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XVLQJ�WKH�S�G�I� ��[I � ��xYI DQG�(T�������L�H��

�`�^� ���� MM [\ � ��� QM  � �����
ZKHUH� WKH� SDLUV� �� M\ � �� M[ � ��� QM  DUH� WKH�
LQGHSHQGHQW�RI�HDFK�RWKHU� VDPSOHV� RI� WKH� UDQGRP�
YHFWRUV� ZLWK� WKH� S�G�I�� ��� \[I � 7KH� OHDUQLQJ�
FULWHULRQ�FDQ�EH�GHWHUPLQHG�DV��
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ZKHUH� �a��Ö ���� :\[ MM11 LV� WKH� HVWLPDWH� JHQHUDWHG�
E\� WKH� 11� XVLQJ� WKH� PHDVXUHPHQWV� �� M\
FRUUHVSRQGLQJ�WR�WKH�UHDOL]DWLRQ�RI� �� M[ �
,Q�WKLV�FDVH�WKH�HVWLPDWLRQ�SUREOHP�FDQ�EH�IRUPXODWHG�DV�IROORZV��KDYLQJ�WKH�VHW������DQG�WKH�PHDVXUHPHQW�
\ � WR� ILQG� WKH� HVWLPDWH� ����� WKDW� PLQLPL]HV� WKH�
FULWHULRQ� ������ ,W� LV� HYLGHQW� WKDW� WKH� FULWHULRQ� �����
WHQGV� WR� ���� DV� �Q LQFUHDVHV�� 6R� WKH� HVWLPDWH� ������
RSWLPDO� LQ� WKH� VHQVH� RI� WKH� FULWHULRQ� ������ ZLOO� EH�VLPLODU� WR� WKH� RSWLPDO� %D\HVLDQ� HVWLPDWH� ����� 7KXV��WKH�SUREOHP�RI�GHVLJQLQJ�WKH�HVWLPDWLRQ�DOJRULWKP�LV�UHGXFHG� WR� VHOHFWLQJ� DQG� OHDUQLQJ� RI� WKH� 11�� L�H��
ILQGLQJ� WKH� SDUDPHWHUV� :a GHWHUPLQHG� E\� WKH�
PLQLPL]DWLRQ� RI� WKH� FULWHULRQ� ����� IRUPHG� ZLWK� WKH�XVH�RI�WKH�WUDLQLQJ�VHW�������������/LQHDU�RSWLPDO�HVWLPDWH���)RU� GHWHUPLQDWLRQ� RI� WKH� OLQHDU� RSWLPDO� HVWLPDWH� LW�ZLOO� EH� ORJLFDO� WR� XVH� D� OLQHDU� 11�� 7DNLQJ� LQWR�FRQVLGHUDWLRQ� WKH� GLPHQVLRQV� RI� WKH� YHFWRU� WR� EH�
HVWLPDWHG�� WKH�OLQHDU�11� �a��Ö :\[ 11 FDQ�EH�ZULWWHQ�
DV�IROORZV���

:\Z:\[ � ��a��Ö 11 � �����
�
ZKHUH� @_>a

� :Z:  LV� DQ� ��� �u PQ �
GLPHQVLRQDO�PDWUL[�WKDW� LQFOXGHV�DQ� Q � GLPHQVLRQDO�
ELDV� YHFWRU� 7

QZZ @���> ����  Z DQG� DQ� PQu �
GLPHQVLRQDO� PDWUL[� RI� ZHLJKLQJ� FRHIILFLHQWV�

7
QO @���__���_> � ZZZ:  � LQ� ZKLFK�

7
OPOO ZZ @���> � Z DUH� P � GLPHQVLRQDO� YHFWRUV�

QO �� � 7KLV� 11� KDV� D� VLQJOH� QHXURQ� OD\HU�� 7KH�

QXPEHU�RI�QHXURQV� LV� WKH�VDPH�DV� WKH�GLPHQVLRQV�RI�
WKH�HVWLPDWHG�YHFWRU� [ � DQG�WKHLU�DFWLYDWLRQ�IXQFWLRQ�
WKDW�GHSHQGV�RQ�WKH�VFDODU�DUJXPHQW� V UHSUHVHQWV�DQ�
LGHQWLFDO� WUDQVIRUPDWLRQ� �OLQHDU� DFWLYDWLRQ� IXQFWLRQ���
L�H�� VV  ��\ � f���f V � )RU� WKH� OHDUQLQJ� RI� WKH�
OLQHDU�11�LW�LV�FRQYHQLHQW�WR�XVH�WKH�RUGLQDU\�UXOH�RI�
:LGURZ±+RII�� ,W� LV� QRW� GLIILFXOW� WR� VKRZ� WKDW� WKH�
HVWLPDWH� �a��Ö :\[11 GHULYHG�E\�WKH�PHDVXUHPHQWV� \
ZLWK� WKH� XVH� RI�11� ����� WUDLQHG� LQ� DFFRUGDQFH�ZLWK�
����� FDQ� EH� UHSUHVHQWHG� DV� �6WHSDQRY� DQG� $PRVRY��
�������
� � � @>�a��Ö 
�
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ZKHUH� 
[ � 
\ � 

\\3 � 


[\3 DUH� WKH� VDPSOH� YDOXHV� RI�
WKH�PDWKHPDWLFDO�H[SHFWDWLRQV�DQG�WKH�FRUUHVSRQGLQJ�
FRYDULDQFH�PDWULFHV�� IRU� H[DPSOH�� ¦
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,W�LV�FOHDU�WKDW�WKHVH�SURFHGXUHV�UHVXOW�LQ�WKH�HVWLPDWH�WKDW�LV�VLPLODU�WR�WKH�HVWLPDWH�REWDLQHG�E\�WKH�0RQWH�&DUOR�PHWKRG�� �$W� WKH� VDPH� WLPH� LW� VKRXOG�EH�QRWHG�WKDW� QR�PDWUL[� LQYHUVLRQ� LV� QHHGHG�ZKHQ� XVLQJ�11��7KLV� LV� GXH� WR� WKH� IDFW� WKDW� OHDUQLQJ� UHVXOWV� LQ� WKH�
IRUPDWLRQ� RI� �Z � : � ZKLFK� PDNHV� LW� SRVVLEOH� WR�
GLUHFWO\� HYDOXDWH� WKH� HVWLPDWH� ������7KLV� IDFW� FDQ� EH�UHJDUGHG� DV� DQ� DGYDQWDJH� RI� 11�EDVHG� DOJRULWKPV��+RZHYHU� LW� VKRXOG� EH� QRWHG� WKDW� WKH� DOJRULWKP�FRQVLGHUHG� DERYH� GRHV� QRW� SURYLGH� D� FDOFXODWLRQ� RI�WKH�HUURU�FRYDULDQFH�PDWUL[�����������1RQOLQHDU�RSWLPDO�HVWLPDWH��
7R�GHVLJQ�D�³JRRG´�HVWLPDWLRQ�DOJRULWKP�EDVHG�RQ�D�QRQOLQHDU�11��LW�LV�QHFHVVDU\�WR�FKRRVH�D�³JRRG´�11�DQG� D� ³JRRG´� OHDUQLQJ� DOJRULWKP�� L�H�� DQ� DOJRULWKP�
WKDW�SURYLGHV�VXFK�D� :a WKDW�PLQLPL]HV� WKH� OHDUQLQJ�
FULWHULRQ�������0XOWL�OD\HU�IHHG�IRUZDUG�11�DUH�XVHG�LQ�WKLV�SDSHU��+D\NLQ���������)XUWKHU��LQ�SDUWLFXODU��D�WZR�OD\HU�11�ZLWK�IHHG�IRUZDUG�FRQQHFWLRQV�LV�XVHG��
ZLWK� P �LQSXWV�� T �QHXURQV� LQ� WKH� KLGGHQ� OD\HU�� DQG�
Q � QHXURQV� LQ� WKH� RXWSXW� OD\HU�� ,Q� WKLV� FDVH� WKH�
HVWLPDWHV� ��Ö \11
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ZKHUH� VWKV  M �� � VV  \ �� DUH� WKH� DFWLYDWLRQ�
IXQFWLRQV� IRU� WKH� QHXURQV� RI� WKH� KLGGHQ� DQG� WKH�
RXWSXW� OD\HUV�� � �

�PZ � �
MZP ��� � �

�LZ � �
PLZ ��� T�� P �

PM �� � QL �� DUH�ELDVHV�DQG�ZHLJKWV�RI� QHXURQV�
RI�WKH�KLGGHQ�DQG�WKH�RXWSXW�OD\HUV��)RU�WKH�OHDUQLQJ�RI�WKH�11�ZDV�XVHG�WKH�EDFN�SURSDJDWLRQ�DOJRULWKP����



���121/,1($5�1$9,*$7,21�352%/(0���&RQVLGHU� WKH� HVWLPDWLRQ� SUREOHP� RI� DQ� XQNQRZQ�
YHFWRU� 7[[ ��� �� [ GHWHUPLQLQJ� D� YHKLFOH¶V�
SRVLWLRQ� RQ� WKH� SODQH� ZLWK� WKH� XVH� RI� WKH�PHDVXUHPHQWV� RI� WKH� UDQJHV� WR� WKH� WZR� UHIHUHQFH�EHDFRQV� ZKRVH� FRRUGLQDWHV� DUH� DVVXPHG� WR� EH�NQRZQ��7KHVH�PHDVXUHPHQWV�FDQ�EH�ZULWWHQ�DV�� � � � � N
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ZKHUH� 7LLL [[ ��� �� [ � ��� L DUH�FRRUGLQDWHV�RI�WKH�
EHDFRQV�� N

LY DUH� WKH� PHDVXUHPHQW� HUURUV�� 6XSSRVH�
WKDW� 7[[ ��� �� [ LV� WKH�]HUR�PHDQ�*DXVVLDQ�YHFWRU�
ZLWK� D� GLDJRQDO� FRYDULDQFH� PDWUL[� DQG� VLPLODU�
YDULDQFHV� �

�V � N
LY DUH� ]HUR� PHDQ�� LQGHSHQGHQW�RI�

HDFK�RWKHU� DQG� RI� [ � *DXVVLDQ� UDQGRP� YDOXHV� ZLWK�
VLPLODU� YDULDQFHV� HTXDO� WR� �U � 8QGHU� WKH�
DVVXPSWLRQV� PDGH� ���

�� (3 V ��
�

LU (3Y  
ZKHUH� �( DQG� L�( DUH� ��u DQG� LL �� u XQLW�
PDWULFHV�� ,W� LV� DOVR� VXSSRVHG� WKDW� P����  V �

PU �� � 7PP ���������  [ �
7PP ���������  [ �

%HORZ� DUH� WKH� VLPXODWLRQ� UHVXOWV� REWDLQHG� ZLWK� WKH�XVH�RI�WKH�IROORZLQJ�DOJRULWKPV���0&�� ±� WKH� QRQOLQHDU� RSWLPDO� DOJRULWKPV� ������ �����EDVHG�RQ�WKH�0RQWH�&DUOR�PHWKRG��0&��±�WKH�OLQHDU�RSWLPDO� DOJRULWKPV� XVLQJ� WKH� 0RQWH�&DUOR� PHWKRG�IRU�WKH�FDOFXODWLRQ�RI������������11��±�WKH�QRQOLQHDU�RSWLPDO�DOJRULWKP������XVLQJ�WKH�WZR�OD\HU�QRQOLQHDU�
11� ZLWK� P LQSXWV�� �� T QHXURQV� LQ� WKH� KLGGHQ�
OD\HU�DQG�WZR�QHXURQV�LQ�WKH�RXWSXW�OD\HU��11��±�WKH�OLQHDU�RSWLPDO�DOJRULWKP�XVLQJ�WKH�VLQJOH�OD\HU�OLQHDU�11������ZLWK�P LQSXWV�DQG�WZR�RXWSXW�QHXURQV���
�7KH�&UDPHU�5DR�LQHTXDOLW\�ZDV�XVHG�WR�HYDOXDWH�WKH�SRWHQWLDO� DFFXUDF\�� 7KH� ODWWHU� PDNHV� LW� SRVVLEOH� WR�ILQG� WKH� ORZHU�&UDPHU�5DR�ERXQGDU\� �&5%�� IRU� WKH�XQFRQGLWLRQDO�FRYDULDQFH�PDWUL[�RI�RSWLPDO�HVWLPDWH�HUURUV� �6WHSDQRY�� ������ %HUJPDQ� ������� ,W� FDQ� EH�VKRZQ� WKDW� IRU� WKH� SUREOHPV� FRQVLGHUHG� WKH�LQHTXDOLW\�FDQ�EH�ZULWWHQ�DV��
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\[\[\[[\[[* GGI7RSWRSWRSW ³³ �� ������Ö����Ö� � �����
LV� WKH� XQFRQGLWLRQDO� FRYDULDQFH� PDWUL[� IRU� WKH�RSWLPDO�HVWLPDWLRQ�HUURUV��,W� LV�HDV\�WR�VKRZ�WKDW� WKH�

VTXDUH� URRWV� RI� WKH� GLDJRQDO� HOHPHQWV� ������GHWHUPLQLQJ�WKH�&5%��FDQ�EH�FDOFXODWHG�DV�
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7KH� VTXDUH� URRWV� RI� WKH� GLDJRQDO� HOHPHQWV� ����� DUH�WKH� URRW�PHDQ�� VTXDUH� �506�� HUURUV� IRU� WKH�FRUUHVSRQGLQJ� DOJRULWKPV�� 7KH\� FKDUDFWHUL]H� WKH�DFFXUDF\� RI� DOJRULWKPV� QHHGHG� IRU� FRPSDULVRQ�� 7KH�GLDJRQDO�HOHPHQWV������ZHUH�FDOFXODWHG�DV��
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PP �| ¦ � �����
��� P � �������� 11110&0&V  

)LJXUH���SUHVHQWV� &5%
PV DQG� �0&

PV � �0&
PV � �11

PV �
�11

PV ZKLFK� DUH� WKH� &5%� DQG� 506� HUURUV� DW� D�
GLIIHUHQW� QXPEHU� RI� PHDVXUHPHQWV� NP � �

������ N FRUUHVSRQGLQJ�WR�WKH�0RQWH�&DUOR�DQG�11�
PHWKRGV�IRU�WKH�OLQHDU�DQG�QRQOLQHDU�HVWLPDWHV���

� � � � P��

��

��

��
�0&V�11V

�11V

&5%V
�0&V

P�V

)LJ�����506�HUURUV��
�7KH� VLPXODWLRQ� UHVXOWV� DUH� VKRZQ� IRU� RQH� RI� WKH�FRPSRQHQW� FRRUGLQDWHV�� 7KH\� ORRN� VLPLODU� IRU� WKH�RWKHU� FRPSRQHQW� DV�ZHOO�� )RU� WKH� VDNH�RI� VLPSOLFLW\�WKH� LQGLFHV� P DUH� QRW� VKRZQ� LQ� WKH� SORWV�� 7KH�
QXPEHUV� RI� WKH� VDPSOHV� �

�
0&Q DQG� �

�
0&Q IRU� WKH�

QRQOLQHDU�DQG�OLQHDU�RSWLPDO�DOJRULWKPV�EDVHG�RQ�WKH�0RQWH�&DUOR� PHWKRG� DUH� HTXDO� WR� ������ DQG� ������7KH� QXPEHU� RI� WKH� VDPSOHV� IRU� OHDUQLQJ� RI� WKH�
QRQOLQHDU� �

�
11Q DQG� OLQHDU� �

�
11Q DOJRULWKPV� EDVHG�

RQ� WKH� 11� LV� HTXDO� WR� ������ 7KH� QXPEHU� RI� WKH�
VDPSOHV� IRU� WHVWLQJ� LV� /  ����� 7KH� DQDO\VLV� RI� WKH�SORWV�DOORZV�PDNLQJ�WKH�IROORZLQJ�FRQFOXVLRQV����$V�RQH�ZRXOG�H[SHFW�� WKH�506�HUURUV�IRU�OLQHDU�DQG�QRQOLQHDU�RSWLPDO�HVWLPDWHV�FDOFXODWHG�ERWK�ZLWK� WKH�XVH�RI�WKH�0RQWH�&DUOR�PHWKRG�DQG�11�DUH�WKH�VDPH��
7KLV� LV� GXH� WR� WKH� IDFW� WKDW� WKH� QXPEHUV� �

�

0&Q �



�
�

0&Q � �
�
11Q DQG� �

�
11Q ZHUH� FKRVHQ� VXFK� WKDW�

FDOFXODWLRQ�HUURUV�LQ�HDFK�RI�WKHVH�PHWKRGV�ZRXOG�QRW�KDYH�DIIHFWHG�WKH�UHVXOW����7KH�506�HUURUV� IRU� WKH� OLQHDU�RSWLPDO�HVWLPDWHV�DUH�GLIIHUHQW�IURP�WKH�&5%�EHFDXVH�RI�WKH�HUURUV�FDXVHG�E\� WKH� OLQHDU� FKDUDFWHU� RI� WKH� DOJRULWKPV��7KH�506�HUURUV� IRU� WKH� QRQOLQHDU� HVWLPDWHV� GR� QRW� SUDFWLFDOO\�GLIIHU� IURP� WKH� &5%�� � 7KH� QXPEHU� RI� WKH� VDPSOHV�
�

�
0&Q WKDW�SURYLGHV�D�ORZ�OHYHO�RI�FDOFXODWLRQ�HUURUV�

LQ�WKH�0RQWH�&DUOR�PHWKRG�DW�WKH�UHDOL]DWLRQ�RI�OLQHDU�HVWLPDWHV� LV� FORVH� WR� WKH� QXPEHU� RI� WKH� VDPSOHV�
�

�
11Q XVHG�LQ�11�OHDUQLQJ��

�$W�WKH�FDOFXODWLRQ�RI�QRQOLQHDU�HVWLPDWHV�WKH�QXPEHU�
�

�
0&Q VXEVWDQWLDOO\� H[FHHGV� �

�
11Q � ZKLFK�� LQ� LWV�

WXUQ��GLIIHUV�OLWWOH�IURP� �
�
11Q �

���&21&/86,216���,W� LV� SRVVLEOH� WR�RXWOLQH� WZR� YDULDQWV� RI� DSSOLFDWLRQV�RI�VXSHUYLVHG�11�IRU�QRQOLQHDU�HVWLPDWLRQ�SUREOHPV��7KH� ILUVW� OLQH�SUHVXPHV� WKH�DYDLODELOLW\�RI�D� WUDLQLQJ�VHW�IURP�H[SHULPHQWDO�GDWD��,Q�WKLV�FDVH�LW�LV�SRVVLEOH�WR� VSHDN� DERXW� SRWHQWLDO� DGDSWLYH� SURSHUWLHV� RI� WKH�DOJRULWKPV�GHVLJQHG��7KLV�VLWXDWLRQ�LV�QRW�VSHFLILF�IRU�VRPH�DSSOLHG�SUREOHPV����)RU� WKH� VHFRQG� OLQH�11� LV�HPSOR\HG�DV�D�QXPHULFDO�SURFHGXUH� IRU� UHDOL]DWLRQ� RI� WUDGLWLRQDO� �%D\HVLDQ��DOJRULWKPV��7KH�WUDLQLQJ�VHW� LV�IRUPHG�E\�VLPXODWLRQ�XVLQJ� SUHVFULEHG� PRGHOV�� ,Q� WKLV� FDVH� WKHUH� LV� QR�TXHVWLRQ�RI�DQ\� DGDSWLYH�SURSHUWLHV�GXH� WR�11��7KH�JRDO� LV� WR� GHYHORS� HFRQRPLFDO�� IURP� WKH�FRPSXWDWLRQDO� VWDQGSRLQW�� SURFHGXUHV�� XVLQJ�11� IRU�FDOFXODWLRQ� RI� RSWLPDO� HVWLPDWHV�� 7KH� SDSHU� KDV�FRQVLGHUHG� WKH� SHFXOLDULWLHV� RI� XVLQJ� 11� LQ�HVWLPDWLRQ� SUREOHPV� H[DFWO\� IRU� WKLV� FDVH� LQ�FRPSDULVRQ� ZLWK� WKH� 0RQWHU�&DUOR� PHWKRG�� 7KH�UHVXOWV� RI� WKH� VWXGLHV� DOORZ� SRLQWLQJ� RXW� WKH�IROORZLQJ����,Q� GHVLJQLQJ� OLQHDU� HVWLPDWHV� WKH� SUREOHPV� RI�FKRRVLQJ� WKH� 11� LWVHOI� DQG� LWV� OHDUQLQJ� DUH� HDV\� WR�VROYH��,W�LV�H[SODLQHG�E\�WKH�IDFW�WKDW�LW�LV�SRVVLEOH�WR�XVH� WKH� OLQHDU� 11� ZKLFK� LV� HDV\� WR� OHDUQ� XVLQJ� WKH�
UXOH� RI� :LGURZ±+RII�� 7KH� QXPEHUV� �

�
0&Q DQG�

�
�
11Q DUH� VLPLODU�� WKXV� WKH� VL]H� RI� FDOFXODWLRQV�

QHHGHG� IRU� WKH� 0RQWH�&DUOR� PHWKRG� DQG� IRU� 11�OHDUQLQJ�LV�DOVR�FRPSDUDEOH�LQ�WKLV�FDVH����,Q� VHDUFKLQJ� IRU� QRQOLQHDU� HVWLPDWHV� WKHUH� DULVHV� WKH�SUREOHP� RI� FKRRVLQJ� 11� DQG� WKH� DOJRULWKP� IRU� LWV�OHDUQLQJ� DV� WKH� VL]H� RI� FDOFXODWLRQV� HVVHQWLDOO\�GHSHQGV�RQ�WKH� W\SH�RI�11��,Q�WKH�UHDOL]DWLRQ�RI�WKH�
QRQOLQHDU� DOJRULWKP� WKH� QXPEHU� �

�
0&Q LQ� WKH�

H[DPSOH�FRQVLGHUHG�H[FHHGV� �
�
11Q E\�DQ�RUGHU��7KH�

TXHVWLRQ� RI� UHODWLRQ� EHWZHHQ� WKHVH� QXPEHUV� QHHGV�DGGLWLRQDO� VWXG\� ZLWK� FRQVLGHUDWLRQ� RI� SRVVLEOH�UHGXFWLRQ�RI� WKH� VL]H�RI� FDOFXODWLRQV�ZLWK� WKH�XVH�RI�YDULRXV� PRGLILFDWLRQV� RI� WKH� 0RQWH�&DUOR� PHWKRG��SDUWLFOH� DQG� XQVFHQWHG� ILOWHUV� DQG� VR� RQ� �'DXP����������,Q� FDOFXODWLQJ� HVWLPDWHV� ZLWK� WKH� XVH� RI� WKH� QHXUDO�QHWZRUN� DIWHU� LWV� OHDUQLQJ�� WKH� DOJRULWKP� IRU� ILQGLQJ�HVWLPDWHV�EHFRPHV�WULYLDO�DQG�LV�HDVLHU�WR�UHDOL]H�WKDQ�ZLWK�WKH�XVH�RI�WKH�0RQWH�&DUOR�PHWKRG����$Q� HVVHQWLDO� GLVDGYDQWDJH� RI� 11� DOJRULWKPV� LV� WKH�IDFW� WKDW� WKHLU� GHVLJQLQJ� GRHV� QRW� SUHVXPH� WKH�FDOFXODWLRQ� RI� WKH� HUURU� FRYDULDQFH� PDWUL[�� ,Q� D�QXPEHU� RI� DSSOLHG� SUREOHPV�� SDUWLFXODUO\�� LQ�QDYLJDWLRQDO�SUREOHPV�VXFK�FKDUDFWHULVWLF� LV�RI�JUHDW�LPSRUWDQFH�� 7KLV� PHDQV� WKDW� RQH� PRUH� 11� LV�UHTXLUHG�IRU�GHULYLQJ�LW��� �5()(5(1&(6�
�%HUJPDQ��1����������5HFXUVLYH�%D\HVLDQ�HVWLPDWLRQ��1DYLJDWLRQ� DQG� 7UDFNLQJ� $SSOLFDWLRQV��/LQNRSLQJ� 6WXGLHV� LQ� 6FLHQFH� DQG� 7HFKQRORJ\��'LVVHUWDWLRQV�������6ZHGHQ�&KDIIHH�� -�� DQG� .�� .RYDFK� �������� %DQFURIW
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