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Abstract

We present our approach to the study of dynamic sys-
tems having smooth first integrals. The approach is
based on the Routh-Lyapunov method for the analy-
sis of dynamic systems of the above type and computer
algebra methods.
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1 Introduction

The approach can be described as follows. We find
stationary sets for the differential equations of a prob-
lem, i.e., the sets of any finite dimension, on which the
necessary extremum conditions of first integrals in the
problem under study are satisfied. Zero dimension sets
having this property are called stationary solutions, and
nonzero-dimension sets are called invariant manifolds
(IMs). Further, we investigate the properties of such
sets (stability in the sense of Lyapunov, bifurcations
and etc.).

In this talk, our approach is demonstrated by the study
of two problems: Euler’s equations on Lie algebras and
the problem of motion of a rigid body in two force
fields. Similar problems arise, e.g., in space dynamics
[Sarychev, Gutnik , 2015], quantum mechanics [Adler,
Marikhin, Shabat, 2012], [Smirnov, 2008].

2 Euler’s Equations on Lie Algebras
The differential equations of the problem can be writ-
ten as [Borisov, Mamaev, and Sokolov, 2001]:

s1=a(r1s2—aryrs)—(Brs—s2)(fBra+s3),
$o=P (Brirs—ras1)+(ars—s1) (ari+s3),
Sg = (,87"1 — 017“2)83,
71 = ro(ary + fra + 253) — 1382

—z ((0® + B*)r3se + Bs3)
7o = 1351 — r1(ary + Bra + 2s3)

+x ((02 + B?)r3s1 + asj),
T3 = 1182 — 281 + (881 — as2)s3.
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Here 7;,s; are the phase variables, «, 3,z are some
constants.

Equations (1) can be interpreted as the Kirchhoff
equations for the motion of a rigid body in ideal fluid
for z = 0, as the Poincaré-Zhukowskii equations for a
rigid body with an ellipsoidal cavity filled with a lig-
uid for x = 1, and as the Euler equations on the Lie
algebras so(4) and so(3,1) forz > 0 and z < 0, re-
spectively.

Equations (1) have the following first integrals:

2H = 5% + 83 + 2(ary + PBra)ss + 253
—(a? + B?)r3 = 2h,

V1 =17181 + 1282 + 1383 = Cq1,

Vo =712 +73+7r+2(s? + 53+ 53) = ca, )
Vi = z(Bs1 — as2)?s3 + (r1s1 + 7’252)((042
+62)(r151 +ras2) + 2(asy + Bs2)s3)
+53(s1 + 53 + (ary + Bra + s3)%) = cs.

The problem is to find the stationary sets (both zero
and non-zero dimension) for equations (1) and to in-
vestigate their stability.

2.1 Finding Stationary Sets

The method of obtaining the stationary sets for equa-
tions (1), which is used in this work, reduces this prob-
lem to solving a system of polynomial algebraic equa-
tions with parameters. In order to find the desired so-
lutions, we construct the linear combination from first
integrals (2)

2K = 2)\0H — 2)\1‘/1 — )\2‘/2 — >\3V3, ()\z = COHSt)
3)

and write down the conditions of stationarity for the
integral K with respect to the phase variables r;, s;:



5‘K/851 = 51)\0 — 7"1)\1 — I’Sl>\27
((012 + ﬁQ) T1 (T1$1 + 7"282)
+ (argss + 11 (2as1 + Bs2)) s3+
((1 + xﬁ2) S1 — xozBSQ) 33) A3 =0,
8K/652 = 52)\0 — TQ)\l — x52>\27
((Oé + 52) ro (1181 + T282)
+ (Bris1 + 12 (s + 2Bs2)) 53+
(s2 + xa(—Bs1 + asz)) s%) A3 =0,
8K/853 = (011"1 + Bry + 283) Ao — 31—
xs3hg — ((asy + Bsg) (r151 + rase) +
((am + Bra) 2 + (1 + xﬁz) 52 — 2z 35189
+ (1 + xon) s%) s3+
3(ary + Bra) s3 +2s3) A3 =0,
8K/8r1 = OzSg)\Q — 81)\1 - 7“1)\2—
((a2 + 52) s1(r1s1 + res2) + 51 (asy
+8s2) s3+a(ar +Bra) s3+asi) A3 =0,
3K/8r2 = 583)\0 - 82>\1 — 7’2)\2—
((a2+62) So (r181+7282) + s2 (asy
+Bs2)s3 + B (ary + Bra) 53+ Bsy) A3 = 0,
0K [Ors = (0&24—62) r3Ao+83A1 + 13X =0

“4)

These equations allow one to determine both the sta-
tionary solutions and the IMs for equations (1).

2.2 Solving Stationary Equations with respect to
Phase Variables

For equations (4), we find both general solutions (ex-
isting without any restrictions on the parameters) and
particular solutions (existing under some conditions
on the parameters). For this purpose, we construct a
Grobner basis for system (4) with respect to the phase
variables. After a factorization the basis has the form:

(a151 + ags2 + a3$3) (a4 + a5sf + (ZGS%
+a78183 + agS283 + agsg) =0,

53 (a1051 + a1183) (a12 + a1387 + 41453
+a155183 + a165283 + a17s3) =0,

53 f1(s1, 82,53) = 0, J2(s1,52,83) =0,
f3(s1,52,83) =0, 53 fa(s1,52,53) =0,
f5($1,82,$3) = 0, S3 f6(81,82783) 0
aigr2 + f7(s1, 52,53) =0,

aigr1 + f3(s1,52,53) =0,

asor3 + as1s3 = 0.

(&)

Here f; are the polynomials of the 4th-6th degrees, a;
are the polynomials of Ao, A\1, Ao, A3, x, «, B.

System (5) is decomposed into several subsystems.
We have computed a lexicographic Grobner basis for
each of the subsystems. Below, some of these bases
are represented.

(a4 B2 N\3x 15 — 2% kT3

—5—044/{()\% + /\gn) =0,

ary+ Pre =0, r3 =0,s3 =0,

Ak sy — a?Blakra + By s =0,

a? M\ kso + ook e — Xr% =0,

where kK = Ao — )2, X = (a2 + B?)% X\ )s.

b308381 (b3183+b35)8351 (b3283 + b2283
+b10)8381 (b3383+b2133+b983 + b16)8381
+b34$3 —+ b20$3 -+ b583 -+ b753 + b14 = O
(b2883+b4)8382 +bg78381 (b3883+b41)838%
+(b3gs] + b1gs3 + b12)s3s1 + baos§
+ba353 + by s3 + b1z = 0,
byss37ro + b428§$% + 83(b43$§ + b46)81
+b448§L + bggsg + b13 = O,
83(b2783 —+ b3)7"1 —+ b3683$§
(b2583 + b18)8381 (b2483 + b283
+b11)8351 + bogs§ + bgss+bssi+bis =0,
ba7rs + bagss =0,

)

where b; are polynomials of A, =, o, 8.

We can obtain the information on dimension of the
solutions and find the solutions directly from the above
bases.

System (6) has the finite number of solutions: 4 gen-
eral solutions. Below, some of them are represented.

iﬁ\/ (p+X1Vd) /X3
Z+/BZ b
rg = :F (p(;?g)/ks7 r3 =0,
V(p+A1Vd)/(dAs)
s1 = :F’B (pmﬁz))/(“g’)’ ¥
_ 4o ay/ (p+A1Vd)/(d Xs3)
(O¢2+ﬂ2
wherep Ao — TAo, d= —p/)\g

These are the families of stationary solutions of equa-
tions (1) parametrized by \;.

System (7) has infinitely many solutions. For finding
the general solutions of equations (7), it is necessary
to solve an equation of 4th degree. In this case, the
solutions will be bulky.

Here, we restrict ourselves the particular solutions of
this system, which were obtained for A\; = 0. Below,
some of these solutions are represented.

r1 = (Bo + ap)o/((® + %) A3s3),
ry = —(ao — Bo)o/((a® + B%)Azs3),
ry =0, ©)
s1 = t(ao — Bo)V A2 /((a® + ) Ass3),
= +(Bo + ag)Vi2/((a® + %) A3s3),

where o = VAo — dex — A3s3, o =
V(a2 + B2)zA3s52 — 02 Solutions (9) are the
families of one-dimensional IMs of equations (1).

2.3 Solving Stationary Equations with respect to
Some Part of Phase Variables and Parameters

Let us consider another technique for finding the so-
lutions of equations (4). Using this technique, it is
possible to obtain IMs together with the first integrals
of differential equations on these IMs. The latter al-
lows us to set the problem for finding and analysing the
stationary sets of these differential equations. Follow-
ing this technique, we have computed a lexicographical



Grobner basis for equations (4) with respect to the vari-
ables 73, 52, A1, A2, Ag. As aresult, we have obtained
a basis which is decomposed into two subsystems:

Ao — Az (arp 4 fBra +s3) 53 =0, Ay =0,
adr + (a® + B%) Az (aris1 + fras:
+5153) =0,

ass — fs1 =0, arg —s; = 0.

(10)

b12A3 + baXo + by = 0,

bisAa + bz Ao + by = 0,

b11 A1 + bgAg + bg = 0, (11D
b1os2 + b1ado + bs = 0,

bgrs + b13Ag + b3 = 0,

where b; are polynomials of s, s3, 71, 72, A3, x, a, (3.

It is easy to see that system (10) has one solution, and
system (11) has two solutions.

The latter two expressions of (10) determine the in-
variant manifold (IM) of equations (1).

The differential equations of vector field on this IM
are given by:

51 = (Br1 — arg)sy, $3 = (Bri — arz)ss,

i1 = ariry + 2ras3 — Bst(B%r +1)/a?
+B(r3 = (51 + 53)), (12)

7o = —ar? —ri(Bra + 2s3) + a(s? + s3)x
+s2(B%x + 1) /a.

The first three expressions of (10) are the first integrals
of equations (12).

The general solutions of system (11) are bulky, here
we represent the particular solutions obtained when
s3=0:

g S1 T151 0
—_—, S = ——_ §q =
roary — Bry)’ 2 ry T

Ao =0, A1 =0, A2 =0;

r3 =

281

y 83 = 07 >\0 =
1 1

Noosi(s? — (a2 + B2)(r3 — s?a))
AL = 2 2
ri(ri — siz)

r3 =0, s =

=

30 st
1 2, .2
Ay = =55, (Where 0 = r{ +13).
r{ —TrisiT

The first three expressions of each of the above solu-
tions define the IMs of equations (1), and the latter
three expressions of each of the solutions are the first
integrals of differential equations on these IMs.

2.4 Parametric Analysis of Stationary Sets

Using Grobner bases technique, we have found a se-
ries of the solutions of equations (4) under some condi-
tions imposed on the parameters.

For the case \g = 2 X2, Ay = 0, z = —1/(a? + 82),
the solution

as3 Bs3

arp T Ty =0 1Y

r =

has been obtained. It represents the 3-dimensional IM
of equations (1).
For the case A\g = 0, \; = 0, Ay = 0, the solution

Bro+ar; +s3=0, 851 —ass =0

has been found. It represents the 4-dimensional IM of
equations (1).

It is easily verified that the above solutions pass
through the zero solution. The elements of the fami-
lies of one-dimensional IMs (9) also pass through the
zero solution when A\g = A1 = Ay = 0. So, the zero
solution is a bifurcation point.

2.4.1 Stability of Stationary Sets. Let us inves-
tigate the stability of both the zero solution and
the IM which passes through this solution by the
Routh-Lyapunov method [Lyapunov, 1954]. In sim-
ple cases, the problem is reduced to verifying the sign-
definiteness conditions for the 2nd variation of integral
K (3) obtained in the neighbourhood of the solution
under study.

The 2nd variation of the integral K in the neighbour-
hood of the zero solution can be written as:

202K =—Xoyi — Aoy —((a?+5%) o
+X2)y3 — 2M1y1ya + (Ao — Aez)yd
—2X192y5 + (Ao — Xoz) Y2 + 2 X\oy1Ys
+2BXoy26 — 2M1Y3ys + (2A0 — Xox)yg-

(14)

Here y; are the deviations of the perturbed solution
from the unperturbed one.

Using Sylvester’s criterion, we can write down the
conditions for the positive definiteness of the quadratic
form 52K as

A2 <0, Dy <0, (a®+ BAHA2(\g — x)2)
FD1(2X0 — zAe) < 0, (15)
(Dl + Dg)\o)(A% + DQ()\O — LL‘)\Q)) > 0,

where D1 = A%+>\2()\07.’£>\2), DQ = (O[2+ﬁ2))\0+)\2.
Inequalities (15) are compatible under the following
constraints imposed on the parameters \;, «, 5, x:

a#0and 8 # 0and A2 < 0 and (()\0>0

2
and)\g + #ZW <0and xz > %) (16)

or (Ao <0Oandz > M))

Conditions (16) are sufficient for the stability of the
zero solution.
Further, let us investigate the stability of IM (13).



The variation of the integral K = 20 H — AoV —
A3 V3 in the neighbourhood of this IM is

20K = —Xoys — Aoys — As(owz + Bys)?s3
—(a® + B*)As(s1y2 + s2y3)>.

Here y3 = 71 + as3/(a®>+8%), y2 = ro +
Bs3/(a® + B?), y3 = r3 are the deviations of the per-
turbed solution from the unperturbed IM.

Next, we introduce the following variables z; =
(oo + Bys)s3, 2o = S1y2 + s2ys. The AK in the vari-
ables yo, 3, 21, 22 has the form: 2AK = —)\g(yg +
y3) — As(2f + (2 + 2)23).

The latter quadratic form is sign definite with respect
to the variables y, y3, 21, 22 when the following con-
ditions a? 4+ 82 # 0and Ay > 0,X3 > 0 (or
A2 < 0,A3 < 0) hold. Hence, these conditions are
sufficient for the stability of IM (13) with respect to the
variables v, ys3.

3 A Rigid Body under the Influence of Two Force
Fields

The rotation of a rigid body around a fixed point in
uniform gravitational and magnetic force fields is con-
sidered. The distribution of mass in the body corre-
sponds to the Kowalewski integrable case.

The equations of motion of the body in a coordinate
system which is rigidly attached to the body and its cen-
ter is at the fixed point can be written as:

2p =003 +qr, J1="7r — 130,
2q = zoYy3 —pr, Y2 =3P — M,
7= —bdy — 2072, ¥3 = 119 — V2P; (17

{51 = Gor — 03¢, 0o = d3p — 0y,
03 = 81q — dap.

Here p, q, r are the projections of angular velocity vec-
tor onto the axes related to the body, 71,2, v3 are the
direction cosines of upward vertical, d1, d2, d3 are the
direction cosines of the vector of constant magnetic
moment, parameters xg, b are proportional to the co-
ordinate of the mass center of the body and the coor-
dinate of the vector of constant magnetic moment, re-
spectively.
The equations admit the following first integrals:

2H =2(p? + ¢%) + r?+2(woy1—bd2) =2h
Vi=(p*—¢*—zom — b82)* + (2pg—z072
+b61)2 =c1, Va=77+73 +13 =1, (18)
Vs=01+05+05=1,

V4 = ’}/151 + 7252 + 73(53 = C3.

When b = 0, the system under consideration corre-
sponds to the Kowalewski integrable case.
On the invariant manifold of codimension 2

p?— > —x071—bdy =0, 2pg—x0Y2+b5; =0 (19)

system (17) has an additional cubic integral [Bogoy-
avlenskii, 1984] and is completely Liouville integrable.
Further, we study the above differential equations writ-
ten on IM (19):

2p =qr+bds, 51 =182 — qds,
2q = woy3 —pr, 02 = 03p — 017, (20)
7 =-2(pq+0bd1), 03 =019 — d2p,

zoy3 = —((P* + ¢*) g+ b(pd1 + qd2)).

The first integrals of equations (20) are given by

2H—4p +1r2 —4bé, = 2h,
Vy = V2 + (2pq+2b51) + (¢ *pw;rbéz) -1

%_ﬁ+ﬁ+ﬁ_1 21
MZMJFW

> 03 = Ca,
2Vs=(p? 4+ ¢°®) r — 2xopy3 + 2bg I3 =m

Within the framework of the study of the phase space
of system (20), we state the problem to find IMs of this
system for their simplest classification and to investi-
gate their stability.

3.1 Finding Invariant Manifolds
Likewise as above, we construct the linear combina-
tion from first integrals (21)

2K = MNoH — M Vo — AoV — 2X\3Vy — M Vs, (22)

and write down the necessary conditions for the inte-
gral K to have an extremum with respect to the phase
variables Psq;7 73, 617 625 63:

DK /0p = Ahop — 2\ [(p%+4¢° ) p+b(g01—p )]
3
2Rl ta8) 4\, (w09 — pr) =0,
0K |0q = _2/\1 [(P*+4° )q+b (pd1+qd2)]
+2a(ghiple) _ (qi; péa) )\4 (qr +bd3) =0,
(9K/87’=2/\07’—/\4( )ZO,
0K [0y3 = —A173 — A3 53 + Agwop = 0, (23)

DK |5, =
A3 (*—q?) =0

o ?
OK /965 =—2bXg — Ao 62—
2>\3pq =0,

8K/863——)\2(53—)\373—)\4bq—0

A1b(2pq+bé
,l(l;g 1)7)\251

b (%> —p%+bd2)

We shall find the solutions of stationary equations (23)
with two procedures. The 1st procedure is based on
solving these equations with respect to some part of the
phase variables and the family parameters of the inte-
gral K. This technique was already used in the given
work. The 2nd procedure finds new IMs by eliminating
the family parameters from the known solutions of the
stationary equations. Both techniques provide a possi-
bility to reveal embedded in one another IMs.



3.2 Applying First Procedure

We find the IMs of various dimension for equations
(20). Since first integrals correspond to IMs of codi-
mension 1, let us begin with IMs of codimension 2.
To this end, we take, e.g., d1, d2, A1, A2, A\g, A4 as un-
knowns, and construct a Grobner basis with respect to
the lexicographic ordering ;1 > do > Ay > Ay > g >
A4 for the polynomials of system (23). As a result, we
have the following system:

A191(Ps ¢ 1,73, A3, A1) = 0,92(p, q,7, Ao, Aa) = 0,
93(q,73,603, A2, A3, Ag) = 0,

94(p, 73,03, A1, A3, Ag) = 0,

95(P, 4,7, 73, 02,03, A3, A1) = 0,

96(P, 4,7, 73,01,03, A3, A\g) = 0,

where g;(j = 1,...,6) are the polynomials of the ba-
sis. The resulting system is bulky, therefore it is not
represented explicitly here.

The system can be decomposed into two subsystems
represented below.

Subsystem 1:

Asbzo(o — 2(p° + ¢*)pg) — As(zoys(2p(p?
+q2) + .’E()’Yg?") +b (b O3r

—2q (p* + ¢*)) 03) = 0,

2Xobxo (0 — 2(p* + ¢*) pg)) T — A3 (P

+q2) (xO 3 (2p (p2 + q2) + o3 T) (24)
+b(b537“—2q (P* +4¢?)) d3) = 0,
/\2960( (P*+ ) pa—o0) +Asb(2(p?

)(1 —Qz) 0,
( (r*+q )pq—@)+/\3xo( (p?
+q )p? + 02) =

2b( 2 q2
—2(p* +
x(2p (p* +
—2b (p )51

—zoy3qr = 0.

)r 52+b(br53r+q(

q )))53—( T —20Y3)
¢*) +xoysr) =0, (25)
—p2q (P> + ¢*) + bd3r]

Subsystem 2:

A =0, Ag =0, —(A\2d5 + Agy3) = 0, }

—(A1y3 + Azds) = 0, (26)

(x3v2 + % 62) 62 — (2m0y3p ¢
+b (p*> — ¢*) 03) 65 = 0,
(%73 + b2 63) 61 + (2b63p g — 20 Y3(p?
q?)) 63 = 0.

27

Here 0 = (bd3p — w03 q) 1, 02 = (bd3q + zov3p) T
Let us analyze the equations of subsystem 1.
It can be easy verified by IM definition that equations
(25) define the IM of codimension 2 for differential
equations (20).

The equations of vector field on IM (25) are given by:

2p=qr+0bd3, 24=x07y3 — pr, 7= 5%,
o _ blbgr 5321(223 :2q+21(2)q —r?)] 83 + p'yraq
—2(p%+

+(x0723,1,0 ((p2+qq2) ) ) (28)
5 _ [brés—2(p°+¢®)qlpds 1

B 2(p2+g*)r 2b
+m[mp(2p (P°+q*)+zovs )

2b (p%2+q?)r

From (24), we find the values for Ag, A1, Ao, A4, which
are the first integrals of equations (28).

In a similar manner, we have established that equa-
tions (27) also define the IM of codimension 2 for dif-
ferential equations (20), and the values of A1, A5 found
from the two latter expressions of (26) are the first in-
tegrals for the equations of vector field on this IM. Ob-
viously, these integrals are dependent. We have also
found the families of IMs of codimension 3, 4 and 5.

Let us consider the latter. In order to obtain this fam-
ily, we take 61, d2, 93, 3,7, A\g as unknowns, and con-
struct a Grobner basis with respect to the lexicographic
ordering 61 > d2 > d3 > v3 > 1 > A for the poly-
nomials of system (23). A result will be the following
system:

)\0(4)\1)\2 — 4)\2) + )\4041 (29)

Asarr —2as (p* +¢%) = 0,

—a2y3 — A (A3bq + Aawop) =0,

a2 03 — A (M bg+ Aszop) =0,

201 g Gy — 2M1 a2 b (p? — ¢?)

+4A3 aa wopq + A\ ap bad =0,

—a1 01 — 2M1bpq — A3 (p2 - q2) =0,

(30)

where o = )\1[)2 + )\2{17%, Qg = )\% — AMAs.

Equations (30) define the family of IMs of codimen-
sion 5 for differential equations (20). The parame-
ters of the family are A1, Ao, A3, A\y. This family pos-
sesses an extremal property: the integral K (22) takes
a stationary value on the elements of the family when
Ao = —A3a1/(4az) (this value is found from equation
(29)).

Obviously the solutions found by the described tech-
nique will be related. Indeed, on substituting expres-
sions (30) (resolved with respect to d1,0d2,03,73,7)
into equations (27), the latter equations become identi-
ties. Hence, we can conclude that the elements of IMs
family (30) are submanifolds of IM (25).

Thus, the procedure presented above allows one to
find the embedded in one another IMs families. In the
case considered, the latter is caused by the technique
applied. In general case, this technique enables us to
classify IMs on the basis of their embedding and de-
gree of their degeneration.

The IMs families found for the differential equations
written on IM (19) can be “lifted up” as invariant into
the phase space of system (17). To this end, it is suffi-
cient to add the equations of IM (19) to the equations
of the IMs families.



3.3 Applying 2nd Procedure

Let us eliminate the parameter A4 from equations (30)
with the aid of one of the equations, e.g., the first. The
value of \4 found from this equation is

205 (p? + ¢?)
= —_—— 1
A Qg T S

Next, construct a lexicographic Grobner basis with re-
spect to the lexicographic ordering §; > do > 63 > 73
for the polynomials of a resulting system (after elimi-
nating \4 from equations (30)). The system obtained

a1 y3 7+ 2(p* + ¢%)(Asbg + Aawop) = 0,

a1 763 — 2(p% + ¢*)(A\1bg + Az3xp) = 0,

afr? 0y + an [Mib (¢ — p?) + 2X3 29 p g (32)
xr? — 2a5(p? + ¢?)? = 0,

—a1 01 — 2bA\ip g + Aszo(q® — p*) =0

defines the IMs family of codimension 4 for the ini-
tial differential equations, which is parameterized by
A1, A2, As.

Expression (31) is the first integral for the equations
of vector field on the elements of IMs family (32). The
latter is verified by IM definition.

The elements of IMs family (30) are submanifolds of
the IMs family found. This can be verified by direct
substitution of expressions (30) (resolved with respect
to 01, 02, d3, Y3, r) into equations (32).

The above example shows that the presented proce-
dure also provides a possibility to find embedded in one
another IMs families by eliminating the family param-
eters from the equations of known IMs families. In this
case, the resulting IMs family includes the initial one.

4 Conclusion

We have found and analyzed some part of the possible
IMs families of the problems only. For the exhaustive
analysis of the problems on the base of the presented
approach, it is necessary to study in detail the algebra of
the first integrals of these problems. In the given work,
we restricted our consideration to linear combinations
of the integrals.
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