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Abstract

This paper investigates a nonlocal control problem of
a linear non-stationary dynamic system described by an
ordinary differential equation subject to an integral con-
straint imposed on the components of the state vector
over a certain subinterval of the system’s operating time.
Conditions for complete controllability of the dynamic
system under the imposed integral constraints are formu-
lated. Conditions ensuring the existence of a solution to
the control problem with such a nonlocal constraint are
obtained. A constructive approach to solving the control
problem is proposed, and the corresponding solution is
constructed. The continuity and non-uniqueness of the
control function are demonstrated. As an illustration, a
control problem for the oscillatory motion of a material
point with classical boundary conditions and an integral
condition is solved.
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1 Introduction

Problems with nonlocal conditions, possessing signifi-
cant theoretical and applied importance, constitute one
of the actively developing directions in the theory of
differential equations. The investigation of many ap-
plied control problems for dynamical processes leads to
the necessity of considering control problems in which,
along with classical boundary conditions (initial and ter-
minal), nonlocal conditions are prescribed. It should be
noted that control problems subject to nonlocal condi-
tions arise, on the one hand, as mathematical models of
real dynamical processes, and, on the other hand, from
the impossibility of a correct formulation of problems
with purely local conditions.
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Nonlocal problems in the form of integral conditions
arise in the mathematical modeling of phenomena of var-
ious natures, in particular when the boundary of the do-
main in which the process takes place is inaccessible to
direct measurements [Lions, 1988]. In paper [Bazant
and Jirsek, 2002] variety of nonlocal models of inte-
gral type are considered, and their physical justification,
advantages, and numerical applications are discussed.
Such conditions arise, for example, in the mathemati-
cal modeling of various processes in physics, biology,
chemistry, ecology, and in many other phenomenons.
In particular, problems with integral conditions appear
in the modeling of heat propagation processes [Alek-
seeva and Yurchuk, 1998; Ionkin, 1977] in a thin heated
rod; particle diffusion processes in turbulent plasma
[Samarskii, 1980]; moisture transfer processes in porous
media [Nakhushev, 1995]; biological problems related
to the description of population dynamics [Nakhushev,
2012]; and certain technological processes [Muravei and
Filinovskii, 1993]. In general, the presence of nonlo-
cal conditions in applied problems is associated with the
need to construct adequate mathematical models and to
study the corresponding problems that meet the demands
of modern natural science. Control problems for dy-
namic systems subject to nonlocal conditions have been
studied both for ordinary differential equations, in par-
ticular [Barseghyan, 2025; Barseghyan and Barseghyan
and Galyaev, 2026; Abdullaev, 2012; Baiburin, 2018;
Amelin et al., 2022; Aleksandrov, 2023], and for partial
differential equations [Pulkina, 2012; Avalishvili et al.,
2011; Ilin and Moiseev, 2000]. A characteristic feature
of such problems, alongside classical conditions, is the
presence of constraints, for instance, relating the values
of state variables at different intermediate points or over
subintervals through integral conditions. Nonlocal con-
trol and optimal control problems for linear nonstation-
ary dynamic system described by an ordinary differential
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equation with nonseparated multipoint conditions and a
single integral condition imposed on the components of
the state vector over a certain part of the system’s time
interval were studied in [Barseghyan, 2025]. It should
be noted that the methods used to study such problems
largely depend on the type of nonlocal condition. For
example, in [Abdullaev, 2012] a numerical method for
solving the system of linear differential equations with
nonseparated multipoint and integral conditions is pro-
posed. For a linear system of first-order differential
equations subject to multipoint and integral conditions,
necessary and sufficient conditions for unique solvabil-
ity, the solvability criterion, and an explicit solution were
established [Baiburin, 2018].

Significant applied control problems involving non-
local conditions, specifically in the form of multi-
point intermediate constraints, include systems de-
scribed by partial differential equations, as considered
in [Barseghyan and Solodusha, 2022; Barseghyan and
Solodusha, 2020; Barseghyan et al., 2025], and systems
described by ordinary differential equations, as exam-
ined in [Barseghyan et al., 2022; Nguyen et al., 2025].

It is worth noting that when an integral condition is
imposed on specific subintervals of a dynamic system’s
operating period, control and optimal control problems
with such nonlocal conditions are of considerable theo-
retical interest and may play an important role in accu-
rately modeling corresponding applied problems. Nev-
ertheless, these problems remain largely unexplored.

This paper addresses the control problem for a linear
nonstationary dynamic system governed by an ordinary
differential equation, subject to classical boundary con-
ditions and an integral constraint on the components of
the state vector over a specified subinterval of the sys-
tem’s operating period. A constructive approach to solv-
ing the control problem is proposed. Conditions ensur-
ing complete controllability of a dynamic system under
an imposed integral constraint are formulated. The crite-
ria for the existence of a solution to the control problem
with such a constraint are derived, and the correspond-
ing solution is explicitly constructed. As an illustrative
example, the control problem of a material point under-
going oscillatory motion under the influence of an ex-
ternal force, with classical boundary conditions and an
integral constraint, is solved. Explicit expressions of the
control function and phase trajectories are presented, ac-
companied by graphical representations of the phase co-
ordinates.

2 Formulation of the Problem

Let us consider a controlled process whose dynamic is
described by linear non-stationary differential equation

#(t) = A(t)z(t) + B)u(t) + f(t), t € [to,T], (1)

where z(t) € R", A(t) — (n x n), B(t) — (n x r)
are matrices of appropriate dimensions, to < t < T
(to and T are given), u(t) — (r x 1), (r < n) is the
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control vector whose components are bounded functions
that are continuous almost everywhere on the interval
[to, T, f(t) — (n x 1) is the vector of external distur-
bances.

Let the initial and terminal conditions of the system

z(to) = xo, =(T)=2ar 2)

and fixed intermediate time instants 0 < ¢ < t1 <
to < T be known. We assume that the state vector x(t)
satisfies the following integral condition:

/ : F(t)z(t)dt = a, 3)

ty

where F'(t) — (¢ x m) is a matrix of compatible dimen-
sion with elements that are bounded and almost every-
where continuous on the interval [t1,ts], « — (¢ x 1) isa
column vector of compatible dimensions that are known
real constants (¢ < n). In the introduction, the practi-
cal significance of condition (3) is provided. Here we
just note that such constraints can characterize the limi-
tation of resources and accumulation of memory in vari-
ous control processes in problems of mechanics, energy,
aviation, ets.

In the general case, it may be considered that over the
time interval [¢1, 2], condition (3) may be assumed not
on all components of the state vector z(t), but only on a
subset of them. In this case, the corresponding elements
of the matrix F'(t) are taken to be zero.

We formulate the following problem.

Problem. It is required to find conditions under which
there exist a control action u(t), t € [to,T] and a pro-
grammed trajectory x = x(t) that transfer the system (1)
from the initial state x(to) to the terminal x(7"), while
ensuring that the integral condition (3) is satisfied, and
to construct them.

3 Solution to the Problem
We express the general solution of system (1) originat-

ing from the initial state:

t
x(t) = X[t,to]x(to) + [ X[¢t, 7)B(7)u(r)dr+
o @
4 / X[t, 7] (r)dr.
to

By substituting the state trajectory (4) into the integral
condition (3), we obtain

/ ’ F(t)a(t)dt = / ’ F(t)X[t, to]zodt+

t1 t1

4+ /t f ( / tF(t)X[t,T}B(T)u(T)dT> di+

to

+/tt (/j FUO)XIt, T]f(T)dT) dt = a,
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/tt 2 (/tt F() X[t 7)B (T)U(T)dr> df — a—

to
- / FOX[t tolzodt—  (5)

ty

([ o)

Let us formulate the following lemma.

Lemma. Let the matrix function F'(§) be almost ev-
erywhere continuous and bounded on the interval [a, b],
matrix functions ®[¢, 7], B(£) and vector u(§) be al-
most everywhere continuous and bounded on the interval
[to, T], matrix ®[&, 7] possesses the composition prop-
erty ¢, 7] = P[, to]P[to, 7]. Then, for any a and
b, 0 <ty <a<b<T,thefollowing equality holds:

/ab (/:F@)cb

= /a P(a)®[ty, 7)B(T)u(r)dr+  (6)

B(T)u(T)dT) d¢ =

+ / P(r)®lto, 7 B(r)u(r)dr,

where

b
P(r) = [ F(©Dl6 tolde,
N ™)
P(a) = [ F©)B[¢ tolde
The proof of the lemma is based on Fubini’s theorem

(on the interchange of the order of integration) [Zorich,
2004], when changing the order of integration of

b 13
/ < / F(&)@[arw(r)u(ﬂdf) e

the value of an integral does not change.

Applying the lemma for double integral to the left-
hand side of expressions (5), and noting that all condi-
tions of the lemma are satisfied, we obtain

/tt | ([ F(t)X[t’T]B(T)U(T)dT> dt =

_ / " P Xfto, B u(rdr )

to

+ / " P(r)X[to, 7]B(r)u(r)dr,

t1

where
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Substituting (8) into (5) we obtain the following inte-
gral relation:

/t ' P(t1)X[to, 7| B(m)u(r)dr+

+ P(r)X[to, 7)B(T)u(r)dr = a— (9)

ty1

—P(t)z0 — /t t ( /tOtF(t)X[t,T] f(T)dT) dt.

We introduce the following notations:

H () = {PW)XWJB@% te [to, ),

07 te (tlvT]v

0, telto,ty), (10
Hy(t) = § P(t)X[to, t]B(t), t€ [t1,ta],

0’ t e (tQ,T].

In accordance with notation (10), relation (9) can be

expressed as follows:
T
dt + / Hy(t)u(t)dt =
to

/ T H, (t)u(t)
—P(t1)z0 — /tt (/tt F(t)X[t,T]f(T)dT> dt

or
T
/ H dt*osz(tl)xOf
tz (1n
< T f (T )dT) dt,
t1
where
P(tl)X[to,ﬂB(t), te [to,tl],
H(t) =< P(t)X[to, t]B(t), t€ [ti,tz], (12)
0, t € [ta, T1.

From formula (4), for t = T, we have:

= X[T,to]x(to) + X|T,7)B(T)u(r)dr+

T
—|—/t X[T,7]f(r)dr

13)
By moving all known terms in expression (13) to the left-
hand side, we obtain:

x(T)

T
/ X[T,7)B(T)u(r)dr = 27—
o - (14)
—X|[T,tolz(to) — X|[T,7)f(7)dr.

to
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We now define the following block matrices H (t) and
C as:

H(t) = (X[;,IgJ)S(f) ) 7

a — P(t)xo—

_/ttz (/tt F(t)X[t,T]f(T)d7—> a1 as

C = 9
rT — X[T, to].%‘o—
T

— X[T,7)f(r)dr

to

where matrix H (t) and vector C have dimensions ((g +
n) x r)and ((g +n) x 1).

Hence, using the notation introduced in (15), the inte-
gral conditions (11) and (14) are expressed as follows:

T
/ H{tyu(t)dt = C. (16)

In a control problem, a principal issue is its solvability,
which reduces to the analysis of the system’s control-
lability. It follows from the integral relation (16) that
system (1) with the integral condition (3) is completely
controllable if, for any vector C' (15) in the space R4T™,
a control u(t), t € [to,T] can be found that satisfies
condition (16).

Based on [Krasovskii, 1968; Zubov, 1975], a similar
result concerning the complete controllability of system
(1) under the integral condition (3) can be stated as the
following theorem.

Theorem 1. For system (1) subject to an integral con-
dition (3) to be completely controllable on the interval
[to, T, it is necessary and sufficient that the column vec-
tors of the matrix H (¢) (16) be linearly independent on
this interval.

The control action can be constructed in the form

ut) = HY (1)Q1C + v(t), (17)

where
T .
= H(t)H d
Q /t (t)H" (t)dt

is a matrix of dimension ((¢+n) X (¢+n)), and a vector
v(t) of dimension (r x 1) satisfy the condition:

T
H(tyv(t)dt = 0. (18)

to

Here and henceforth, the superscript ”T” denotes the
transpose operation.

Thus, the conditions required for the existence of a so-
lution to the problem can be formulated as the following
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theorem, similarly to the theorem established in [Zubov,
1975].

Theorem 2. For the existence of a programmed con-
trol u(t), t € [to,T] and the corresponding solution of
system (1) satisfying conditions (2) and (3), it is neces-
sary and sufficient that the matrix () be non-singular (i.e.
det @ # 0) or that the ranks of the matrix ) and the
augmented matrix {Q, C'} coincide.

Note that, according to Theorem 2, in case of det () #
0, the control function u(t), t € [to,T], that solves the
problem (1) - (3) is given by (17).

Taking into account the notations (10) and (12), the
control action is represented in the following form:

U1 (t) + ’U(t)7 te [toﬂfl],
u(t) = S ua(t) +v(t), te[ti,tal, (19)
U3(t) + U(t), t S [t27T]7

where

ui(t) = BT (t)((P(t1)X[to, )", X T[T, ) Q7'C,
us(t) = BT (8)(P(t) X [to. )", X T[T, ) Q' C,
uz(t) = BT ()(0, X7 [T, 1) Q' C.

It is worth noting that the constructed control action
u(t), t € [to,T)] is not unique (due to the arbitrari-
ness of vector v(t)) and a continuous function. Direct
verification shows that ui(t;) = wuo(t1). Similarly,
uz2(t2) = wug(t2). For instance, it can be showed that
Ul(tl) = UQ(tl).

Fort € [to, tl]

ul(t) = BT(t)((P(tl)X[t()v t])T> XT[T7 t])Q_lc'H](t)?
therefore

uy (t1) = BT (t1)(P(t1) X [to, 1)), X" [T, t1])Q ' C+
+’U(t1),

fort € [tl, tg]
UQ(t) = BT(t)((P(t)X[t07 tDTv XT[Tv t])Q_lc—H}(t)7
therefore

uz(tr) = BT (t1)(P(t1) X [to, 1)), X" [T, t1])Q ™' C+
+’U(t1),

Thus, it is obvious that the values of control function
at the moment of joining the time intervals are the same.
Continuity at point t = t5 can be demonstrated in a sim-
ilar manner (note that the value of P(t) at the point ¢, is
Z€ero0).

With the control function (19), the phase trajectories
(system realizations) are constructed for each time inter-
val of the system’s functioning when v(t) = 0:
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fort € [to,tﬂ
z(t) = X[t,to]x(to)+/ X[t, 7)B(T)u1 (7)dT+
+/t X[t, 7] f(7)dT,

fort € [tl, tg}

t1

z(t) = X[t, to|z(to) + X[t, 7)B(T)ui (7)dT+

to

+ /t X[t 7]B(r)us(r)dr + /t X[t 7]f()dr,

fort € [to, T

ty

x(t) = X[t to]x(to)+ X[t, 7] B(T)us (7)dr+

to
t

o [ XA e [ Xl B

ty1

+ /t X[t, 7] f(T)dr.

Note that the motions xz(¢) are continuous functions on
the time interval [to, T7].

4 Particular case

For system (1) with the initial and terminal conditions
(2) we examine the case when t1 = tg, to = 1. At this
point, the nonlocal integral condition will be as follows:

T
/ FO)z(t)dt = a. 20)

Then the integral relation (5) can be written in the form:

Aj(Aijxﬁﬂﬂ%ﬂMﬂdOdt:a_

T
—/ F(t)Xt, to]lzodt—  (21)

to

Lj(LjﬂwXWﬂﬂﬂmﬁdt

Since the conditions of the lemma are fulfilled, the in-
tegral relation (21) takes the following form:

/0 P(to)X[to, 7] B(T)u(r)dr+
+ P(1)X[to, 7| B(T)u(r)dr = a—

to

P(to)zo — /tT ( /tt P)X[t, 7] f(T)dT> dt,
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or

/ P(1)X[to, 7| B(T)u(r)dr = a — P(tg)xo—
fo (22)

—Zj([jﬂthﬂﬂﬂ*>dﬂ

where
P(t) = / ’ F(r)X[r, toldr.

Block matrix H(t) and block vector C, according to
(15), obtain the following forms:

P(1) X[t t|B(t
1o = ("Yrsn )

a— P(to)ro—

_chgFmXWﬂﬂﬂﬁ>ﬁ

xrT — )([T7 to]l‘o—
T
- t X[T,7)f(r)dr

(23)
Consequently, the control action u(t), t € [tg,T] is ex-
pressed in the following form, when v(t) = 0:

u(t) = BY (&) (P(H)X[to, 1)), XT[T,1))Q~"C. (24)

Thus, the considered problem, subject to the integral
condition (20), represents a particular case of the prob-
lem with condition (3).

5 Example

Let us consider the oscillatory motion of a material
point in the presence of an external force. In this case, for
small oscillations, the differential equation of the mate-
rial point’s motion can be written in the following form:

i+ kr =u, (25)
where z is the state of the point, u is the control action.

Let us consider the case k2 = 1 and introduce the no-
tations x1 = x, o = 2. In this form, equation (25)
can be represented as a system of first-order differential
equations:

t e [to,T].

{a’:l (t) = za(t), 26)

Ea(t) = —w1(t) +u(t),
Let

mzqu:g,Q:2mT:6m
F=(0,1), a =32
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and an integral constraint be given

™

27
/ zo(t)dt = 32. Q27

2

In this case, the integral condition (27) constrains the
mean velocity of the material point’s oscillatory motion
over the interval [Z, 27| [Blekhman, 2023].

The initial and terminal states of the system (26) are
also given:

It is required to find a control action u(t), t € [0, 67]
under the influence of which the oscillatory motion of a
material point transfers from the initial state x(0) to the
terminal state x(67), while satisfying the integral con-
straint (27).

To apply the obtained result, we verify that the matrix
Q= fOGﬂ H(t)HT(t)dt is non-singular.

The fundamental matrix corresponding to the homoge-
neous part of the system (26) is given by:

cos(t —to) sin(t —to)
Xt to] = <—sin(t —to) cos(t —to) ) -

Function H (t) has the form,

HO(t), te]0,5],
H(t)= ¢ HA(t), te[Z, 2], (30)
HO)(t), t€[2n, 6],

where
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where

uy (t) = b[4(7397% + 13471 — 3) cost+
127 (598 — 417) sint],

ua(t) = b[2(647% — 287 + 6) cost+
+27(417 — 5987) sin t],

u3(t) = b[2(647% — 287 + 6) cost+
+27(657 + 9447) sin t],

b= [3m(437° + 321 — 4)] L.

Hence, the laws of motion z;(t) and z4(t) for each
time interval of the system’s functioning can be repre-
sented as follows:
fort € [0, 5],

x1(t) = 20 cost + 3sint + b[(59872 — 4177)t cos t+
+(6t — (14787 + 268)mt — 4177 + 59872) sin t],
x2(t) = 3cost — 20sint + b[(6 — (4987 — 417)wt+
+2687 + 147872) sint — 2(7397? + 1347 — 3)t cost],

fort € [, 27,

x1(t) = b[(258073 + 346212 + (5987 — 417)7t) cos t+
+((647% — 287 + 6)t — 3847 + 38171 — 43072) sin ],

xo(t) = b[2(647% — 287 + 6)(67t) cost + ((5987—
—417) 7t 4 25807 + 339872 4 287 — 6) sin t],

for ¢ € [2m, 67],

x1(t) = b[m (657 + 9447) (67 — t) cost + ((64n% — 287+
+6)t — 38473 + 111272 + 6217) sin t],

HW(t) = (—cost —sint —sint cost);
H®(t) = (sint —sint cost);

3 .
H®(t) = (0 —sint cost). wa(t) = b[((9447 + 657)t — 5664r® + 387872 — 28+

Thus, the matrix @ has the form +6) sint — 2(321% — 147 + 3)(67 — t) cost].
From the above-derived laws of motion, one can verify

Zilr4+i -2 . -
that conditions (27) and (28) are satisfied. Indeed, by

Q=|7r+3 37 0 |, substituting x5 (¢) into (27) and integrating this function,
-z 0 3 we confirm that condition (27) is fulfilled.
* Now, for t € [2m,6m7], by calculating x1(67) and
12973 3 x2(67), one can confirm that condition (28) is likewise
detQ = —7—+ 672 — o~ 306.85. fulfilled.

In this way, employing the constructive approach out-
lined above, explicit formulas for the programmed con-
trol and phase motion are obtained for the problem of
controlling the oscillatory motion of a material point un-

Then the control function, according to (19), has the
following form, where v(t) = 0:

uy(t), telo, g]’ der an external force, with prescribed initial and terminal
states and an integral constraint.
u(t) = Qua(t), tel(z,2n] Graphical representations of functions x (t) and 2 (t)
are the following figures:
us(t), t € [2m, 67, glie
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x1(t)
30}
20

10

AW

Figure 1. The plot of function 1 = x1(t)

Xa(t)
30,
20}

‘ a
T 2 \/ 6
2

-101

Figure 2. The plot of function Lo = Z'9 (t)

6 Conclusion

A constructive approach for solving control problems
of linear time-varying dynamic systems subject to an
integral constraint is derived. Conditions for the com-
plete controllability of a system under such nonlocal
constraints are formulated. The existence conditions for
a control solution under such nonlocal constraints are
derived, and the solution is explicitly constructed. The
control problem for the oscillatory motion of a material
point, subject to classical boundary conditions and an in-
tegral constraint, is solved.
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