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Abstract

For distributed and discrete phase systems with vec-
tor nonlinearities the problem of cycle-slipping is de-
veloped. The method of a priori integral estimates and
Lyapunov direct method are combined with a special
technique. As a result certain frequency-domain esti-
mates for the phase error are obtained.
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1 Introduction

In this paper the problem of cycle-slipping for phase
control systems is developed. For the first time this
problem was set by J.J.Stoker [Stoker, 1950] for mathe-
matical pendulum which underwent the resistance pro-
portional to the square of its speed.

The problem proved to be rather important for vari-
ous engineering systems, i.e. for phase locked loops,
electric machines, synchronous tracking systems. The
Stoker problem for differential equations of first and
second order was investigated in a number of pa-
pers [Viterbi,1963],[Tausworthe, 1967],[Tausworthe,
1972], [Bozzoni, Marchetti, Mengali and Russo, 1970],
where several formulae for mean cycle-slip time were
obtained. In [Tausworthe, 1972] an asymptotic formula
for differential equations of higher order was also of-
fered.

For multidimensional phase control systems with a
scalar periodic function the problem of cycle-slipping
was studied in [Yershova, Leonov, 1983]. In this
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paper by means of Lyapunov direct method com-
bined with special Bakaev-Guzh technique [Koryakin,
Leonov, 1976] and Yakubovich-Kalman frequency the-
orem [Yakubovich, 1973] frequency-domain estimates
for the number of slipped cycles were established. In
monographs [Leonov, Reitmann and Smirnova, 1992],
[Leonov, Smirnova, 2000] the frequency-domain the-
orems of [Yershova, Leonov, 1983] were extended to
phase systems with distributed parameters described
by Volterra integro-differential equations. In papers
[Smirnova, Shepeljavyi and Utina, 2003],[Smirnova,
Shepeljavyi and Utina, 2006] the ideas and methods
of [Yershova, Leonov, 1983] were applied to discrete
phase control systems described by difference equa-
tions. All frequency-domain theorems were formu-
lated in terms of transfer function of the linear part of
control system. They contain varying parameters. A
frequency-domain theorem is the more effective, the
more varying parameters it contains.

In this paper phase systems with vector control func-
tion are treated. We consider here systems described
both by Volterra integro-differential equations and
by difference equations. For phase Volterra equa-
tions we present an extension of the theorems proved
in [Leonov, Reitmann and Smirnova, 1992],[Leonov,
Smirnova, 2000] to the case of vector control function.
The frequency-domain theorems are now formulated
by means of the transfer matrix of the linear part of
a control system. They contain matrix varying param-
eters. Just the same, for difference phase systems with
vector control function matrix analogues of the theo-
rems from [Smirnova, Shepeljavyi and Utina, 2006] are
obtained.



2 Phase control systems with distributed parame-
ters

Consider a system of integro-differential Volterra

equations

() = a(t) + Re(o(t — h))—

_ bfw o) dr >0, D

Here o = |lojllj=1,...1> a = |la|lj=1,..1,
(o) =|lp;(g;)|lj=1,..;. are vector-functions, R
is an [ x l-matrix, v = ||vi;l|ij=1,.... is an { x [-
matrix-function and h is a nonnegative number. The
initial condition for system(1) is as follows

o(t)je(—n,0) = 0 (t). )

Every function ¢;(0;) (j=1,..,1) is C', A;-
periodic and has finite number of simple zeros on
[0, A;). We suppose also that

pi(o)do <0 (j=1,..,1). 3)

O\QD

Let 15, a5 be such numbers that

< dvj(0)

a1 >
J o

<oy forall o € R, (@)

with apy; < 0< Qg . Let A; = diag{ozil, . ail}
(i=1,2).

We assume that functions a; and v;; (¢,7 =1,...,1)
aquire the following properties:

1) ajis C[0,+00), aj(t) — 0ast — 4o0;
2) there exist such a positive constant 7 that functions
a;(t)e"™, vi;(t)e™ are La[0, +00).

Let us introduce the transfer matrix of (1) from the
input ¢ to the output (—35)

—+o0

X(p) = —Re " — / V(e dt (peC). (5)
0

Let us introduce also several notations (j = 1,2, ...,1):

le) — {O'j c [O,A]) : (p]‘(O'j) > O}, (6)

Q§2) — {O'j c [07Aj) : <pj(aj) < 0}, @)

ry = / 10;(0)| dor ®)

(2)
2

2T 57,
J J

T+ ” (Q+X k1 gz ®aRa)

V]('l) (%7 k, Q) = 74T ,
i=1,2)
(10)
where & = diag{ees,...,&;}  with  &; >0

(j=1,..,1), Q € R, k is a natural number.

Consider an arbitrary solution of (1), (2) now. Let
&(t) = o(o(t)) and u(t), oo(t) be defined by the for-
mulae

0,t <0,
t,0<t<1 (11)
1,t>1,

p(t) =

oo(t) = a<t> + <1 — u(t — h))RE(t — h)—
g’ y(t —T1)E(T)) dT (12)
gy =

||UOJ||J 1.0)

(o

Note that functions &;, &;, éj are bounded on R
and a;(t), vi;(t) are L'[0,+00) N L2[0,+00). Let

o5l <5, Injl < @jo il < @1y [ a3(t)dt = ay,
0

[e.°]

[ (t)dt =75 (i,5 = 1,...,1). Letus introduce [ x[-
0

diagonal matrix parameters &, d, 7 and define the func-
tions

fi(t e, m,T) f{l— Yo ael+
N » (13)
+(1 = p?)¢ 17£+ (18)* T(pg) — & ré+
F(uE — )T A6 + 67 Ayr(pé — &)}t
t
fa(t e, 1) = [{pofet + 26*c0y—
0 . .
—205 A1 A6 + o ArTpé + (H€)* T Asog bt
(14)

where the symbol * is used for Hermitian conjugation.
Both functions are bounded. So

‘fl(tv%an77)+f2(ta$a7_)| <Q(387na7_)’ (15)

where () may be calculated by means of 7;, ¢;, @1,
Theorem 1. Suppose there exist such positive definite
matrices & = diag{ees,...,2;} €= diag{e1,...,e1},



n = diag{m,...,m}, T =diag{T,...,7;} and such
positive integers m, ma, ..., m; that the following con-
ditions are true:

1) for all w € R the matrix

II(w) = Re{ee* x(iw)
+(A1x(iw) + iwE)*T(iwE; + Aax(iw))}  (16)
X" (w)ex(iw) —n (% = -1),

is positive definite!;
2)

4e;8; > w2 (S))2 (20, my, Q) (i = 1,2;5 = 1,2, ..., 1).

(17)
Then for any solution of (1), (2) the estimates

loj(t) — o (0)] <m;A; (¢>0,5=1,...,1) (18)

are true.
Proof of theorem 1. Let T > 0 and o(¢) be an arbi-
trary solution of (1), (2). Let us introduce the functions

_ Ju0E@),t < T,
gT(t) - {Z(t)f(T)ec(Tt),t >T (c > 0), (19)

t
= —h)— — d
UT(t) RgT (t ) JPY(t T)fT(T)) T (20)
(or = llorjllj=1,..1)-
Note that
o(t) = oo(t) + op(t) fort e [0,T]. (21)

The properties of matrix-functions ¢, a and v imply
that orj,&érj,érj € L2[0,+00) N L1]0,+00). Con-
sider the functional

oo

pr = Of {ohabr + Esnér+ 2

+(Aror — &) 7(ér — Asor) + oheor} dt.

Denote by F[f](iw) the Fourier transform for a func-
tion f € L'[0,+00) N L?[0, +00). By means of Par-
seval equality we have

pT = 5% jfoo{F* lor]eeF[ér] + Fler] nF[Er]+
+(A1Flor] — Flér])*(Flér] — AsFlor])+

+F[0T]*EF[O'T]} dt,
(23)

THereafter ReH = 1/2(H + H*) for I x I-matrix H

Since
Flor)(iw) = —x(iw) F[¢r](iw) (24)
and
Flér)(iv) = iwF [ér] (iw) (25)
we have

+oo
pr =9z [ F*ér](iw)(w) Flér](iw) dw.
(26)
In virtue of condition 1) of the theorem

pr < 0. (27)

Let us represent the functional pr as the following
sum:

PT = IT + JT - fl(Tvaaan) - fQ(T,B’S,T)‘F
—l—fg(T,&‘,T) +f4(T,2€,€,777T),
(23)
where

T
It = [{o* &+ &*né + o*ed} dt, (29)
0

T

Jr = [{(A16 — €)*7(€ — Ag0)} dt, (30)
0

oo

f3(T,e,7) = [{oh(e — AjTAs)or} di+
T
T 3D
+ [{ogeoo} dt,
0

f4(T7 EE7577777—) = I{J;’%gT + f%nfT‘f'

(32)
‘o AiTér — E5TED + E5TAsor } dt.
Note that f5(T,e,7) > 0. Note also that
I . ,
Jr=>1 | milaay —¢}(0)(@)(0) — az;) dt,
a;(0)
(33)
and so in virtue of (4)
Jr > 0. (34)



Then it follows from (27) that for all 7" > 0
It < fi+ fa — fa- (35)
Hence
Ir <Q+¢gp forallT >0, (36)
where € can be made as small as we wish by the choice

of number c.
Let us introduce the functions

0\ (0) = (@) — v\ (e, mj, Q + <0) |50,

(37)
(i=1,27=1,..,1). (38)
The functional I can be represented as follows:
! (0 )
ITZijl x; f q)J (U)d0+zj:1ng (t)dt,
0;(0)
(39)
where
Z0(t) = w;050,(0) + £j02+
0 = wi0ye1() + <303 0
+T]j(,0?<0'j) — EEJ‘(I)]-Z (O’j)d‘j (Z = 1,2).
For the functions Z;i)(t) (1 = 1,2, = 1,..,1) we

have
2(t) = &56% + 0;0%(05) + wyvylploy. (1)

where VJ@ = z/j(.i) (ee,m;,Q + €¢). According the con-

dition 2) of the theorem the functions Z ]@ (t) are posi-
tive definite if ¢ is small enough. So

I T
/Zj(.’)(t) dt>0 (i=1,2). (42)
=10

j=1

Suppose now that there exists such a mo-
ment t; >0 that for j = ki, ko, .. k(1 <
k; < 0) Jj(tl) = Uj(O) + MjAj though
oj(t) < o;(0)+m;A; for te][0,t1). For all
JF ki (i=1,2,...,7) 0j(t1) < 0;(0) + m;A,. Then
for each j = k1, ko, ..., k- we have

o;(t1) o
e [ ®;(0)do=
a;(0)
o r
= &,;m; of P (o) da:$jmj(0f (o) do—

Aj
vV (@, my, Q + 20) [ (o) do) =
0

l
=Q+e¢eo+ Zqzl,q# wq Ry
(43)

For each j # ki, ks, ..., k- we have

aj(t1) aj(t1)

@ | ®(0)do =w,( [ ¢;(0)do-
70 a,-(tjj(O) (44)
D (w,my, Q+c0) [ |pj(0)do).
o;(0)

Let O’j(tl) = O'j(O) + mOjAj + ﬂj, where mo; < My
and ; € [0,4;). Then

aj(t1) A B

[ wilo)do =mo; [ pj(0)do+ [ pj(o)do=
O'j(O) 0 0
=mo;(v; — ') +7v; = I,

where

v= [ edr= [ el

(0,8,)n") (0,8,)n2?)

(46)
and
oj(t1)
pj(0)|do = mo;(v; +Tj) + (v +T5). 47)
a;(0)
We have
oj(t1) 0 T,
wj [ @7 do > ee(y; — T — 255l (v) +T5)) =
o;(0)
2025 (L7, —T575)
= 7S VI > *%jRj.
(48)
Consequently, in this case
; o;(T) o
Ip > 37 &, {0) @, (0)do > r(Q +€o)+
]
1 1
+r Zq:l aqRg — Zq:l ®qlg > (Q + o).
(49)

But this inequality contradicts (36). So our assumption
is false and

o;(t) < 0(0) + m;A, (50)

forallt >0andallj =1,2,...,1.
Just in the similar way by means of functions ‘I>§-2) (o)
we can prove that forall¢ > Oandall j =1,2,...,1

O’j(t) >0j(0)fmjAj. oy

Theorem 1 is proved.



3 The discrete phase control system
Consider a multidimensional discrete phase system

+Ca(n) 4 REM), (52

Here A, B,C, R are real matrices of order (m x m),
(m x 1), (m x 1), (I x 1) respectively. We suppose that
the pair (A, B) is controllable, the pair (A, C') is ob-
servable and all eigenvalues of A lie inside the open
unit circle. Vector function (o) satisfies all the as-
sumptions of the previous section. We shall also use
here all the designations concerning (o).

In this section we shall demonstrate for discrete sys-
tem (52) several assertions similar to theorem 1. They
are proved by Lyapunov direct method in the paper
[Smirnova, Shepeljavyi and Utina, 2007].

The transfer matrix of the linear part of system (52)
has the form

K(p)=C*(A—pE,)"'B—R (peC), (53)

where E,, is an (m X m)-unit matrix and a frequency-
domain condition may be for instance as follows:

Re{aeK (p) — K*(p)eK(p) —n} 20 |p| =1, p€ C,
(54)
where (I x [)-diagonal matrices &, € > 0, > 0 are
varying matrix parameters.
We shall need the notations

(=1t 1
) e QA o 25| Ry)
/(Lj (22, k),Q) = ST »(55)
i=1,2

We shall also need the following quadratic forms of
z€R™and ¢ € R:

F(Z,f) =

= £*0(C*2 + RE) + €€ + (Cz + RE(C™z + RE).
B(z,€) = (Az + BE) H(Az + BE) — 2*Hz + F(2,€),

(56)
Here H=H* is a (m xm)-matrix and
e = diag{e1,...,e1}, n = diag{ni,....,m} ,
@ = diag{e1,...,ee;} are real diagonal (I x1[)-
matrices.

If the condition (54) is fulfilled for some matrices
&, € > 0, 7 > Othen according to Yakubovich-Kalman
frequency-domain theorem [Yakubovich, 1973] there
exists a matrix H = H*, which guarantees that the in-
equality ®(z,£) < 0is valid for all z € R™, ¢ € RL.

Theorem 2. Let there exist such diagonal ma-
trices € >0, n >0, & and such positive integers

mi,ma, ..., my that the following relations hold:
1) Forall p € C, |p| = 1 the matrix

Re{xeK (p) — K*(p)eK(p) — n} (57)

is positive definite.
2) The inequalities

;[ 2 — 252 (14 ) (o0, my, 2 () H2(0))])] >
. 2
> [l e, my, 2 (0)H2(0)
(58)

(] =1,2,...,1,i =1, 2) with Qp; = Qg5 lf%j > 0, and
op; = o if ae; < 0 are true. Here H = H™ is just
such a (m x m)-matrix that ®(z,£) <0, Vz € R™,
¢ e R

Then for any solution (z(n),o(n)) of (52) with initial
data (2(0),0(0)) the estimates

loj(n) —o;(0)] <m;A; (1=1,2,....1) (59)

are true for all natural n.

The proof of theorem 2 is based on a special
Lyapunov-type lemma with Lyapunov functions of the
form “a quadratic form plus integral of a nonlinearity”.
The nonlinearity in Lyapunov function is constructed
by Bakaev-Guzh technique [Leonov, Smirnova, 2000]
intended specially for phase control systems.

Let us extend the state space of system (52) [Leonov,
Smirnova, 2000], [Koryakin, Leonov, 1976]. For the
purpose we introduce the notations

_ z _||AB 110
il -] o2
Ci =|C"Rl,  &(n)=¢(oc(n+1))—p(o(n)).

Here P is a ((m+1) x (m+1)) - matrix, L is a
((m +1) x 1) - matrix, C§ is a (I x (m + 1)) - matrix,
y is a (m + I)-vector and &; is a l-vector. Then
system (52) can be written as follows

y(n+1) = Py(n) + L& (n),

on+1)=0(n)+Cfy(n), n=0,1,2,... ©61)

Consider the forms of y € R™*! and ¢; € R!

®1(y,&1) = (Py + L&) Hi(Py + L&) —

—y*Hiy + F1(y,&1),

Fi(y,&) = y"LeCly + y* C1eCly+

Ty LnL*y + (A1Cly — &)1 (& — A2CTy),

(62)

where Ai = diag{ail,aig, vy ail} (7, = 17 2),
Hy=H; is a (m+1) x (m+1)) - matrix, and
e,n,&, 7 are real diagonal matrices with varied
elements.



Theorem 3. Suppose there exist such diagonal
matrices € >0, 7 >0, n > 0, 2 and such positive
integers mi,mo,...,m; that the following relations
hold:

1) Forall p € C, |p| = 1 the matrix

Re{zK (p) — K*(p)e ()—77

+(AL1K(p) + (p— DE) m((p— 1) E1 + A2K(p))}
(63)

is positive definite.

2) The inequalities

g [ 25 = =250 (1 + il (ee s,y (0) iy (0) -

2
=r)D] > [ sl (ae, i,y (0) Hay(0) )]
(64)
(j=1,2,...,1,i = 1,2) are valid, where H; = H; is
such a ((m + 1) x (m + [))-matrix that ®;(y,&;) <0
(y € R™ ¢ € RY) and

r< inf  y"(n)Hyy(n). (65)

Then for solution (z(n), o(n)) of (52) with initial data
(2(0), 5(0)) the estimates (59) are true for all natural n.
Remark 1. Notice that if the relation 1) of the theo-
rem is fulfilled then according to Yakubovich—Kalman
frequency—domain theorem [Yakubovich, 1973] there
exists a matrix H; = H;, which guarantees that the
inequality ®;(y,&;1) <0 is valid for all y € R™*,
& € R!.

Theorem 4. Let all the relations of theorem 3 be ful-
filled, except relation 2) which is substituted by the re-
quirement
2’) inequalities

g [ o5 — =550 (14 |l e, Ly (0) Fag O) )] >

2
> [aegu!) e, mj Iy (0) Hiy(0))
(66)
(j=1,2,...,1,i = 1,2) are valid with H; = H7 satis-
fying ®; <0 (y € R™*L & € RY.
Then for any solution (z(n),o(n)) of (52) with initial
data (z(0), 0(0)) the following limit relations are true:

z(n) — 0, o;(n) — 6; asn — +oo, (67)
where ¢;(6;) = 0, and

|Uj(0)—6'j| <mjAj (j:1,2,,l) (68)

4 Conclusion

Two types of multidimensional phase systems,
namely distributed systems and discrete ones are con-
sidered. By means of a priori integral estimates method

and Lyapunov direct method combined with Bakaev-
Guzh special technique frequency-domain estimates
for the phase coordinates are established.

5 Ackonowledgements
The research was supported by a grant of the President
of Russia (NS-2387.2008.1)

References
Bozzoni, E. A., Marchetti, G., Mengali, U. and Russo.
F. (1970). An extension of Viterbi’s analysis of the
cycle slipping in a first-order phase-locked loop. IEEE
Trans. on AES, vol.6, N 4, jul., pp. 484-490.
Koryakin, Yu. A., Leonov, G. A. (1976). The Bakaev-
Guzh technique for systems with several angular co-
ordinates, Izvestya Akad. Nauk Kazakhskoy SSR, N 3,
pp. 41-46.
Leonov, G. A., Reitmann, V. and Smirnova, V. B.
(1992). Non-local methods for pendulum-like feed-
back systems. Teubner: Stuttgard-Leizig.
Leonov, G. A., Smirnova, V. B. (2000). Mathemati-
cal problems of phase synchronization theory. Nauka,
St.Petersburg.
Smirnova, V. B., Shepeljavyi, A. I. and Utina, N. V.
(2003). Estimation for number of cycle—slipping in
discrete systems with periodic nonlinearity, Vestnik
SPbGU, ser. 1, vyp. 2(N 9), pp. 48-57.
Smirnova, V. B., Shepeljavyi, A. I. and Utina, N. V.
(2006). Asymptotic frequency-domain estimaes for
the amplitude of the output in discrete phase systems.
Vestnik SPbGU, ser. 1, vyp. 1, pp. 60-68.
Smirnova, V. B., Shepeljavyi, A. I. and Utina, N. V.
(2007). About the problem of cycle-slipping in dis-
crete system with periodic nonlinear vector function,
In Proc. Thrid International Conference ”Physics
and Control”. Potsdam, Germany, September 3-7,
http://lib.physcon.ru/?item=1248.
Stoker, J. J. (1950). Nonlinear vibrations in mechan-
ical and electrical systems. New York: Interscience
Publishers.
Tausworthe, R. (1967). Cycle slipping in phase-
locked loops, IEEE Trans. on Com. Technology,
N15(3), pp.417-421.
Tausworthe, R. (1972). Simplified formula for mean
cycle-slip time of phase-locked loops with steady-
state phase error. IEEE Trans. on Com. Technology,
vol.20, N 3, jun., pp.331-337.
Viterbi, A. J. (1963). Phase-locked loop dynamics in
presence of noise by Fokker-Planck techniques, Proc.
IEEE, N 51(12), pp.1737-1753.
Yakubovich, V. A., (1973). A frequency—domain the-
orem in the control theory, Sibirsk. Mat. Zh. v. 14, N
2, pp. 265-289.
Yershova, O. B., Leonov, G. A., (1983). Frequency
estimates of the number of cycle slippings in the phase
control systems, Automat. i Telemekh. N 5, pp. 65-72.



