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Abstract— The purpose of this paper is to discuss the relation- where f; < fo < --- < f,,, are positive integers which are
ship between the structure at infinity of a linear multivariable  determined uniquely.
system and its interactor matrix. It will be shown that the Definition 1: The set{f, fo, -+, fm} is called the struc-

structure at infinity of a given system coincides with row degrees s .
of it's interactor if and only if the interactor is row proper. turf-:' "f‘t _mfm'ty of'(s), andf; is called the order oi-th zero
at infinity of T'(s).

|. INTRODUCTION It is well known thatf; can be determined by the following
. .- ' . relations.
An interactor was originally defined by Wolovich and Falb
[1] as the system invariant under dynamic compensation, fi = &
which is a lower left triangular polynomial matrix. Since fi = 6i—6i1 (i=2,---,m) (2)

an interactor is the generalization of the relative degree of ah 5 is th . lative d h ;
scalar transfer function for linear multivariable case, it had/hereo: Is the minimum relative degree among those o

been used for many of linear multivariable control desigt’i‘on'zerm'th ordered minors of (s). On the other hand, an
problems, e.g., the model matching control, the decouplin'ater"’“?tf).r of'(s) is defined by th.e foIIovymg. .
control, the disturbance decoupling control, the adaptive con- Defmltpn 2 A e m polynomial 'matnxL(s) satisfying
trol, etc. [2]-[6]. In these control design problems, especiallt e following equation is called an interactor B{s).

in the adaptive control problem, the triangular structure of lim L(s)T(s) = A, nonsingular (3)

the interactor plays an important role, but, from the algebraic ] o ]
point of view, the triangular structure is not necessarily It should be noted that this definition does not restrict

an inherent property of the interactor. In fact, the spectrd'® intéractor to a lower left triangular polynomial matrix.
interactor matrix discussed in [7] is not a triangular matri®t defines the interactor only by the most essential property
any more. In general, an interactor can be defined by ak€d-(3)) that all interactors must have. Since e.q.(_3.) implies
polynomial matrix which cancels all zeros at infinity of athat L(s)T'(s) does not have any zeros at infinity, the
given plant transfer matrix by premultiplying. This impliesintéractor can be also defined by any polynomial matrix,
that the interactor can be regarded as another expressionléﬁ); W_h'Ch cancels. all zeros at infinity qr(s) by pre-

the structure at infinity of the plant, and hence, there must BBUltiplying. From this point of view, the interactor is an

a direct relationship between the structure at infinity of th@ltérnative expression of the structure at infitnity 6fs),

plant and the structure of degrees ofiinteractor. However, &nd hence, there must be some direct relationship between

although the structure at infinity is determined uniquely, thi€ structure at infinity of'(s) and the structure of degrees

interactor and even its structure of degrees are not determin@ifts interactorL(s).

uniquely. In this note, to establish this explicit relationship, L€t 7(s) andL(s) be represented by

the regular interactor in defined as the interactor whose row T(s) = Tis ' 4+Tos 24

degrees coincide with the structure at infinity of the plant. It _ w w—1

will be shown that the interactor is regular if and only if the Lls) = Lus® 4 Lu—1s™ 4o+ Lo @)

interactor is row proper. whereT; € R™*™ is the Markov parameter df'(s) and

L; € R™*™ js the coefficient matrix of an interactor. Then,

[l. PRELIMINARIES it is known thatL(s) is an interactor ofl'(s) if and only if

Let T(s) be am x m nonsingular and strictly proper trans- 1 and L; satisfy the following equation [5].

fer matrix. Then, there will exist bicausal rational matrices

U(s) andV (s) such that IT 0 IT
w . w
w0 0 Pu| : | = Pu-t S
s/t 0
LT LT
U(s)T(s)V(s) = (€ ! L T | T '
1 -
0 1
sf’n’l i
= ; ®)
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whereT’; is thei-th truncated block Toeplitz matrix @f(s)
defined by the following.

r o - 0
T T :
Fi - T2 Tl 1= 17 27 (6)
: 0
T T

Since, Ly does not appear in eq.(5),0 can be chosen
arbitrarily. It was also shown in [5] that the degree Iofs)
is the maximum order of zero at infinity &f(s), and the
degree ofletL(s) equals the relative degree &ftT'(s), i.e.,

fm (1)
i=1

w =

deg detL(s) =

Ill. REGULAR INTERACTOR

In this section, the relationship between the structure at
infinity of T'(s) and the structure of degrees of its interactor
L(s) will be considered. Before stating the main result, we
define a regular interactor as follows.

Definition 3: An interactor of T'(s) is called a regular
interactor if its row degrees coincide with the structure at
infinity.

Note that the lower left triangular interactor defined in [5]
is the special case of this definition. The main result of this
paper is stated as the following Theorem.

Theorem 1:Let L(s) be an interactor of'(s). Then,L(s)
is regular if and only ifL(s) is row proper.

Proof: (Necessity) L(s) is assumed to be a regular
interactor ofT'(s), i.e., its row degrees argf1, fa, -+, fm }-
Then, eq.(8) implies thal(s) is row proper because the
degree ofdetL(s) is equal to the sum of the row degrees of

Egs.(7) and (8) give a relationship between the structure &(s) [9].

infinity of 7T'(s) and its interactor to a certain extent. How-(Sufficiency) L(s) is assumed to be a row proper interactor
ever, under the condition of egs.(7) and (8), the interactor ared 7'(s). Let r; (i = 1,---,m) be thei-th row degree of
even the structure of degrees of the interactor are not stili(s). Then,L(s) can be expanded as

determined uniguely, then further investigation is needed to
establish more explicit relationship between the structure at

. L s 0
infinity of T'(s) and the structure of degrees of its interactor.
To show a property of; more preciselyy;’s are assumed 5) = Ry
to satisfy the following relation. 0 §"m
F it 0
0< = B < =
fi=J Jo. < fumr n Ryt 4
= St < frittorr = 0 grm—1
< foettaatr = = St (9) M ogria 0
where t; is a number of zeros at infinity of’(s) whose + Ry (13)
orde_r i; .allft0+t1+...+tii1+_1_(to = 0). In other words¢; is 0 §Tm=—a
multiplicity of zeros at infinity, and hence, B N
where R; € R™*™ (i = 0,---,q) and ¢ = max[ry,

(10)
Note that if f;’s are distinct, thert, =1 (i=1,---,m, d =
m). It is shown in [8][5] that the rank of’; satisfies

(k=1,2,---, Tg=0)
(11)

rankl'y = rankl'y_1 + ok,
whereoy, is defined as follows.
if k= frottitottioit1s

(i=1,---,d, to=0)
otherwise

Op =0k—1+1;
(12)
Ok = Ok—1

Here,

gg — 0
d
Oftydtty 141 — Zi:l ti=m

i=1,--
This property can be derived using eq.(1). Egs.(11) and (1&7) Sincel,
will be used in the proof of Theorem 1 in the next section

ro,-++,Tm]. Furthermore, in eq.(13)s’ is set to 0 for
negativej and the corresponding row vector of a coefficient
matrix is also set to0. Since L(s) is row proper, the
leading coefficient matrixR, is nonsingular. Without loss
of generality, it is assumed that

O<ri=-=rp <Tph41="""

T = Thy4by < Thybo+l = 0

< Thygrodbe 141 = 00 = Toytetb, (14)

whereb; is the multiplicity of row degrees of.(s), and
hence

> bhi=m (15)
=1

Note that ifr; (¢ = 1,---,m) are distinct, therb; = 1
-,e, e=m).

(s) is an interactor ofl'(s), from the definition of
the interactor, the expanded form 6fs)T(s) satisfies the
following equation.



sml 0
L(s)T(s) = G,
0 Srmfl
sm12 0
- Gat -
0 §rm =2
= A+ lower degree terms, (16)

(A : nonsingular)

where, from eqgs.(4) and (13), the fikgtoefficient matri-

cesGy,---,G, are calculated by the following.
e Rl I I et
: 0 : :
" T RY Gy
Eq.(16) implies thatzy,---, G, , ,, ., have the fol-
lowing forms.
Gi=-=G-1=0
Gm = |: Xol :| }bl ’ Xl € Rb1><m7 Tanle = bl

* b
Grotty s Gy oy = {0} }o1

* }bl
Gror = | X2 | 0o
0

X5 € Rb2><m, rankXs = by

* bi+0

G"’b1+1+1’”.’Grb1+b2+171 B |:O] } 1 2

* }b1 + by
GTb1+b2+1 = X3 }b3

0

X3 € Rngm’ rankXs = bs
G’f‘b1+b2+1+1ﬂ T Grb1+b2+h3+1*1
x|t tbatbs
10
a o o1+ 4 be
Tb1+m+be_1+1 - Xe }be 9’
X, € Rb*™  rankX,=b, (18)
and

=A nonsingular (19)

Xe
In eq.(18), *' denotes some matrix with an appropriate
size. SinceR, is nonsingular, substituting egs.(18) and (19)

into eq.(17) gives the following relations of the rank Iof
in terms of the row degrees df(s).

rankly = rankli_1+&, (To=0, k=1,2,---) (20)

where¢;, is defined as follows.

S =8k—1+bi if E=Thotbrtbiit1
(7’: 15"'a67 bOZO)

otherwise

(21)
e = &kt

Here,

{ & =0
§Tb1+---+bd,1+1 = Zi:l bi=m
By comparing egs.(11),(12) and eqgs.(20),(21), we have

ri = fi

which means that the row degrees ofs) coincide with
the structure at infinity, and henck(s) is a regular interactor
of T'(s). |

It was shown in [5] that there always exists an appropriate
row permutation matrixiW € R™*™ such thatWT(s)
has a lower left triangular regular interactdsy (s). This
guarantees the existence of a regular interactor for any
nonsingular?’(s) becauseLy (s)IW is one of the regular
interactors ofT'(s). However, it should be noted that there
does not necessarily exist a lower left triangular regular
interactor for anyT'(s) unless rows ofl'(s) are properly
reordered.

Example 1:Consider the following transfer matrix.

€:d, bi:ti, (221,,m) (22)

s2+1 1 1
53 , S s
G(s) = s+21 s +23s+2 s+23 (23)
s s 5
1 g 3s°+3
s s 53

The structure at infinity of7(s) is { f1, f2, f3} = {1, 1, 3}.
From this, the degree of an interactor®fs) is w = f5 = 3,

i.e., all interactors can be writen as
L(s) = L3s® + Lys® + L1s + Lo, (24)

where L, € R3*3 is a coefficient matrix.
It is easy to verify that the following polynomial matrix
is the interactor of7(s).

(25)



And, it is also readily checked that IV. CONCLUSIONS

In this paper, we considered the problem of finding the
degla(s) = fm=/fs=3 relationship between the structure at infinity of a linear
degdet La(s) = fi+ fa+ f3=5. (26) multivariable system and the structure of degrees of its
interactor matrix. For this purpose, the regular interactor was
These are the properties that all interactors have. But, sindefined as the interactor whose row degrees coincide with
the coeffinient matrix of the maxmum row degree terms ofhe structure at infinity of the plant. It was shown that the
La(s)is interactor is regular if and only if the interactor is row proper.
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which is nonsingular, and henckg (s) is row proper. In fact,
the row degrees ol.z(s), {r1,72,73} = {1,1,3} coincide
with the structure at infinity of7(s).

It should be noted that this system does not have a lower
left regular interactor.

But, if the second and the third rows @f(s) are ex-

changed, i.e.,
Se11 1
§3 5 55
was) = | L 2 3s°+3 (30)
s s 53
s+1 s242s+2 s+3
52 53 52

whereW is the row permutation matrix, thei¥ G(s) has
the following lower left and regular interactor.

s 0 0
Li(s) = 0 s 0 (31)
R B

It should be noted that once the diagonal elements of
the rower left triangular and regular matrix are fixed, its
off diagonal elements are determined uniquely. This is an
important property of the lowe left and regular interactor,
which is very useful for the adaptive control.



