of multiplication of discontinuous functions and
distributions. In this case necessary conditions of an

optimality in the form of a maximum principle are re- &= f(t,z) + B(t,x)v(t). @
ceived.
Here,z andv are respectively:- andm-vector func-
tions of time (m < n), t € [to,V], f(¢,x) is an
Kltr?l VL\JIIZ:S: control, Lagrangian systems, maximum o, dimensional vector function defined gy, J] x
prinF::ipIe » Lagrang y ' R™, B(t,z) is n x m matrix function. Assume that

f(-,+) andB(-, ) are continuous in the totality of vari-
ables and Lipschitz continuous inon the set{t €
1 Introduction [to, V], ||z|| < oo}, where||z|| = (35, |z:?)Y/2,
Currently, necessary optimality condition for optimal and satisfy the following standard conditions in the
control problem was got, when the control object is de- same set:
scribe by nonlinear equations with linearly dependent
control [Bressan, A., Rampazzo, F.,1991; Bressan, A., Hf(t,l’)” < H(l + ||IH)7 HB(tvx)H < H(l + HxH)a
Rampazzo, F., 1994; Dykhta, V.A., Sumsonuk O.N., - -
1997; Miller, B.M., Rubinovich, E.Y.,2002]. Unfortu- ) N
nately, these conditions gets bulky and inconvenient for Wherex is some positive constant.
application. In particular, it is the reason for that in AS @ admissible impulsive control we shall take an
the right part of the systems is an operation of multi- control of the type
plication of discontinuous functions and distributions
[Schwartz, L.,1950-1951]. There are many classes of k
controlled systems in which right part incorrect oper- u(t) = u(t) + Z Cié(t — ), (2
ation is not present. In this case necessary optimality i=1
conditions are turn out compact and convenient for ap-
plication. The reportis devoted to the impulsive control whereu(t) - is a sectionally continuous vector function,
optimization problem, when the object of control is de- C; - constant vectors are the impulse function intensity,
scribed by the Lagrangian equation of the second kind, ©, - is the moments of application of impulses from the
when the right part does not contain operations of mul- interval [t(, 9].
tiplication of discontinuous functions and distributions.  Supposeu(t) € U at anyt, < t < ¥, andC; € Q,
whereU and (@ - are some compact set9; - is the
unfixed moments of applications of impulses.
*Researches was supported by the Program no. P-04 of Presid- At the monographs [Zavalishchin, S.T,

ium of the Russian Academy of Sciences "Fundamental Problems of Sesekin, A.N.,1991; Zavalishchin, S.T.,
Nonlinear Dynamics”



Sesekin, A.N..,1997] defines the notion of the ap- Then the following will be true:

proximable solution of a differential equation with

the affine rlght site as the pointwise limit of the twice Theorem 1. Suppose Optima| control in the prob|em
differentiable solutions of the equations (%)(¢), 1 takes the following form:

generated by the smooth approximatiangt) of the

distribution [Schwartz, L.,1950-1951]t) of type (2), .

the primitives of which converge pointwise to primi- . « «

tives of the distribution(t), if this  does not depend vi=uit) + Z: Ciolt = 0i). (©)

on the choice ofvi(t). The right part of equation =0

(1) does not contain operations of multiplication of ) )
discontinuous functions and distributions. Therefore, Let.(t) andi.(t) are the corresponding solution and
the approximable solution of equation (1) will be the dual curves, solutions to systems (1) and (5). Then the

solution of the respective integral representation of following conditions will be true: _ _ _
equation (1). a) for allt € [to, ] except for the points of disconti-

nuity «*(¢) and the moment®?

Problem 1. The functional
¢Z “B(t,xy) - u(t) = mea[}(w*T - B(t,zy) - u(t); (7)

9
Jv] = g(z(9)) +/f0(57-f(5)55(5))d5’ (3) b) in every point;

T * * * N
should be minimised along the trajectories of the sys- ¥, (67) - B(67,2.(67)) = 0; (®)

tem of differential equations of system (1) by miens of

the controlv(t) from the described class. c) the functionyT (t) - B(t,z.(t)) is continuous on
the interval[ty, 9] and differentiable everywhere, ex-
cept for the moment®;;

N o d) the function
3 Necessary condition of optimality
Let us introduce the Pontryagin function for the prob- ) .
lem1 HO(tvmawivw)
. . Afo(t,xz,z . )
H(t7x7m7w7wvv) = (% - w)T * T
u af()(tv':cai INT - T .
= (P )T () = folt @, 8) (9)

+T - ft, ) + o7 - B(t,x) v — fo(t,x, &), (4) is continuous atty, v) and differentiable throughout it,
except for point®, that

The conjugate system for the system (1) will look like

0 . ;
af(t ) P af (t ) gHo(tal‘*(t),fﬂ*(t)a’l/)*(t)a%(t))
i — T ' X T Y N 9ol
§ =y 4T = (B(ta) ) - S
d , .
= %Ho(tvw*(t)ax*(t)vw*(t)’w*(t))'
82f0(t,$,jﬁ) + 82f0(t,$,i‘) i
0toi oxoi
The latter means in particular that if the problem is
autonomous, then
0% fo(t,x,d . :
TREBD) (42) 4 B0 () Ho(t, (1) . (8) . (8. 1. (1) = const
The boundary conditions for system (5) will be at(to, ).

We shall make some remarks to the theorem 1.
. dq(x(19)) 1. The condition (7) allows to find a regular compo-
{‘/’(’9) =0;9(9) = or nent of the optimum contral*(¢).



2. If Q@ = R™ then the condition (7) turns to

VI B(t,z) = 0. (10)

3. In case conditions(¥) = zy andz(¥) = zy are
set for the right end of the trajectory, no restriction is
placed on the conjugate variable.

4. The moments of the action of impulsive control
are defined from a condition (8). Unfortunately, the
maximum principle does not contain the obvious infor-
mation on sizes of intensity of impulses. These sizes
it is necessary to receive from consequences of condi-
tions a) and b). Here we have analogy with the singular
control in the classical theory of optimal control.

Solutions of the impulsive optimal control problem of
Lagrangian systems wich was stem of digitization at
the time series was considered in [Yunt, K., 2007].

4 Example
Assume that control object is described by equation

T =v;

11)

The problem is to minimize functional

J[v] /01(x2 + ki?)dt

along system trajectories (11) starting at the point
2(0) = z, 2(0) = 2o

and to arrive at zero point at the end point.
In this case adjoined equation is given by:

= —x+ kv; (12)

Theorem 1 is applied to the problem. In this exam-
ple no restrictions are placed on control variablé.e.

U = Q = R'. Hence, in our case condition (7) will
also take the form (10)(t) = Owith ¢ € (0,1). Then
¥(t) = 0 according to (12) condition-z + kv = 0

must also be true for the regular part of optimal con-
trol, i.e.

(13)

It is easy to show that the trajectories of the sys-
tem (11) with control (13) will be given by hyperbola
curves (the graph which you can see at Figure 1):

2? — ka2 = C. (14)
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Figure 1.

According to the condition d), function
Hy(t,z,z,%,1) must be continuous af0,1). In
this example function must be continuoug@t1) and

Hy(t, 2, &, 1, 1)) = f%(:ﬁ + ka?).

Therefore, optimal control has no impulse components
on (0, 1), which are only possible with= 0 and¢ = 1.

As the point must arrive at zero at the end point and
function z(¢) is continuous or{0,1), z(1) = 0 andz
coordinate is jumps to zero by impulse.

Finally, we can define the value of initial jump by
which a phase point arrives at one of hyperbola curves
(14). By substituting equation (13) to equation (11) and
solving it, we obtain the following:

z(t) = CreVE' + Cope™ VB (15)
i) = et - Lyt (1)
vk k
It agrees (15)x(1) = 0, then
Crev® + Cae™ V% = 0. 17)
Except for thatc(0) = x. Therefore
Ci+Cr =1 (18)

From system (17), (18) we find, that
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Therefore it agrees (16)

o et
O = #(04) — ap = — 2T T )
VRV —e )

Initial jump which ensures arrival at zero point is given
by equation:

Cr = —i(1-0).

Thus, extreme control will take the form* =
C§o(t) + C7o(t — 1) + 2. On account of the linear
nature of system (11) and convexity of functiodal],
we can state that obtained extreme control is optimal.
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