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Abstract

Global asymptotic behavior of control systems with
periodic vector nonlinearities and denumerable sets
of equilibria is investigated. Distributed systems de-
scribed by integrodifferential Volterra equations and
discrete systems described by difference equations are
examined. New kinds of Popov-type functionals and
Lyapunov-type sequences are offered. New frequency-
domain criteria for gradient-like behavior of the sys-
tems are obtained.
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1 Introduction

Nonlinear systems with non-unique equilibria are
widespread among control systems, mechanical sys-
tems, electrical and radio-engineering systems. The
qualitative analysis of various systems with non-unique
equilibria generated a number of new stability prob-
lems and new Lyapunov-type theorems.

This paper is devoted to systems with denumerable
equilibria set and periodic nonlinear functions. They
are often called phase systems.

The stability of multidimensional phase systems was
for the first time investigated in [Gelig, Leonov and
Yakubovich, 1978], where two types of stability char-
acteristic of phase systems are considered. They are
Lagrange stability and gradient-like behavior, which
means that every solution of the system tends to a cer-
tain equilibrium state as the argument-time goes to in-

finity. In [Gelig, Leonov and Yakubovich, 1978] new
classes of Lyapunov functions specially constructed for
phase systems were introduced. They gave the op-
portunity to establish a number of sufficient condi-
tions for Lagrange stability and gradient-like behavior
of the systems. These conditions have often the form
of frequency-domain inequalities with varying param-
eters.

By means of special Lyapunov-type sequences all the
stability theorems for autonomous systems were ex-
tended to discrete phase systems [Leonov, Smirnova,
2000]. With the help of the method of a priori inte-
gral estimates and the Popov functionals they were ex-
tended to infinite dimensional phase systems [Leonov,
Ponomarenko and Smirnova, 1996].

Lyapunov-type sequences and Popov-type functionals
destined for discrete and distributed phase systems are
generated by the same technique as Lyapunov func-
tions for lumped systems. In particular, for the purpose
the technique of periodic Lyapunov functions [Bakaev,
Guzh, 1965], [Gelig, Leonov and Yakubovich, 1978],
[Brockett, 1982], [Perkin, Smirnova and Shepeljavyi,
2009], [Duan, Wang and Huang, 2007] is used.

In this paper the idea of generalized periodic Lya-
punov functions from the paper [Perkin, Smirnova
and Shepeljavyi, 2009] is used to construct Popov-type
functionals for phase systems described by Volterra
integrodifferntial equations. For this type of sys-
tems a multiparametric frequency-domain criterion for
gradient-like behavior from [Perkin, Smirnova and
Shepeljavyi, 2009] is extended. As a result a gener-
alization of frequency-domain criterion of [Leonov,
Ponomarenko and Smirnova, 1996] is obtained. For
distributed systems a certain modification of general-



ized criterion is also proved.

This modification is spread to discrete phase systems.
The modification includes less number of variable pa-
rameters than the basic criterion. It is easier to apply it
to concrete systems.

New frequency-domain criterion is applied in the pa-
per to radio-engineering and mechanical systems. The
stability regions obtained by new criterion are com-
pared with results of other investigations.

2 Asymptotic behavior of distributed systems with
phase control
Let us consider a control system which is described by
a system of Volterra integrodifferential equations

t

o(t) = a(t) + Rf(o(t —h)) — /7(15 —7)f(o(7))dr.

0
1
Here t > 0,h > 0;0(t) = ||oj(®)|j=1,..0, a(t) =
la;D)l=1,...1» (o) = ll¢j(o;)lj=1,...1 are vector-

functions, R is a matrix and ||, (¢)||x,j=1,...,; is a ma-
trix function. For the system (1) the initial condition

o()lre(—n0 = °(t). )

is given.

We suppose that the following requirements are satis-
fied:

1. a;(t) € C[0,+00)()L1[0,400), a;j(t) — 0 as
t—4oo(j=1,...,0);

2. functions ~;, are measurable and e“~;;(t) €
L1[0, +00) (k,j=1,2,...,1) for acertain ¢ > 0;

3.00(t) € C[—h,0];

4. function ¢; (o) is a continually differentiable, A ;-
periodic function and

@;(o)do <0 (G=1,2,...,0); 3)

°t—r

5. function (o) has two zeros 01 < 02; on interval
0,A,) and

02 (015) (¢ (015))2 # 0
4)
6.

/ﬂmw¢R. (5)
0

System (1) is a phase system. It has a denumerable set
of equilibria. The basic characteristic of the linear part
of system (1) is the transfer matrix

(k=1,2;5=1,2,...,0

o

K(p) = —Re P + /’y(t)e*ptdt (pe C). (6)
0

Let us introduce diagonal matrices A; =
diag{aq1,...,aq;} and Ay = diag{as,..., a9}
where numbers o, aa; satisfy the inequalities

dp;(o)
do

Note that o125 < 0. Let us also introduce numbers

A
pj(o)do
vi= 3, (G=L...0, ®
Of|<Pj(U)|d0
Ay
[ ¢i(0)do
Voj = = °

Of\%(an\/(1—a;j1¢;.(a))(1—a;jl¢;(a))da )

We shall designate by symbol (*) the Hermite con-
jugation. We shall also use for n x n - matrix H the
denotation ReH = 1/2(H + H*).

Theorem 1. Suppose there exist such positive def-
inite diagonal matrices & = diag{ee1,..., e}, § =
diag{d1,...,01}, € = diag{e1, ..., e} and such num-
bers ay, € [0,1] (k = 1,...,1), that the following con-
ditions are satisfied:

1) for all w € R the inequality

Re {aeK(iw) — K*(iw)eK (iw) — (K (iw) + A7 tiw) " 7-
(K(iw) + Ay liw)} —6>0 (2 =-1)
(10)
is true;
2) matrices

XAV

Ek B 0
XEAEVE 5 XEAokVok
k P —
2 2
XLaokVE
0 72 Tl

where agr, = 1 — ay, are positive definite.
Then

or — 0, o —crpast— oo, (11D

where o (c) =0 (k=1,...,1).



Proof. Let o(t) be an arbitrary solution of (1) and T
be a positive number. Let us introduce the following
functions

Ofort <O

p(t)y =< tforte0,1] 3, (12)
1fort>1

n(t) = flo(t)), (13)

(t t<T
&rlt) = {Z(T)eMTt) (ST >1(A>0) } » (4
nr(t) = u(t)ér(t), (15)

or(t) = Rnr(t—h) — /’y(t —1)nr(T)dr, (16)
0

oo(t) = a(t) + (1 — u(t — h))REr(t — h)

¢ 17
— [ = uE)(t = Per(r)dr. an
0
For t € [0, T] we have
o(t) = oo(t) +or(t) (18)
Let nr(t) = lnrillj=1,...0o n(t) = Injllj=1....
or(t) = ||lorjllj=1,...;. It follows from the properties

of T]T(t),’}/ij(t) that
o7, Nrj,Nr; € L2[0,4+00) (j=1,...,1) (19)

foreach 7" > 0.
Let us consider a one-parameter set of functionals

oo

pr = Of {o5(t)eenr (t) + ni(t)0nr () + o (t)eor (t)+

+ (or(t) = AT ()" 7 (07 (1) — A7 (1) | dt.
(20)
By Parseval equation we have

+o0
pr =5 [ Ay (iw) + i) i)+
53 (iw)edr (i) + (57(iw) — AT (i)
7 (67 (iw) — Ay M (iw)) }dw,
1)

where by & (iw), fjr(iw), N7 (iw) the Fourier trans-
forms of o (t), nr(t), nr(t) respectively are denoted.
By means of equalities

or(iw) = — K (iw)ijr(iw), (22)
nr(iw) = iwip(iw)
we obtain that
'
pT =5 / 7" (iw)Re {eK (iw) — 6 — K*(iw)-
K (i) — (K (iw) + iwAT )7 (K (iw) + iwA5 )} -
|7 (iw) [Pdw

(23)
From the condition 1) of the theorem it follows that

pr < 0. (24
Let us represent the functional pr as follows:

pr = It + p1 + pa2r + p3r + par, (25)

where
T
Iy = / (6% 50 + 17" 5n + 6™ o™+ (26)
0
(6 - A7) (6 - Azt fd,
1
P /{(1 —ten+ (1— 2ot QD)
0
i AT T A Y — ()" AT T A
+6* (AT + A3 (i — 57)} dt,
T
por = /(_o—gaenT — 20" (e + 7)o+ (28)
0
oy(e+T)oo —oy (AT + AZY) myr) dt,
p3T = /J;(t)(g + T)O’T(t)dt, (29)
T
par = / (=ip A7 'ror + ofeenr + npdnr— (30)
T

oAy i + R AT T A ) dt.

It follows from the properties of a;(¢), vi;(t), nr;(t)
(k,j=1,...,1) that

PrT < Ck (k = 2a4)7 (€2D)]



where C' does not depend on 7'. From (24), (25), (31)
with regard to the positiveness of psr it arises that

It < Cs, (32)

where C'5 does not depend on 7.
Let us introduce functions

F0) = 50) = ) (33)
Di(0) = /(1 - ai () (1 — 03 @ (0)).(34)
Vi(o) = pi(o) — VOi‘I’i(J) lpi(o)] (35)

The functional I can be represented in the following
way

Ir = 32 [ {i16,(0,(0)04(0) + 5300, 1)+
+ 7;03(0(t))07 (t) } dt.

+e07(t)
(37)
From the definition of F; and ¥, it follows that

| T
It = Elf{aejajVjo(U)\dj(t) + &ja0;v05] 0 (o)
j=10

0;(0)05(t) + €63 (t) + 8503 (0 (1)) + 723 (05 (1))

F(t)}dt + é F%J‘%Fj(aj(t))dj(t)dﬂr
=1 o

T

{ aja0;vo;Wo;(0;(t))d; (t)dt] )

(38)
It follows from (36) that all integrals
T T
[ Fy(o;(#)é;(t)dt and [ W;(0;(0))o;(t)dt  are
0

0
bounded by constants which do not depend on 7.
This assumption together with (32) implies that

1 T
Z/{Bejajl/j\%(a)ldj(t)+88ja0jV0j|90j(Uj)\'
0

G5 (t) + €673 (t) + ;07 (05 (1)) + (39)
+7;0%(0; ()67 (t) } dt < C,

where Cg does not depend on 7'. By virtue of the con-
dition 2 of the theorem every sum which stands under
the integral sign in the left part of (39) is a positive def-
inite quadratic form of ¢;, |p;(0;)|, ®;(c;)d;. Then it
follows from (39) that

@3 (05 (t))dt < +o0, (40)

&3 (t)dt < +o0. 41)

o\ér o\g

It is proved in [Leonov, Ponomarenko and Smirnova,
1996] that (40) and (41) imply the validity of (11).

Theorem 2. Suppose there exist such positive
diagonal matrices & = diag{eer,..., &}, § =
diag{d1,...,01}, ¢ = diag{er,...,e1}, T =
diag{m,..., 7}, that for all w > 0O the frequency-
domain inequality (10) is fulfilled. Suppose also that
for varying parameters ¢, 65, &; the inequalities

2\/&']‘5]‘ > ‘ng‘%j (j = 1,...,[), 42)

where

foA pj(o)do

ng =

I’ m-(an + Z—ju —arle (o)1 -

43)
are valid. Then the conclusion of Theorem 1 is true.

Proof. Let us repeat the first part of the proof of theo-
rem 1 and prove that the inequality (32), where C5 does
not depend on 7, is true.

Let us now use the functions ®;, introduced in text of
the proof of theorem 1 and introduce the functions

1+ 2La2(0); (44)

Pj(o) = -

Yi(o) = pj(0) — vajlp;(0)|Pj(o).  (45)

Note that the parameters vo; can be rewritten in the
form

A
[ wj(o)do
vaj = & 0 (46)
S 1es( )do

a5, (0))do



Note also that

(47)

4
/Yj(a)do =0.
0

Let us consider the function which stands under the
integral sign in the functional /7 and transform it. Note
that

w6515 + 6;m7 + 75 (65 — a;'n;)(6;
=w;0;(Y(o;) + V2J‘77J|P (05))+

+6]777+7’J(I)2(0'j)0' + €563 62 = aejﬁij(aj)—i-
+(5.]77J + &ejva4(n;|o; P (UJ) +5J0 P (o ))

(48)
So
l T
Ir = 3 ([ 65(0)% (o0t +
+f( () + oy (D65 OP o)+ )

+6J a3 P2 (o(t))) dt).

By virtue of (47) we affirm that

T o (T)
[swvio = [ oo, < cu. 60
0

a;(0)

where C' does not depend on 7. On the other hand by
virtue of (42) the quadratic forms

857 (8)Fvazees|n; (8)|65(t) Py (o (t)) €565 PP os(t)))

(51
are positive definite.
So it follows from (32) and (50) that
T T
\/77]2 dt < 010, /0 dt < Clla (52)
0 0

where C19 and C7;7 do not depend on 7. Now we can
use the concluding part of the proof of theorem 1.

3 Gradient-like behavior of radio-engineering and
mechanical systems
1) Theorem 1 was applied to stability investigation of
a second order phase-locked loop with proportional-
integrating filter and time delay in the loop. In this case
m = [ = 1 and the transfer function has the form

1+ BTpe—phT

Kp) = 1+Tp

(T'>0,h>0,8€(0,1))
(53)

—1. 2
— Qg 77J)+5J‘7j =

For ¢(0) = sing — v (y € (0,1)); 8 = 0,2; h =
0,01;0,1;1 the estimates for the boundaries of lock-
in ranges on the plane {7,~} were obtained. These
estimates were compared with the lock-in ranges ob-
tained in [Belyustina, Kinyapina and Fishman, 1990]
by qualitative-numerical methods. It turned out that the
ranges received by means of theorem 1 have the same
structure as those in [Belyustina, Kinyapina and Fish-
man, 1990]. For T? < h~! the ranges obtained by
theorem 1 are 15-25% smaller than the ranges received
in [Belyustina, Kinyapina and Fishman, 1990].

2) Theorem 1 was also applied to the problem of self-
synchronization of two rotors on a vibrator with one de-
gree of freedom. The equations describing the change
of the slowly variable components O4(t) (s = 1,2) of
the phase of the rotor motion are

@2) - B 0, }
Q)+ =0

(54)
where I, I5, K7, K», 3 are positive parameters. The
self-synchronization of the rotors means that the dif-
ference 0 = ©; — O, tends to a zero of p(o) =
sinc — 8/A as t — 4o00. The system (54) can be
reduced to (1) withm = [ = 1, R = 0 and the transfer
function

11(3.:1 + K1@1 + Asin(®1 -
IQ@Q + KQ@Q - ASiIl(@l -

1 1
K(p)=A .
() ( T K + Tt KQ) (55)

In monograph [Leonov, Smirnova, 2000] various re-
quirements on the coefficients of (54) are given which
guarantee that the relations (11) are true. These re-
quirements are such that the conditions of theorem 1
are satisfied in case a; = 1(ag; = 0). Varying the pa-
rameter a; in theorem 1 we can weaken these require-
ments. Let us introduce the parameter

K1 Ko(KqIo + KoIn)

Y= TALL(K, + K»)
Suppose that
A KKy (K213 + K21%) .IlK2+IQK1
2(K1+ Ky) (K213 + K21%) LI,
(56)

In this case for A = 23 theorem 1 guarantees (11) if
y > 0,97 and theorems of [Leonov, Smirnova, 2000]
givey > 1.13

4 Discrete systems
Consider a discrete phase system

z(n+1) = Az(n) + Bf(o(n)),
on+1)=0c(n)+C*2(n) + Rf(c(n)) (57)
(n=0,1,2,...),



where A, B, C, R are described in section 2. We sup-
pose that the pair (A, B) is controllable, the pair (A, C')
is observable and all eigenvalues of matrix A are situ-
ated inside the open unit circle. All the properties of
f(o) are just the same as in section 2. The transfer
matrix K (p) for the linear part of system (57) has the
form

K(p)=-R+C*(A-pE,,)"'B (pecC), (58)

where F,,, is a unite m X m - matrix.

We shall present in this section certain analogues of
theorems 2 and 1. We shall need numbers ki; =

2041]‘ — Qigj and kgj = 20&23‘ - Qq; and diago-
nal matrices K1 = diag(ki1,...,ky;) and Ky =
diag(ka1, ..., ko).

Theorem 3. Suppose there exist such positive def-
inite diagonal matrices ¢ = diag{e1,...,&1}, T =
diag{m,...,7}, 8 = diag{d1,...,0;}, a diagonal

matrix & = diag {e1,..., 9} that the following re-
quirements are fulfilled:

1) forall p € C, |p| = 1 the inequality

*

Re Lk (p) ~ (K(p) + (0~ VKT )
T(K(p) + (- 1Ky ")} = K*(p)eK(p) =6 > 0
(59
is valid;
2) the inequalities

Q1EQ2k
1—
( k1xkog ) 2
(60)
where agr = aigp if e, > 0, and g, = aqp if &, < 0,
and

are true.
Then

where f(c) = 0.

Proof. The proof is based on the proof of theorem 5.4.1
from [Leonov, Smirnova, 2000]. Its first step is the ex-
tension of the state space of the system. For the purpose

EORe T (Qo, — 11)?
oy > TROOE 1+7k( 2k — k) )
ek |onk|ogg

we introduce the notations

z A B
=] i) r=|om)|
O * *
=7 b= R,
&i(n) = f(o(n+1)) = f(o(n)).
Then system (57) can be represented as
y(n+1) = Py(n) + L& (n),
o(n+1)=oc(n)+ D*y(n), (62)
(n=0,1,2,...).

The second step is to determine the quadratic form of
y € R™tland ¢ € R!

M(y,&1) = (Py+ L& )" H(Py + L&) —
y*Hy + y*LeDy + y*DeD*y + y* Lo L*y— (63)
(D*y — K{ '6)*r(Ky "¢ — D*y),

where H is a symmetric (m+1) x (m+1) matrix and ¢,
@, d, T are diagonal matrices from the text of theorem
3.

It follows from [Leonov, Smirnova, 2000] that if the
condition 1) of theorem 3 is true then there exists ma-
trix H = H* such that for all y € R™*! and ¢; € R!

M(y, &) < 0. (64)

Since all the eigenvalues of matrix A are situated inside
the unit circle and function f (o) is bounded we can af-
firm that sequence W (n) = y*(n)Hy(n), where y(n)
satisfies (62) is bounded as well.

Let us use functions Y; (o) which were introduced in
the proof of theorem 2 and define a Lyapunov-type se-
quence

! ox(n)
V(in)=Wn)+ Y e, [ Yi(o)do. (65)
k=1 04 (0)

Let us consider the difference

Vin+1)—V(n)=W(n+1)—W(n)+

l ok (n+1) (66)
Yer [ Yi(o)do.

k=1 or(n)



It follows from (64) that

W(n+1) - W(n) <
l
kzl{*aempk(dk( n))(ox(n+1) —ox(n))—

)
5k(0k(n+1)_ak( ))? = dweilon(n))—  (67)
T kT, (@k(ak(nJrl))—sﬁ (ok(n)))—
(ok(n+ 1) = ok (n))][ky; (0r(ok(n + 1))—
er(or(n))) = (or(n +1) — or(n))].

On the other hand we can establish the estimate
[Leonov, Smirnova, 2000]

ok (n+1)

r [ Yi(o)do < ap(pr(op(n))+
or(n)

Okler(or(n))])(on(n +1)—

or(n ))—I—aekaf( 14+ 0k)(o

. ((n+1) = ox(n))?

(68)
where
@k = |V2]€Pk(0—;gn)| (69)
and
<, <
1). 70
o1(n) S 0t S ou(n+1) (70
Note that
Qof — 1k
Dp0) < ———=. (71)
Vok |k
Hence

. — 2
Pi(0hn) < \/ T N5

€ja2k|a1k|

It is established in [Smirnova, Shepeljavyi, 2007] that

[kap (@r(on(n+1)) = pr(or(n)))—
<ak<n +1) — o(n))]

(k15 (o (0 (n + 1)) — or(ok(n)) -
(gk(ng 1) = o(n))]

> S S BE(h) (ok(n+ 1) = o(n)* =

= R (P2 (0},) = D3 (0k(n+ 1) = ok (n))*.

(73)
Formulae (66)-(73) imply that

l

<> 7% (74)

k=1

Vin+1)—

where

Beka()k (1+

(oop — am) Tk
1 _
V%\/ M |1 [ooker )
EkOélkOQk) (Jk(n—i— 1) —Uk( ))2_
k1xkor
orpr(ak(n)) — ex
+88k|1/2ké%( ( )

Q1O
kirkok
)P (0,

2(ak(n +1) = op(n)).
(75)
By virtue of condition 2) of the theorem we have that

V(n+1)=V(n) < =& |f(e(m)[* (% >0), (76)

where by |f| the Euclidian norm of vector f is des-
ignated. Since sequence W(n) (n = 0,1,2,...) is
bounded and functions Y (o) (k = 1,2,...,1) sat-
isfy (47) we can affirm that sequence V(n) (n =
0,1,2,...) is bounded as well. Then is follows from
(76) that the series

+oo
> 1f o)) (77)

converges. Hence

lim |f(a(n))[ =0 (78)

n—-+o0o

and consequently as soon as all eigenvalues of A are
situated inside the unit circle we can affirm that

lim z(n)=0. (79)

n——+oo

Then from (62) it follows that

on+1)—o(n) =0 as n— +oo. (80)

From (78) and (80) it follows that

on) =46 as n— +oo, (81)

with f(&) = 0. Theorem 3 is proved.

Theorem 4.

Suppose there exist such positive definite diagonal
matrices ¢ = diag {e1,...,e1}, 7 = diag{m,..., 7},
0 = diag{é1,...,0}, a diagonal matrix & =
diag{ee1, ..., } and numbers a;, € [0,1] (k =

P (o) (0k(n +1) = ox(n))?



1,...,1) that the requirement 1) from theorem 3 is ful-
filled and matrices

X
er, — ZrOk (g (1 + |vg])+ .
0
Qo — X1k ’ )
aok 1 SR—le 2
( vV lorg |azk
XVEaf 5 XLAokVok
ks - 5
2 2
0 XL Aok Vok A1 Q2
9

2 T k1koy
(82)

where agr, = 1 — a and «ay, are defined in the text of
theorem 3, are positive definite. Then the conclusion of
theorem 3 is true.

The proof of theorem 4 is alike the proof of theorem
3. It is based on the Lyapunov-type sequence

l ox(n)
Vin)=W(n)+ Y & (ak | Fi(o)do+
k=1 a1(0)
o (n) (83)
Aok f \I/k(U)dU y
a1 (0)
where the sequence W (n) is defined in the text of the-
orem 3 and functions Fj, and ¥y (k = 1,...,1) are
borrowed( f)rom the text of theor(er)n 1. The estimates
or(n Or(n
forar, [ Fir(o)doand agr [ ¥k(o)do are taken
G'k(o) O'k(o)

from [Leonov, Smirnova, 2000] and [Smirnova, She-
peljavyi, 2007] respectively. The full text of this proof
can be found in [Perkin, Smirnova and Shepeljavyi,
2009].

5 Conclusion

The paper is devoted to the problem of gradient-like
behavior for distributed and discrete phase systems.
The problem is investigated by two methods tradition-
ally used in absolute stability. They are the method of
a priori integral estimates for distributed systems and
Lyapunov direct method for discrete systems. In the pa-
per certain generalization of periodic Popov-type func-
tionals as well as of periodic Lyapunov-type sequence
is exploited. As a result new frequency-domain crite-
ria are obtained. They are applied to concrete radio-
engineering and mechanical systems. The new criteria
give the opportunity to improve the estimates for the
regions of gradient-like behavior in the space of param-
eters of the systems.
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