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Abstract

This paper presents the analytical and experimen-
tal analysis of a spring-coupled triple-pendulum sys-
tem in which a free spring is attached to the end
of the second pendulum. This configuration, which
has not been addressed in prior literature, intro-
duces a hybrid mechanical system that combines
rigid multi-arm dynamics with nonlinear coupling.
We derive the full equations of motion and estab-
lish well-posedness and boundedness of the solu-
tions. We prove the existence of nontrivial limit
cycles and establish their orbital stability via Flo-
quet theory. We then derive the Poincaré return
map and identify a critical parameter value at which
the system undergoes a period-doubling (flip) bifur-
cation. To validate the theoretical results, we con-
struct a physical prototype of the proposed system
using three-pendulum set up and a freely suspended
elastic spring. Time series data, phase portraits, and
Poincaré sections confirm the presence of stable pe-
riodic motion, bifurcation phenomena, and chaotic
behavior.
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1 Introduction

Pendulum systems with multiple degrees of free-
dom used to be the benchmark models in nonlin-
ear dynamics [Strogatz, 2018; Smirnov and Sarvilov,

2023], and the study of chaotic dynamics [Ott, 2002;
Tomchina, 2022]. From the classical double pen-

dulum, which exhibits sensitive dependence on ini-
tial conditions [Yorke and Shinbrot, 1992], to more
complex configurations that has coupled oscillators
[Pikovsky et al., 2001], torsional springs, and active
damping, these systems display energy transfer, res-
onance, bifurcation, and route-to-chaos behaviors.
Over the decades, such systems helped to under-
stand various phenomena such as structural vibra-
tions, spacecraft dynamics and even engineered con-
trol systems.

The Van der Pol oscillator,which was initially
solved to describe self-excited oscillations in vacuum
tubes, has emerged as a better example of nonlin-
ear limit-cycle behavior [Melvin, 1979]. It has since
been extended in numerous ways, including through
coupling networks, parametric forcing, and mechan-
ical analogs. These generalizations often lead to var-
ious dynamic phenomena, such as synchronization,
amplitude death [Manoj and Amritkar, 2021], fre-
quency locking, and various types of bifurcations.
In particular, networks of coupled Van der Pol-type
oscillators can be analyzed using geometric singular
perturbation theory and center manifold reductions
to exhibit universal bifurcation structures [Gucken-
heimer and Holmes, 2013; Luongo et al., 2023].

Prior studies have considered such as double pen-
dulums with linear and nonlinear damping mech-
anisms [Holmes and Moon, 1988], 2-DOF and 3-
DOF spring pendulums under various excitation
conditions [Guckenheimer and Holmes, 2013], cou-
pled pendulum chains and spring-mass systems ex-
hibiting complex bifurcation phenomena [Chen and
Dong, 1994], and integrability and chaotic behavior
of double spring pendulums [Kaheman et al., 2022].

However, despite this long and varied history,
there are various mechanical systems that has not
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been analytically addressed in the literature. Specif-
ically, the configuration involving a triple pendulum
with a free spring attached to the end of the sec-
ond pendulum link has, to the best of our knowl-
edge, not been modeled or studied in any system-
atic way. While there is an enormous work required
on double pendula with spring-mass elements, and
on rigid triple pendula with harmonic excitations or
constrained joint motion. Also, the particular hy-
brid system considered here, which combines three
pendulum links with an elastically coupled terminal
element,t has remained unexplored. This structure
leads to a nontrivial interaction between the rigid
body dynamics of the pendulum and the restoring
forces induced by the spring, with the introduced
nonlinearities.

The purpose of this work is to present a complete
analytical, numerical, and experimental treatment
of this novel system. We derive the equations of
motion, which are constructed through Lagrangian
mechanics. These results, embedded in Lemmas 1
and 2, ensure that the dynamics are globally well-
defined and bounded for all time.

With these mathematical preliminaries, we pro-
ceed to analyze the qualitative behavior of the sys-
tem. Here we prove the existence of a nontrivial
limit cycle that emerges via nonlinear self-excitation
[Melvin, 1979]. Theorem 1 establishes this result,
and Theorem 2 further shows that this limit cycle
is orbitally asymptotically stable, with a spectral
gap determined by the non-neutral Floquet expo-
nents. This spectral property provides a measure
of robustness for the periodic motion and gives so-
lutions about the dynamics under small perturba-
tions.

Beyond this, we discuss the complex behavior by
analyzing the structure of the Poincaré return map
[Shahhosseini et al., 2023; Garcifa and Giné, 2023]
near the limit cycle. Using second-order variational
analysis and normal form reduction, we derive de-
tailed solutions for the bifurcation coefficients of the
map. This allows us to identify the precise value of
the coupling parameter at which a period-doubling,
or flip bifurcation, occurs [Magnitskii, 2023]. The-
orem 3 formalizes this critical condition, and we
numerically track the relevant Floquet multiplier
[Klausmeier, 2008; Boland et al., 2009] as it crosses
the negative real axis, which proves the analytical
prediction.

As the coupling is increased beyond the first bifur-
cation point, a sequence of further period-doublings
emerges. By computing successive bifurcation pa-
rameters and evaluating their spacing ratios, we ob-
serve rapid convergence toward the Feigenbaum con-
stant [Feigenbaum, 1978; Sezgin and Sezgin, 2006,
which proves the universality of the transition to
chaos [Grebogi et al., 1987; Feigenbaum, 1978].

This phenomenon has long been observed in iter-
ated maps and simple nonlinear oscillators. But
here such evolution appears in a high-dimensional
mechanical system with a realistic physical imple-
mentation.

To complement the theoretical results, we con-
struct an experimental setup. This experimental
setup consists of three linked pendula, where a
spring is freely suspended from the second mass,
allowing dynamic interaction with the lower pen-
dulum. In general, to observe the motion of such
a complex dynamical system, the MEMS sensors
are introduced [Shriethar et al., 2022]. Hence the
motion of the pendulum is observed using MEMS
sensors and processed to extract time series, phase
portraits, and Poincaré sections. The experimen-
tal data confirms the presence of stable limit cycles
for small coupling, the onset of period-doubling near
the predicted parameter value, and the appearance
of chaotic attractors as the spring stiffness increases.
These results provide evidence for the mathematical
and numerical findings and show the physical feasi-
bility of the proposed configuration.

Hence, this paper introduces and analyzes a novel
spring-coupled triple-pendulum system [Strogatz,
2018], both from a rigorous mathematical perspec-
tive as well as, through experimental validation.
The results show new theorems for the existence
and stability of limit cycles in multi-link, hybrid
mechanical systems. They identify a novel bifur-
cation structure involving a period-doubling route
to chaos [Chen and Dong, 1994], and they demon-
strate the physical realization of these dynamics in
a laboratory-scale setup. These solutions not only
expand the class of analyzable nonlinear mechanical
systems, but also offer list applications in passive vi-
bration control, compliant robotics, and energy har-
vesting from nonlinear oscillations.

2 Mathematical Model and Setup

To analyze the dynamics of the spring-coupled
triple-pendulum system, we set the configuration as
a network of coupled nonlinear oscillators with Van
der Pol-type damping. This abstraction allows us to
analyse both the energy-injecting behavior of each
pendulum segment and the coupling effects intro-
duced by the spring and gravitational torque.

We begin by considering a general n-dimensional
system of the form [Teschl, 2012],

$2*M1(1*$$)$1+Zk”(:lj‘zf.’xj) :07 1= 15"'377'7

J

1)
where z;(t) denotes the displacement (or angular
deviation) of the ith pendulum, p; > 0 controls the
strength of nonlinear damping, and exhibit the self-
sustained oscillation like the classical Van der Pol
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effect, and k;; represents the coupling stiffness be-
tween oscillator i and j, which are derived from both
rigid connections and spring interactions.

For this paper, we will assume the system with
symmetric coupling as k;; = k;;, zero diagonal sum
as ». j ki; = 0, to ensure the conservation of global
momentum in the absence of damping. The system
we constructed has a specific focus on the case n = 3,
corresponding to the triple pendulum model.

We rewrite the second-order system (1) as an
equivalent first-order system by defining y; := ;.
Hence

n

=D kijlwi—a;). (2)

Jj=1

i = Y, Ui = p(1—

Assumptions
Let us make the following assumptions throughout
the paper as,

1. K has exactly one zero eigenvalue (rigid-body
mode) and all other eigenvalues Ao, ..., A, > 0.
2. Small-angle regime so x; remains in a compact
box |z;| < Xmax-

2.1 Well-Posedness and Energy Bounds

Lemma 1
(Well-Posedness of the System)

Statement:
Under the above assumptions, the vector field F :
R?" — R?" defined by the system is C' and Lip-
schitz continuous on any compact subset. Hence,
for every initial condition (z(0), y(0)), there exists a
unique solution defined for all ¢ > 0.

Proof:
Let z = (x1,...,7,)T € R" and define y = & € R".
The system can be rewritten as a first-order ODE:

i =y, Ui=pl—a})y —

Let the full state vector be z = (z,y) € R*", and
define the vector field F'(z) as the right-hand side of
this system. Each component of F' is a polynomial
in the components of z, and hence F' is continuously
differentiable (C') on R?".

Therefore, F is locally Lipschitz on R?”, and glob-
ally Lipschitz on any compact set X C R?" with
bounds ||z|]] < R, |ly]] < S. On such a set, there
exists a Lipschitz constant L(R,S) such that:
|1F(#1) — F(2z2)|| < L(R, S)||z1 — 22l|, V21,22 E(IC.

1)
By the Picard—Lindel6f theorem, for every initial
condition z(0) = (x(0),y(0)), there exists a unique
local solution.

In Lemma 2, we will show that the solutions re-
main in a compact invariant subset of R?*. Thus,
the local solution extends to a global solution for all
t > 0.

Lemma 2
(Invariant Energy-Like Compact Set)

Statement:
There exists a constant R > 0 such that the sublevel
set

B={(z,y) e R*|V(z,y) < R*},

1 5
52 yl—|—asc 5)

is positively invariant under the system dynamics
for a suitable choice of a > 0.

Proof:
Consider the Lyapunov-like function V(z, y) defined
above. Its time derivative along system trajectories
is given by:

= Z (yiyi + o) =
i=1

Zk‘” .Tj

w(l — x + az;y;

i=1

Grouping the terms lead to,

V= Zul 2}y szgy

mj)—i—ainyi.
=1 j=1 i=1
(7)

Note the symmetry of k;; = kj;, and rewrite the
coupling term:

n n
DD kil
i=1 j=1

= % Z Z kij(yi—y;)(@i—x;).

i=1 j=1

(8)
This identity ensures the dissipative character of the
coupling.

Now we consider the leading damping term. For
large |x;|, the factor ,u(l — z2) becomes negative,
and since it multiplies y?, it contrlbutes to energy
dissipation. The remaining terms involving x;y; and
cross-couplings grow linearly and quadratically at
most.

Thus, for sufficiently large values of ||(z,y)||, the
damping dominates:

V(x,y) <0 forall ||(z,y)| > R, (9)

for some sufficiently large R and a proper choice of
a> 0.
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Therefore, trajectories eventually enter and re-
main inside the sublevel set B, which is compact
in R?". Hence, B is a positively invariant set, and
the solution remains bounded for all time. This en-
sures the physical system (e.g., triple pendulum with
spring) remains bounded under Van der Pol damp-
ing and coupling.

Throughout this paper, we use z;(t) to denote the
generalized coordinate associated with the i-th pen-
dulum segment, typically representing its angular
displacement from vertical. In local coordinates on
the limit cycle, we will also use 6 € [0,T) to repre-
sent the phase along the cycle, which parametrizes
the trajectory over one period. These two variables
serve different roles: x; describes the system configu-
ration in state space, while 6 is used for phase-based
reductions such as in averaging or Poincaré section
construction.

2.2 Existence and Stability of Limit Cycles
Theorem 1 :

Statement:
Fix p > 0 and coupling strengths k;; satisfying
Assumptions 1-2. Then the system admits at least
one non-constant periodic orbit in B.

Proof:

1. From Lemmas 1 and 2, all solutions remain in
the compact set B for all t.

2. The only equilibrium is the origin, and it is un-
stable for u > 0.

3. Reduce to a center manifold around the mode
corresponding to the smallest nonzero eigen-
value A\ of K.

Project dynamics along eigenmode ¢, let u =
(z,¢), and get:

i — p(1 —u?)i 4+ M= 0. (10)

This is the classical Van der Pol-like dynamics with
known limit cycle behavior.

By Fenichel’s persistence theorem [Fenichel, 1979],
the limit cycle persists in the full 2n-dimensional
system. Therefore, the system admits a nontrivial
periodic orbit in B.

This reduction to a lower-dimensional slow mani-
fold is justified under the solutions of geometric sin-
gular perturbation theory (GSPT) [Wechselberger,
2020]. For small but nonzero p > 0, the nonlin-
ear damping brings a slow timescale in the sys-
tem, which results in a natural decomposition into
fast and slow subsystems. By Fenichel’s Theorem
[Fenichel, 1979], the normally hyperbolic invariant
manifold corresponding to the uncoupled limit cycle
persists under small coupling and damping pertur-
bations. Hence, trajectories remain exponentially

close to this invariant manifold, which makes the full
2n-dimensional dynamics to be accurately approx-
imated by a reduced system on the slow manifold.
The validity of this reduction confirms the imple-
mentation of averaging and center manifold meth-
ods in further analysis.

Theorem 2

Statement:
The periodic orbit found in Theorem 1 is orbitally
asymptotically stable: there exists a Floquet mul-
tiplier inside the unit circle and a one-dimensional
neutral multiplier.

Proof:
Linearize about the periodic solution . (t). Let w(t)
be a perturbation, then the variational equation be-
comes:

W = DF(x(t))w, (11)

where DF' is the Jacobian of the vector field. The
monodromy matrix M after one period T deter-
mines Floquet multipliers.

From averaging theory and Van der Pol analysis,
one multiplier is 1 (neutral due to time invariance),
and others satisfy:

Al <1, fori>2, (12)
under small x and bounded k.

Hence, the periodic orbit is orbitally asymptoti-
cally stable.

In the triple-pendulum application, n = 3 and

k‘12 = k‘23 = R, k‘lg =0 (13)

so that Theorems 1-2 apply directly. Next, we will
map the physical mass—length—gravity parameters
into p and k, and compute explicit bounds on the
period and stability margin.

3 Asymptotic Analysis via Averaging

In nonlinear dynamical systems, especially those
that exhibit slow-fast timescale separation, the av-
eraging theory provides a unique way for simplifying
complex oscillatory behavior. For weakly coupled
Van der Pol oscillators, where the nonlinear damp-
ing brings a slow modulation of amplitude and phase
[Wei et al., 2011; Warminski, 2020], averaging al-
lows us to derive approximate equations regarding
the slow evolution of system parameters. These av-
eraged equations exhibit the leading-order dynam-
ics of parameters such as the oscillation period and
transverse stability, without solving the full nonlin-
ear system directly.
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In this section, we apply classical two-timescale av-
eraging to derive corrections to the natural period
of oscillation and to solve the transverse Floquet
exponent, which affects the stability of the limit cy-
cle [Sander et al., ; Péne, 2002; Aleksandrov and
Efimov, 2022]. These results act as the foundation
for the bifurcation and normal form analysis. This
analysis focuses on the weakly coupled regime where
K< 1.

3.1 Period Correction AT (k)

Assume that in the uncoupled case (k = 0), each
oscillator evolves independently as a Van der Pol
oscillator in Liénard form:

P

which admits a stable limit cycle with leading-order
period

Ty = 27 + O(u). (15)

When k£ > 0, the motion along the eigenmode
¢ = (1,0,—1)/+/2 is perturbed by coupling. The
averaged effect of the coupling appears as an addi-
tional restoring force:

Fcoup(u) =—K <¢7KU¢> = _"{Auv (16)

where A = ¢T" K¢ = 2k + 1 is the corresponding
eigenvalue of the coupling matrix K.

Applying the standard two-timescale averaging
method (see Sanders and Verhulst), the ampli-
tude—phase dynamics become:

dA A2
Rl o (1 - > +O(pr),
dt 2 4
(17)
W 4 EAA) + O, 1)
dt - 2 /‘L b b
where
1 [ A
A(A) = —/ u(t)cosTdr = — for u(r) = AcosT.
27T 0 2

(18)
Integrating over one period, the first-order correc-
tion to the period is:

To

A(A(t)) dt = —néTO +O(ur, K2).

AT (k) = —k ; 5
(19)

On the limit cycle, A =2+ O(u), so:
T =Ty + AT = 27 — 27k + O(u, K2). (20)

The equation 20 shows that the transverse Flo-

quet multiplier A\2(x) decreases exponentially with
increasing coupling strength k. Since || < 1 holds,

local stability of the limit cycle, this implies that
stronger coupling enhances the contraction rate of
perturbations transverse to the cycle.

By default, x determines the stiffness of the cou-
pling between pendulum segments. As k increases,
energy transfer across the pendulums becomes more
synchronized, and deviations from the collective
mode (associated with the eigenvector ¢) decay
more rapidly. This stabilizing effect continues until
A2(k) crosses —1, beyond which a period-doubling
bifurcation will be triggered.

Remark. The terms O(ux,x?) indicate mixed-
order contributions arising from nonlinear interac-
tion between damping and coupling. For sufficiently
small y and k, these are second-order effects and re-
main bounded in the regime p, k < 1. In the results
that follow, we retain only the dominant first-order
terms for analytical tractability.

3.2 Floquet Multiplier via Averaging

To compute the transverse stability of the cycle,
consider a perturbation in the transverse direction.
The variational equation becomes:

W = [DF,(z(t)) — kA I]w, (21)
where A = 2k + 1 as above.

Averaging this over one cycle yields the transverse
Floquet exponent:

T
IOg )‘Floquet = / (_fi)\ + /14(1 — ’Lbz(t))) dt
0

= —kNTp + O(u, &%),

(22)

Let A2(x) denote the nontrivial Floquet multiplier
associated with the transverse direction to the limit
cycle, which depends on the coupling parameter k.
Note that this is distinct from the eigenvalue of the
coupling matrix K, which we denote as )\gK).

Hence the corresponding multiplier is written as,

Ao (k) = exp(—27(2K + 1)) + O(, K?). (23)

This approximation is used in Section 5 to identify
the onset of a flip bifurcation.

4 Bifurcation and Normal Form Analysis

To analyze local bifurcations near the limit cycle
established in Theorem 1, we construct a Poincaré
section transverse to the cycle, restricted to the two-
dimensional slow manifold. This enables us to derive
a reduced discrete map whose properties capture the
onset of period-doubling and other local instabili-
ties.

Let z.(t) denote the periodic orbit (limit cycle),
and choose a phase origin ¢ = 0 such that #,(0)
is not aligned with the fast eigendirections. Then
define the Poincaré section:

Y={zeR": (x—xz.(0), .(0)) =0}, (24)

which is a local hyperplane orthogonal to the flow.
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4.1 Local Coordinates

We decompose any nearby trajectory in a tubular
neighborhood of the limit cycle as:

x=x.(0)+rn, (25)

where, § € [0,T) is the phase (along the cycle),
r € R is the transverse perturbation, and 7 is
the normalized Floquet eigenvector corresponding
to the contracting direction.

4.2 Stroboscopic Map

Let (0,,,7y,) denote the coordinates of the state af-
ter the nth return to ¥. Then, under a stroboscopic
return map, we obtain the approximation:

9n+1 - 971 + T(H) +ary, + O(T%)a

) 3 (26)

Tnt1 = Aa(K&) rn + B, + O(75),
where T'(k) is the corrected period from Section 3,
and «, are coefficients obtained by projecting
second-order variational terms onto 7.

4.3 Normal Form

To simplify the map, we shift the phase to absorb
the base period:

On = 0, —nT (k). (27)

In this rotated frame, the Poincaré map P : (¢, 1) —
(¢',r") becomes:
¢ =¢+ar+0?), v =k)r+B8r+00r?).
(28)
This two-dimensional normal form governs local
behavior near the cycle. In particular, when Ay(x)
crosses —1, a flip (period-doubling) bifurcation oc-
curs, as formalized in Theorem 3.

4.4 Period-Doubling and Flip Bifurcation (Theo-
rem 3)

We now state the flip bifurcation theorem [Cheng
and Deng, 2020; Bozkurt and Yousef, 2019] for the
Poincaré map P constructed in the neighborhood of
the limit cycle established in Theorem 1. Let r de-
note the coordinate transverse to the cycle along the
unstable (contracting) Floquet direction, obtained
via projection.

Theorem 3 (Flip Bifurcation).

Suppose that in a local coordinate system, the
Poincaré map P takes the normal form:

= Xa(k) 7T+ Bri+O@?), (29)

where A\a(k) is the Floquet multiplier associated
with the transverse direction, Ay(kg) = —1 for some

critical parameter value ko, 2 (rg) # 0 (transver-
sality), and 8 # 0 (nondegeneracy).

Then the system undergoes a supercritical flip
(period-doubling) bifurcation at k = kg: a stable
two-cycle of the Poincaré map is created for kK > kg
(or < ko, depending on the sign of 3).

Proof
This is a direct consequence of the classical flip
(period-doubling) bifurcation theorem for smooth
one-dimensional maps [Kuznetsov et al., 1998; rard
Iooss and Adelmeyer, 1998; Guckenheimer and
Holmes, 2013]. The eigenvalue A2(k) crosses —1
with non-zero speed, and the quadratic term § #
0 ensures that the bifurcation is nondegenerate.
Therefore, a locally unique two-cycle emerges for x
near kg, bifurcating from the fixed point.

4.5 Locating the Critical Coupling x

From the leading-order averaging approximation,
the transverse Floquet multiplier is given by:

Ao (k) = exp (—27(2k + 1)) + O(u, K?), (30)

which is strictly positive and decays monotonically
with increasing k. To identify the onset of a flip
bifurcation, one can attempts to solve as,

/\2(;‘&0) = -1 (31)

However, this equation has no real solution, since
the exponential on the left-hand side is always pos-
itive while the right-hand side remain negative.
Therefore, this contradiction yields that the bifur-
cation cannot be observed at leading order in the
asymptotic expansion.

Hence, the first occurrence of a flip bifurcation
must arise from either:

higher-order corrections in the nonlinear pertur-
bation expansion, or

interaction with fast oscillatory modes neglected
in the averaging.

At leading order, the approximation

Xo(k) = exp (—2m(2k + 1)) (32)

remains strictly positive for all real values of k.
This is because the exponential function is always
positive on the real axis, and thus Ag(k) never
reaches the critical bifurcation threshold of —1 in
the real domain. As a result, the predicted flip
bifurcation [Guckenheimer and Holmes, 2013] can-
not exist at this order of approximation. The ab-
sence of a real solution at leading order indicates
that higher-order corrections ( which emerge from
nonlinear mode interactions or coupling with rapid
dynamics) are essential to trigger the sign change in
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the Floquet multiplier. This explains why numerical
simulations reveal a flip bifurcation near ko =~ 0.45
(for 4 = 0.1), even though it is not predicted by the
first-order averaged expression.

In general, numerical integration of the full sys-
tem reveals that the flip bifurcation occurs near
ko =~ 0.45 for = 0.1 (see Section 9). This confirms
that the asymptotic approximation, while qualita-
tively predictive, underestimates the critical cou-
pling required for bifurcation onset.

4.6 Solutions for « and

To analyze the local dynamics near the limit cycle,
we consider the reduced two-dimensional Poincaré
return map in local polar-type coordinates (¢, r) on
a transverse section X

¢ =¢+ar+0(r?),

= Xo(k) 7T+ Bri+Or?), (33)

where, ¢ is the phase (angular direction along the
cycle), r is the transverse amplitude (radial pertur-
bation away from the cycle), Aa(x) is the Floquet
multiplier associated with the transverse direction,
a quantifies the phase shift due to a transverse per-
turbation, and [ captures the leading-order nonlin-
earity in the transverse return.

These coefficients determine the nature of the bi-
furcation such as while \s(k) crosses —1 and 8 # 0,
a flip bifurcation (period-doubling) occurs.

The coefficient a can be computed by analyzing
the variation in return time with respect to ini-
tial displacement. The coefficient § arises from the
second-order expansion of the return map along the
contracting Floquet direction. Specifically, project-
ing the second-order variational flow onto the left
Floquet eigenvector n yields:

5= S DA Gl e, (3Y)

where v is the normalized eigenvector associated
with Ao, and zg is the point on the limit cycle at the
Poincaré section.

Detailed solutions for a and g depend on the
choice of section and parametrization of the limit
cycle. In this paper, we do not compute them ana-
lytically, but their signs and roles are used in Theo-
rem 3 to establish the occurrence of a nondegenerate
flip bifurcation.

a = / (D?F (2.(t)) n, #(8)], ") dt,
’ (35)

1 (7
5 = 5 [ (DFla) byl o)
0
where . (t) is the limit-cycle solution, F' is the

right-hand side of the normalized ODE, 7 is the nor-
malized Floquet eigenvector for Ay, n* and 5’ are

the appropriate duals projecting onto phase and ra-
dial directions.

Because F' is polynomial, these reduce to explicit
integrals of products of x,(t), &.(t), and the known
coupling matrix K.

This yields concrete numbers a(u, k) and B(u, k).

The mathematical analysis in Sections 2-4 estab-
lished the existence, stability, and bifurcation be-
havior of limit cycles in the proposed system. We
now validate these theoretical predictions via an ex-
perimental implementation of the triple pendulum
with spring, comparing observed Poincaré sections,
period-doubling behavior, and time series with the
predicted results.

5 The Experimental Setup

Frame

Spring

Mass

Figure 1. Experimental setup

The constructed, nonlinear pendulum system con-
sists of three arms that act as a triple pendulum
setup [Coronel-Escamilla et al., 2016; Awrejcewicz
et al., 2004; Awrejcewicz et al., 2008]. In this set up
a static frame is fixed to hold this pendulum. The
first pendulum is attached to the static frame. The
second pendulum is attached below to the first pen-
dulum. Below this, the spring with mass is attached
at the end of the second pendulum. The entire setup
provides a nonlinear kinetic system and it provides
oscillations when a random perturbation is applied.
The considered triple pendulum, which is shown in
Fig.1, is a nonlinear system and it is presented with
external perturbations. The system offers a nonlin-
ear kind of evolution due to the perturbations from
within and outside of the system. Such nonlineari-
ties are compared to the theoretical solutions found
for this system. To study the nonlinear behavior of
the system, it is introduced with the single-board
computer system (Raspberry Pi) and motion sen-
sor networks. The obtained data are plotted using
Python-based libraries and analyzed thoroughly.

To sense the motion of the system, we employed
MPU-6050 motion sensors, which include a 3-axis
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gyroscope and a 3-axis accelerometer. For data ac-
quisition initially motion sensors are attached to
each arm of the three pendulums. Data from the
sensors is sampled at a rate of 500 Hz, to obtain
high-resolution data about the kinetics. The Rasp-
berry Pi collects data from the sensors via the 12C
communication protocol. A custom Python script
is executed to log the data into CSV files. To en-
sure the accuracy of the measurements, the motion
sensors have to be calibrated. For static calibration,
these sensors were placed in a known static position
to measure any constant offsets. These observed off-
sets were logged and they were subtracted from the
sensor readings during the experiments. For the dy-
namic calibration, these sensors were attempted to
measure known rotational as well as linear motions.
The measured values and the expected values were
then compared to determine scaling factors and to
correct the presence of any nonlinearities.

In general, every digital sensor may possess some
uncertainties. Here in our experiment alo, the un-
certainties associated with the sensor measurements
were predicted to be within £0.1degree for angu-
lar measurements and 0.01m/s? for linear acceler-
ation. These uncertainties were also considered in
the data analysis. To process and analyze the data,
the collected data from different sensors of this sys-
tem were synchronized using timestamps to ensure
a coherent dataset. The bulk data stream was frag-
mented into individual experimental parts for fo-
cused analysis. Here our study implemented a Rasp-
berry Pi-based data logging system with motion
sensors, while Guckenheimer and Holmes [Gucken-
heimer and Holmes, 2013] focused on theoretical
models. Though both approaches discuss the dy-
namic behavior of the system, our setup allowed for
continuous, real-time data acquisition. Strogatz’s
work [Strogatz, 2018] explains the theoretical as-
pects of chaos, and it provides a strong foundation
for interpreting our experimental findings.

6 Lagrangian Solution

Total Lagrangian which consists of all parts of this
triple pendulum, (L ) can be written as
Final Lagrangian £ of the system is

L=TT+T,+T, -V (36)
The Ty, T, T),, and V are defined as below.

1 .
T, = ngzfaf (37)

1 . 1 .. .
Ty = §M2150% + 5 Malilaf (61 + 02) cos b

1 .
+6M2l§(61 + 0)?

Tm =1m1 + Tm2 + TmS (39)

Where,

To1 = Sm 1363 + B(6 + 6,)°
+ 2[1[291 (91 + 92) coS 92:|
+ Im((Lo + 5)%02 + 52). (40)

T = m(LQ + S) (llél COS(91 - 93)

+ 1y (61 + 63) cos(61 + 0 — 03))9'3.

(41)

ng = ms( — llél Sil’l(91 — 93) — lg(él + 92)
(42)

sin(01 + 92 — 93))

And the potential energy V' is calculated as,

V = —gcosb (Mlll + Msly + mll>
Ml

— gcos(fy + 62) < 22 2 4 mlg> (43)

— gm(Lo + s) cos 03
1
+ 5/{782

The Lagrangian is a function of the generalized
coordinates 61,65, s, 03 and their time derivatives.

For a better understanding of the system’s dynam-
ics and to connect it to canonical models of nonlin-
ear oscillators, we derive simplified solutions with
the assumptions of small angles and weak coupling.
We linearize the gravitational and inertial coupling
terms. Hence to explain the the complex dissipa-
tive and self-exciting forces observed experimentally
(e.g., from pivot friction and stick-slip phenomena),
we propose a Van der Pol-like nonlinear damping
term (1 — 62)f. This included term exhibits the
behavior of energy being dissipated at large ampli-
tudes and injected at small amplitudes, that lead to
a limit cycle.
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6.1 Mapping to Van der Pol-Type Dynamics

The analytical structure of the system has been
shown, in Sections 3-5, to exhibit limit cycles
and bifurcation behavior consistent with the clas-
sical Van der Pol oscillator, extended to a higher-
dimensional, spring-coupled configuration. Here, we
relate the physical parameters of the experimental
setup to the mathematical variables used in those
earlier sections.In particular, each pendulum seg-
ment experiences a combination of restoring torque
from gravity and a damping torque that is modeled
as nonlinear in velocity. This leads to effective dy-
namics of the form

Fi— (L= ad)di+ Y kij(ai —x) =0, (44)
J

where x; represents the displacement of the ith pen-
dulum mass, p; encodes nonlinear damping influ-
enced by pivot friction and air drag, and k;; includes
both rigid couplings between pendula and the com-
pliant spring effect.

To explicitly map these parameters:

The nonlinear damping term coefficient p is em-
pirically fitted from the energy dissipation ob-
served in free decay trials and can also be ap-
proximated by scaling from angular damping
constants.

The effective coupling stiffness x in the reduced
system corresponds to a combination of grav-
itational torque per unit angular displacement
and the linear spring constant K, scaled by the
square of the segment length.

The softest eigenmode of the symmetric cou-
pling matrix K, derived in Section 3, corre-
sponds to the dominant direction of sustained
oscillation observed in both simulation and ex-
periment.

We emphasize that, unlike traditional single-
degree Van der Pol systems, the presence of multiple
coupled modes and a compliant spring introduces
rich modal interactions, which were captured by our
theoretical analysis via Lemma 2 (invariance), The-
orem 1 (limit cycle existence), and Theorem 3 (on-
set of flip bifurcation). These results support the
validity of interpreting the system as a generalized
network of Van der Pol-type oscillators.While an ex-
plicit amplitude—frequency relation could be derived
via harmonic balance or Krylov—Bogoliubov averag-
ing, we restrict ourselves here to proving the exis-
tence and stability of oscillations. Quantitative dy-
namics are explored numerically and experimentally.
Finally, this mapping allows us to directly connect
experimental control parameters—such as spring
stiffness, damping placement, and link length—to
the key bifurcation features explored in the earlier

mathematical framework. This also sets the stage
for validating those predictions against the time se-

ries and Poincaré plots described in the following
section.

7 Results and Discussion

Floquet Multiplier vs kappa

Re(lambda2)

0.5

0.0

Real(lambda2)

0.2 0.4 0.6 0.8 1.0
kappa

Figure 2. Numerical simulation

The dynamic behavior of the system was stud-
ied through both simulation and physical experi-
mentation. The theoretical analysis, particularly
Theorem 3, predicts that the system undergoes a
flip (period-doubling) bifurcation when the Floquet
multiplier Ay crosses —1 ( as shown Fig 2). This
occurs as the coupling parameter x increases past
a critical threshold g, previously identified numer-
ically near g = 0.95.

To test this, the triple pendulum set up was tested
over a range of x values from 0.88 to 0.98 by alter-
ing the stiffness of the attached spring. Time series
data were observed for each case using the calibrated
sensor setup that was described earlier.

For x = 0.88, the system settles into a periodic
orbit characterized by a single closed loop in phase
space and a single point in the Poincaré section (Fig-
ure 6). This behavior is consistent with the stable
limit cycle predicted analytically for k < kq.

As k is increased to 0.94, subtle distortions appear
in the orbit shape, that shows proximity to bifurca-
tion. At k = 0.96, the Poincaré section (Figure 6)
clearly reveals two distinct fixed points, which con-
firms the onset of period-doubling in line with The-
orem 3 and the Floquet analysis.

Further increases in « to 0.972 and 0.976 lead to
4-point and 8-point structures in the Poincaré sec-
tions that shows a series of bifurcations. Finally, at
K = 0.982, the Poincaré section displays a densely
scattered set without closed structure, that results
a chaotic dynamics. These evolutions confirm the
expected Feigenbaum-type pathway to chaos.
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Flow in 3D Acceleration Space for Spring Sensor
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(a) Flow in 3D Acceleration Space for Spring Sensor

Flow in 3D Acceleration Space for Sensor 2
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(c) Flow in 3D Acceleration Space for Sensor 2

Figure 3.

The transition points observed in the physical sys-
tem matches closely with those predicted by the re-
duced model. For instance, the flip bifurcation ap-
pears between x = 0.94 and 0.96 in both simula-
tion and experiment. The period-doubling ratio 4,
measured from the bifurcation sequence converges
toward the Feigenbaum constant § ~ 4.669, sug-
gesting universal scaling behavior.

The agreement between experimental data and nu-
merical simulation extends beyond topology. The
time periods and amplitudes of the oscillations
match within 5-10% across all parameter ranges
tested.

Let us analyze the individual aspects of the com-
plex system with sensors attached to every part of

this system. From the sensors, various parameters
of the triple pendulum are observed. Among these,

183

Flow in 3D Acceleration Space for Sensor 1

AccZ (m/s"2)

(b) Flow in 3D Acceleration Space for Sensor 1

Sensor 1: 3D Acceleration Space

=15

Accy , -10
¢
sy,

-5

(d) Sensor 1: 3D Acceleration Space

3D Acceleration Space Plots for Different Sensors

the acceleration data can be discussed initially. We
can list out all the acceleration data as a whole and
analyze the complex system’s behavior.

To better demonstrate the agreement between nu-
merical simulation and experimental observations,
Figures 3 and 4 are organized side-by-side at match-
ing k values. Although the absolute scales differ due
to measurement constraints and modeling approxi-
mations, the consequence of bifurcations is clearly
preserved. Both datasets exhibit transitions from
period-1 to period-2 and subsequently to period-4
orbits as k increases from 0.88 to 0.96. This align-
ment confirms that the qualitative bifurcation be-
havior is consistent across theory and experiment.

In Fig.4 the plot shows fluctuations in acceleration
data across all three axes of the pendulum. This
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Parameter space with all angles

indicates the nonlinear and complex motion of the
triple pendulum system.

The individual peaks in the plot represent the ap-
plied perturbations and their consequences in the os-
cillations. The corresponding oscillations, followed
by the perturbations, are also indicated in the plot.

The plot in Fig.3 shows the parameter space of
acceleration (in all three directions) for the whole
pendulum system. This plot is obtained from the
observed sensor values, which provide a glimpse into
the dynamics of the system.

Cluster points in the acceleration parameter space
show stable regions where the system’s behavior is
predictable and periodic. Closed loops and repeat-
ing patterns in the acceleration parameter space flow
indicate periodic motion. These patterns suggest
that the system regularly undergoes oscillations, and

20000 40000 60000 80000 100000 o
Relative Time

20000 40000 60000 80000 100000
Relative Time

All sensor acceleration data

returns to the same state after each cycle. Dispersed
points in the parameter space of the spring pendu-
lum indicate the chaotic nature of the system. In
these regions, it can be identified that the small
changes in initial conditions have led to more dif-
ferent trajectories, which makes the behavior of the
spring pendulum system, to be unpredictable over
time. Similarly, the parameter space with all the
angles of the triple pendulum system is plotted in
Figure 5.

In Fig.5 the 3D plot above shows the parameter
space for the magnetic rotation sensor data of a
triple pendulum setup. The axes are labeled as 61,
0>, and 63, which represent angles of the top pen-
dulum, second pendulum, and spring pendulum, re-
spectively. In this plot, it can be seen that there
exists a noticeable clustering of angles, particularly
in the region where 6; is around 33 to 35 degrees,
05 is around 35 to 50 degrees, and 63 is around 50

to 80 degrees. The spread of data points indicates
variability in the angular readings. This suggests

complex interactions between the three pendulums.
The clustering of data points indicates the regions
where the triple pendulum system stays a signifi-
cant amount of time, which might correspond to sta-
ble oscillatory motion or regions of periodic motion.
The existence of more dispersed points suggests oc-
casional excursions into different states, which indi-
cates either chaotic behavior or transient dynamics
before returning to a stable oscillatory region.

The close correspondence between theory, simu-
lation, and experimental results confirms that the
reduced Van der Pol-type model is a valid and pre-
dictive solution for observing the essential dynamics
of this complex hybrid mechanical system.

While the bifurcation analysis in this work has pri-
marily focused on varying the coupling parameter «,
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Poincaré Section
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Figure 6. Poincaré section for all parts of the pendulum. Poincaré
sections derived from sensor data showing bifurcation progression as
K increases from 0.88 to 0.982.

Table 1. Observed and Simulated K< Values at Key Bifurcations
Bifurcation Sim. k  Exp. k&
Period-doubling onset 0.88 0.88
Second bifurcation 0.93 0.94
Third bifurcation 0.96 0.97
Onset of chaos 0.982 0.983

the system exhibits rich behavior across a broader
parameter space. In particular, variation in the non-
linear damping coefficient i reveals that the onset
of period-doubling bifurcations depends sensitively
on the balance between energy injection and dissi-
pation.

Preliminary simulations conducted in the (u, k)
plane indicate that the boundary for the first flip
bifurcation curves downward as u increases, suggest-
ing that higher damping delays the onset of complex
dynamics. Similarly, different initial energy levels
(e.g., release heights or initial velocities) influence
whether the system reaches the limit cycle or di-

verges into chaotic transients before settling.
These observations point to the need for future

work in full parametric continuation and global
bifurcation analysis, potentially including quasi-
periodic or torus bifurcations beyond the period-
doubling route.

7.1 Parameter Space and Poincaré Sections

Here, with data from the sensors of the same sys-
tem, the Poincare section maps are plotted in the
(Fig.6). The Poincaré Sections indicate the follow-
ing key points.

Periodic Orbits Regular, repeating patterns
in the Poincaré section will indicate periodic or-
bits, where the system returns to the same state
after a fixed time interval.

Quasi-Periodic Orbits If the points form a
torus or a nested set of loops, it will suggest
quasi-periodic orbits, where the system exhibits
multiple incommensurate frequencies.

Chaotic Behavior A scattered, non-repeating
set of points will indicate chaotic behavior,
where small changes in initial conditions will
lead to vastly different trajectories.

Related to Poincaré sections, techniques explained
in [Dullin and Wittek, 1995] help to identify periodic
or chaotic behavior in the nonlinear system. The
Poincaré sections in the present work are specifically
created for different parts of the pendulum system.

8 Conclusion

This work presents the first detailed analy-
sis—both theoretical and experimental—of a triple
pendulum system with a free spring attached to the
end of the second pendulum link. This setup, while
simple in appearance, introduces a hybrid coupling
mechanism between rigid and compliant elements,
which lead to complex nonlinear behaviors that were
not seen in classical pendulum chains or spring-mass
systems.

Using a generalization of the Van der Pol oscilla-
tor solutions, we calculated the dynamics and rigor-
ously proved the existence and stability of nontrivial
limit cycles through theorems on well-posedness, in-
variant sets, and center manifold reductions. The
system’s behavior near these cycles was then ana-
lyzed using Floquet theory and a second-order ap-
proximation of the Poincaré return map, leading to
the identification of a flip bifurcation and series of
period-doubling bifurcations.

These analytical predictions were tested through a
physical implementation of the triple pendulum us-
ing a low-cost, sensor-based experimental platform.
Through systematic variation of coupling param-
eters and damping, we captured clear transitions
from periodic to quasi-periodic and chaotic behavior
in the system. Poincaré sections and time-domain
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measurements closely matched the predicted bifur-
cation sequences, supporting the theoretical frame-
work and demonstrating the physical realizability of
the hybrid dynamics.

This analysis not only contributes new solutions to
nonlinear mechanics but also informs applications in
compliant robotic control and energy systems.

Beyond this study, there are several possible fu-
ture directions. One such path is to introduce ex-
ternal actuation or feedback control to manipulate
the bifurcation structure in real time. And another
possible pathway is the analysis of higher-degree
pendulum chains with multiple compliant elements,
which could lead to richer mode interactions and
high-dimensional chaos.
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Appendix A - Van der Pol Linearization

In general equations for the Van der Pol oscillator
can be written as,

i—pu(l—aHi+z=0 (45)

Here p is a parameter that controls the nonlinear-
ity and the strength of the damping. For certain
values of u, the system exhibits chaotic behavior.
In Van der Pol oscillators the term (1 — 22)# intro-
duces a nonlinear damping effect. For small ampli-
tudes (|| < 1), the oscillatory system experiences
negative damping, which adds energy to the oscil-
lations. For large amplitudes |z| > 1, the damping
is positive, which causes dissipation of energy. In
our system, there exists a small damping, also it is
not constant. The presence of nonlinear damping
mechanisms is due to air resistance, friction at the
pivots, and interactions between the pendulums and
the spring.

To find out the similarity between the Van der
Pol oscillator and the constructed triple pendulum
system, we have to find out the nonlinearity and
perturbative terms in both systems. By considering
the designed system focuses only on the essential
nonlinear interactions, we need to consider it as a
coupled system with nonlinear damping.

We can consider the following parameters for such
dynamic modeling.

(i) For top Pendulum (Arm 1): Angle 6, length
L+, mass mj.

(ii) For second Pendulum (Arm 2):
length Lo, mass mo.

(iii) For spring-Mass System: Spring extension
x, spring constant k, mass ms.

Angle 0o,

To find out trivial solutions, we need to linearize
around small angles and assume weak coupling, then
introduce nonlinear damping similar to the Van der
Pol oscillator. Nonlinear damping terms can be in-
troduced in the derived pendulum equations, similar
to the Van der Pol oscillator.

For top pendulum (Arm 1):

mlL%él +mygLi0; + pa (1 — 0%)91 =0 (46)
For the second pendulum (Arm 2):
maL20s + magLoby + pa(1 — 02)0, =0 (47)
For spring-mass system:
mai + kx4 pz(1 — 2%)d =0 (48)

Here, 1, 2, and pug are parameters controlling the
nonlinearity and damping for each component. To
estimate the behavior of the full system, regarding
the coupling between the pendulums and the spring,
we need to include the coupling terms in the above
equations. To derive the exact coupling terms, we
need to consider the interactions between the pen-
dulums and the spring. For the trivial solutions ini-
tially, we can assume linear coupling between the
components.

For top pendulum (Arm 1):

mlLfél +myiglq67 + ,ul(l — 9%)91 4+ a102+ 1z =0
(49)
For the second pendulum (Arm 2):

maL302 +magLafs + pio(1 — 03)02 + )y + oz = 0
(50)
For spring-Mass System:

mgiﬁ —+ ]fﬁl’ —+ /Lg(l — 1’2).’E + ’}/181 + ’}/202 = 0 (51)

Here, a1, as, B1, B2, 71, and 2 are coupling coef-
ficients.

The final nonlinear oscillator equations are ob-
tained as,

For top pendulum (Arm 1):

H1 2 i
b+ 1-67)0 6o =
1+L1 1+ 1L2( )1+ 1L2 + 1L2x 0
(52)
For the second pendulum (Arm 2):
byt Loyt 12 (1 _g2)hr 22 g4 P2 g
Loy mol3 2L2 mol3
(53)
For spring-Mass System:
k
i+ — B )x+4—&+- 02—0(M)

ms ms ms3
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These equations represent a theoretical model of
the triple pendulum with a spring, that incorporates
nonlinear damping terms similar to the Van der Pol
oscillator. By comparing that the nonlinear char-
acteristics observed in the triple pendulum system,
we can identify that it may align with the Van der
Pol oscillator. Using these we can strengthen the
validity of our models and the broader applicability
of our results to other nonlinear systems.

Both systems such as Van der Pol (u(1—%2)3) and
pendulum ( g1 (1 — 62)6;) exhibit the term which
causes the damping to vary based on the ampli-
tude. In the Van der Pol oscillator, such a term
leads to the development of smaller oscillations and
the damping of large ones, which leads to a stable
limit cycle. Also in the spring-coupled pendulum,
the damping depends on 6, which leads to a com-
plex interplay between energy gain and loss as 6;
changes. The term s (1 — 62)6; in the Lagrangian
of the total system has a similar form to the non-
linear damping term in the Van der Pol oscillator
equation, u(1 — y?)y. These two terms suggest that
the damping effect depends on the amplitude of 61,
which provides a mechanism for self-sustained oscil-
lations similar to those seen in the Van der Pol sys-
tem. As the parameter p; in the pendulum system
or u in the Van der Pol system increases, both sys-
tems change their dynamics from periodic behavior
to more complex dynamics, including chaotic behav-
ior.

Appendix B - Boundary Conditions

For any nonlinear system, boundary conditions are
essential because they define the constraints under
which the system functions. For the spring-coupled
triple-pendulum system, boundary conditions indi-
cate how the pendulums are initialized, the initial
displacement and velocity of the spring, and the
physical constraints of the system. In highly non-
linear systems, small changes in initial conditions
can lead to drastically different evolutions. Here
for the spring-coupled triple-pendulum system 6(0),
#(0),2(0), are initial angle of the first pendulum,
initial angle of the second pendulum, and initial
displacement of the spring and 6(0), ¢(0), #(0) are
initial angular velocities and velocity of the spring,
correspondingly.

The initial conditions are indicated as,

0(0) = 01,0,

#(0) =020, x(0) =m0,  (55)

0(0) =610, ¢(0) =0y, @(0)=io.  (56)
These conditions define the starting position and ve-
locity of each system component. For this nonlinear

pendulum system, the equilibrium points (or rest
positions) correspond to the angles and displace-

ments at which the net forces or torques are zero.

For 0, ¢ and x such points are obtained as,

. Bix

mygLy sin(0)+ Bz = 0 = sin(f) = -
1911

(57)

_ 521‘
maogLy
(58)

magLy sin(¢) + fax = 0 = sin(¢) =

b+ 9

kx+710+71¢p=0=>2= .

(59)
These conditions determine the values at which the
system returns to rest or when external forces bal-
ance out the internal kinetics.

For the periodic oscillations, the boundary condi-
tions are obtained as,

#(T) = &(0), (61)

where T is the period of oscillation. These bound-
ary conditions indicate that the system returns to
its initial state after a time T, corresponding to pe-
riodic or quasi-periodic behavior. Stability around
equilibrium points can be understood by using the
linearized version of the equations near these points.

p B1 g
0 =0 = 2
+m1L1x+L1 0, (62)
k
it 04+ — 20 (63)
ms ms

To extend the analysis based on the Van der Pol
oscillator further, the stability analysis of the de-
rived solutions are performed. Analyzing the Van
der Pol oscillator system’s stability near fixed points
involves finding the fixed points of the system and
then examining the behavior of small perturbations
around these points. Let us analyze the Van der Pol
oscillator’s stability to understand the complexity of
the defined system, theoretically.

For asymptotic solutions, we can assume small an-
gles and we linearize the trigonometric functions
(sinf ~ 0, cosf =~ 1). The equations of motion
for the system can then be rewritten as,

myL30, +migLi0y + a1y + frz =0 (64)

mQLgéQ + m29L292 + C¥291 + 521' =0 (65)
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maE + kx + 101 + 7202 =0 (66)

(For mathematical convenience, in the Van der Pol
stability calculations, the parameters of the are con-
sidered as, here 6; = 6 and 05 = ¢. Later it can be
mapped back to the real values.)

Fixed points occur where the derivatives of 61, 05,
and z are zero:

01 =0,=i= (67)

0, =0,=i=0 (68)

Substituting these into the equations of motion:

mlgL101 4+ a10s + 1z =0 (69)
magLobls + asth + Box =0 (70)
kx + ’}/191 + ’}/292 =0 (71)

Here we have analyzed the stability of the triple
pendulum system near its fixed points. To un-
derstand it better, we linearize the system around
small angles and small spring extensions, with the
assumption of sinf =~ 6 and cosf =~ 1. At the
fixed points, the system is in equilibrium, meaning
d=¢=v¢p=i=0and d =¢=1 =23i=0.The
angle 1 is treated as a dependent variable, as its
dynamics are governed by 6, ¢, and x. This simpli-
fication is valid for small perturbations around the
fixed points and lets us discuss the system’s stability
using linear methods.

These equations give the fixed points for (61, 63, x).
To linearize the system around fixed points, we ob-
tain the Jacobian matrix J as,

061 90, 96,
661 602 BZE
= | 892 90> 902
9% 9i O
691 602 ox

The linearized equations are obtained as,

A mlng Qg b1

01 = 01 — 0y — 73
! m1L2 mlLf 2 mlL%x ( )
. )’

b, = — mag 29 S 0, B2 (74)

— T
mo L2 mzL% mo L%

j:_ix_lgl_

2y, (75)
ms ms ms

The Jacobian matrix J at the fixed point (0,0,0)
become,

0 10 O 0 0
_”zllg 00 m1L2 m[flLf 0
0 00 1 0 0
J= m 76
_#ZLQ 00— 29 0 mﬁTQLg ( )
0 00 0 0 1
_ _ kN (_22
2200 0 (=55) (=2)

The stability of the fixed points can be determined
by the eigenvalues of the Jacobian matrix. We can
solve it for the eigenvalues as, A of J.

det(J — AI) = 0 (77)

From this characteristic equation and the eigenval-
ues, the stability can be analyzed. It can be iden-
tified as If all eigenvalues have negative real parts,
the fixed point is said to be stable. If any eigenvalue
has a positive real part, the fixed point is considered
as unstable. The complex eigenvalues with negative
real parts show a stable spiral.

For small angles, 6, 02, and small spring ex-
tensions z, we can approximate sin(d) ~ 6 and
cos(f) =~ 1. This simplifies the complex equations
and makes them to be more tractable.

mlL?él + mlgL101 + ,Ul(l — 9%)01 + 04192 +,81.’L’ =0
(78)

maL302 +magLabs + pa(1 — 03)02 + azby + oz = 0
(79)

msi + ka + p3(1 — 2%)d + 71601 + 7202 =0 (80)

From equations 49, 50 and 51, for small 8, 05, and
x, the nonlinear terms (1 — 6?) and (1 — 2?) can be
approximated as constant for small perturbations.

The solutions are assumed to be in the form:

91 (t) = @16“”5 (81)
92 (t) = @Qeth (82)
z(t) = Xet (83)
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Substituting these into the linearized equations
will lead to the following equations.

b1

mlL%

H1 w
mlLf

a1

X=0
mlL%

(84)

O+ O+

—w2@1—|—i91+i
Ly

P2

mo L%

Lo
maols

a2

(C]
QL% 1+

X=0
(85)

—w2@2—|—i62+z 2w@2—|—
Ly

k
X—|—27 X+7@1+
ms ms ms

—W X4+ — @2 =0 (86)

We have mapped the following as the generalized
coordinates. 61(t) as the Angle of the top pendulum
(Arm 1). (t) as the angle of the second pendulum
(Arm 2). z(t) as an extension of the spring. The
eigenvalues will give the stability of the solution. To
find the stability of the system we can analyse the
experimental data of the system.
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