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Abstract

The paper presents a model-based predictive control algorithm that uses a limited number of control sequences for on-line simulation of future behaviour of the process. Each control sequence used in simulation generates a predicted sequence of the output signal. The predicted output sequences are analysed and evaluated and then, using a set of rules, the ‘optimal’ control signal is computed. To simulate the future behaviour of the process it is used a process model and also the previous sequences of the input and output signals from the process. The algorithm permits directly use of the nonlinear model of the process. For exemplifying the performance of the algorithm, the well-known problem of the inverted pendulum on a cart was chosen, in the position in which the cart movement is done in a limited space. The realized algorithm balances the position of the pendulum as well as the position of the cart.
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1
Introduction

The analysis and design of control systems are most of time based on linear systems. There is a double reason for this is. First, there are relatively simple closed analytical solutions to many control problems like linear quadratic regulator and sliding mode control [Lee, 98], harmonic variation of suspension point [Insperger, 00], nonlinear control approach based on energy control [Astrom, 96] and [Wei, 95], fuzzy control [Tanaka, 98], [Vermeiren, 98], H∞ control approach [Van Der Linden, 93], neural networks [Anderson, 89], etc. On the other hand, practical applications are also based on linear or linearized models in most cases and handle nonlinearities only when it is absolutely unavoidable. A common approach of controlling systems with strong nonlinear character is to apply model-based predictive controllers where a detailed dynamic process model is used in an optimization framework. Usually, the cost function is defined by using the output prediction error relative to the system setpoint and the weighted control signal. The purpose of the controller is typically to force the output to follow the reference signal. If reference is a constant, the problem is commonly referred to as set-point regulation. If the reference is time varying (but is known in advance), defining a control law to force the output to follow the reference signal is called the positioning control. The Inverted Pendulum is a classic study and application of control theory. In the past decades, lots of researches have deal with the inverted pendulum equilibrium control and lots of control methods have been tested. The design and control of the pendulum requires a number of stages. A mathematical model must first be obtained. From this, the control system can be designed and simulated to obtain optimum control. The mechanical design of the pendulum must be light and be connected by a joint with as little friction as possible. Once the control is designed and the apparatus built, an interface to a PC must also be built so that the positions of the cart and pendulum can be read by the PC. Finally, a software user interface needs to be constructed that will give the user flexibility in allowing them to change the state feedback gains as well as many other options. In our work we consider the inverted pendulum process consists of a pendulum attached to a motor driven cart. The purpose of the process is to keep the pendulum in the inverted position. This is achieved by moving the cart back and forth applying the appropriate force. The inverted pendulum system has many practical applications [Dumitrache, 03]: to control the vertical deviation of a space shuttle during take-off; to balance a rocket as it is moved to the launch-pad (crawler); to maintain a walking biped robot in its upright position, etc.

2
A model based predictive algorithm
  A model based predictive algorithm which uses on line simulation and rule based control is developed in [Balan, 02], [Balan, 04]. In the followings, taking into account a SISO process, are shortly presented the main ideas of the algorithm. First we consider set-point regulation problem (but set-point can be arbitrary changed). The main idea of the algorithm is to simulate on-line for every sample time the predictions of output over a finite horizon (N) and to compute the cost of the objective function, for all possible control sequences:
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and than to choose the first element of the optimal control sequence. For a first look the advantages of the proposed algorithm include the following: the minimum of objective function is global; this algorithm can be applied to nonlinear processes; the constraints can easily be implemented.

The drawback of this scheme is an unrealistic computational time. Therefore, the number of sequences must be reduced. Of course, this will lead to some difficulties in finding the global minimum of objective function. Choosing the sequences has to be made with attention, thus through simulation to be obtained information more helpful for computing the control signal. For a first stage, we used the next four control sequences: 
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where umin and umax are the limits of the control signal. Using these sequences results four output sequences y1(t), y2(t), y3(t), y4(t). The control signal is computed using a set of rules based on the extreme values ymax0, ymax1, ymin0, ymin1 (Fig. 1- d is dead time, t1=N, yr is setpoint) of the output predictions. Now, considering processes with positive sign, it can be chosen next four rules:

R1: If ymax0<yr (corresponding to u1(t) sequence)  and  ymax1>yr (corresponding to u2(t) sequence)  Then:           
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R2:   If  ymin0<yr (corresponding to u3(t) sequence)  and  ymin1>yr (corresponding to u4(t) sequence)   Then:
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R3:   If:  ymax0>yr  (corresponding to u1(t) sequence)

Then u(t0)=umin   


  (5)

R4:   If: ymax1<yr   (corresponding to u2(t) sequence)
         Then u(t0)=umax                                           (6)

In Fig. 1, every output prediction curve is marked with a number which corresponds to the number of control sequence from relations (3). Analogous to case 3 and case 4, there are two similarly cases if dy/dt<0 for t<t0.
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Figure 1.  Examples of output predictions

If the algorithm uses only these 6 rules, the variance of u(t) will be large [Balan, 02]. So, in the second stage, depended by behaviour of the control system are used next methods:

- an algorithm that modifies the limits of control signal:

umin ≤ uminst(t) ≤ u(t) ≤ umaxst(t) ≤ umax                       (7)   

              Δumin≤ Δu≤ Δumax                                     (8) 

In relations (1)..(5), the values of umax, umin are replaced with uminst(t), umaxst(t). A possible solution is:
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where 0≤kst<1 is a weight parameter and ust is the estimated value of control signal in steady state. But in some circumstancing (perturbations, inaccurate model) the limits of control signal must increase. Also, it is necessary to limit the minimum value of umaxst(t)-uminst(t)>dust>0, where dust is a parameter of the control algorithm.

 -using the “variable set-point“ [Balan, 02]:

yr1(t)=yr(t)+kref[y(t)-yr(t)]                          
  (11)

where 0< kref ≤1 is a weight factor. The algorithm will try to reduce only a part of error;

- using a filter to compute control signal.

In Fig. 2 it’s presented the effect of kst parameter in case of the linear thermal process [Balan, 02].

This algorithm was applied with good results, for linear processes [Balan, 04], nonlinear processes (heat exchangers) [Balan, 02].

For positioning control, it is used a specific algorithm. In Fig. 3, it is represented the evolutions of errors ei(t)i=1...4, versus sample time. Every output prediction curve is marked with a number which correspond to the control sequence from relations (2).  

Notations: t0 is current time, δ is a parameter which is used for a fine-tuning (first, it is more simple to consider δ=0).  First, it is computed: 
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Figure 2.  Control algorithm – the effect of kst 
There are used the following rules (Fig. 3):

R1: If 
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R2: If 
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       then u(t)=umaxst(t)                                           (15)

 R4: If 
[image: image19.wmf]d

>

0

max

and e1(t0+d+1)<0 
       then  u(t)=uminst(t)                                          (16)

 R5: In other situations, the predictions (for u2 and u3 sequences) are obtained like in Fig.3. In this case it is used a linear relation: 
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Figure 3.  Examples of output predictions
To reduce the control signal variation, the algorithm uses next parameters: 0≤kst<1 modifies the values of umaxst, uminst; δ >0 modifies weight of rules; 0≤ku<1, 0≤kumed<1 are weight factors to compute the average of control signal umed(t), dust is accepted minimum of the difference umaxst(t)-uminst(t). 

Usually, dust>0.1*(umax-umin). A good behaviour of the control algorithm leads to a prevalence of rule 5. At every sample period the algorithm will compute:

STEP 1: Measuring y(t); up-date input and output; 

STEP 2: Simulate the behaviour of system for the next control sequences: 
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and compute extreme values of predicted errors (12)

STEP 3: Use simulated results and rules 1..5 to compute control action;

STEP 4: Up-date umaxst(t), uminst(t):

IF R5  THEN IF umaxst(t)-umed(t)>umed(t)-uminst(t)

         
   THEN{umaxst(t)=umaxst(t)-kst(umaxst(t)-umed(t))
                           uminst(t)=2umed(t)-umaxst(t)}         

                ELSE {uminst(t)=uminst(t)-kst(uminst(t)-umed(t))
                            umaxst(t)=2umed(t)-uminst(t)}
     IF umaxst(t)-umed(t)<dust THEN umaxst(t)=umed(t)+dust
     IF umed(t)-uminst(t)<dust  THEN uminst(t)=umed(t)-dust
     IF R2  OR  R3 THEN    umaxst(t)=(1+kst)umaxst(t)

     IF R1  OR  R4 THEN    uminst(t)=(1-kst)uminst(t)

     IF 
umaxst(t)>umax
THEN 
umaxst(t)=umax
     IF 
uminst(t)<umin
THEN 
uminst(t)=umin
STEP 5: u(t) filter:

     IF R5 THEN  u*=kuu(t)+(1-ku)umed(t) ;u(t)=u*

STEP 6: Compute the average of controller’s output:


 umed(t+1) = kumedumed(t)+(1-kumed)u(t). 

As an example it is considered an orientation control system [Dorf 98] for a jump-jet aircraft (open-loop unstable). With T=0.1s the transfer function in ‚z’ is:


[image: image26.wmf])

1

)(

105

.

1

(

)

034

.

1

(

0051709

.

0

)

(

-

-

+

=

z

z

z

z

H

             (18)

In Fig.4, Fig. 5 there is presented the results of the control system. The parameters of the model are constant but unknown and the values of them are initially 0. Also, u[t]=0 and y[t]=0 if t≤0, umax=250, umin=-250. For identification it is used the on-line recursive least squares algorithm.
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Figure 4. Example - Setpoint and output
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Figure 5. Example - Control signal

First, the setpoint has a constant value (150). After step 40, the setpoint has a trapeze shape (Fig. 5). The process and the model have the same structure. 
These predictive algorithms were used in practical applications for the control of some thermal processes, displacement motion control, etc. Using the on-line identification the algorithm becomes of adaptive-predictive type. Also, this algorithm can be applied for nonlinear processes that do not change the sign. An example of application in case of the heat exchanger can be found in [Balan02].

3
The Nonlinear model of the process

  The cart-pole system is presented in fig. 6. It consists of a cart that moves on a horizontal track of finite length. The pole is represented by a point mass attached to the end of a massless thin rod of length l that is attached to the cart at a pivot capable of unconstrained (360°) rotation. The state space equation of this system is given by [Ronco]:
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Figure 6. The inverted pendulum on a cart
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where 
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 the position of the cart, 
[image: image34.wmf]x

x

&

=

4

 and u is applied force to the cart. The primary control objective is to stabilize the system at
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. The system is actually not controllable at this point. The difficulties increase if the cart displacement limits are imposed.
 4
The Control of Inverted Pendulum on a Cart
The proposed algorithms cannot be applied direct to the problem of inverted pendulum on a cart, due to the nonlinearity and the complexity of the process and to the fact that in this application the sign of the process is changing. It was necessary to modify the number and type of the control sequences and to implement a corresponding set of rules. In a first variant [Balan 04] the movement of the cart was unlimited. Here, the accepted limits of the cart are denoted with x3min<0, x3max>0 respectively. It is supposed that the process model is accurate and the noise is null.
4.1 Initial stage of the pendulum’s swing up

   A first choice that must be done it refers to the pendulum’s swing up strategy. To limit the difficulties that can appear in analyzing and interpretation of the simulated trajectories generated by the control, it was preferred the construction of some control sequences that contain only some values umax and umin. In the present paper it is supposed that umax= -umin. It is used the sequences (2) with the following remarks:

- it is obvious that for swing up the sign of force must be changed at a certain moment ;

- some adequate strategy is necessary to limit the movement of cart in range (x3min, x3max); to search the “optimal” moment  the control sequences u1 and u4 are used under form:

          u1(t)={umin,umin,..,umin, umax,umax,..,umax}

          u4(t)={umax,umax,..,umax,umin,umin,..,umin}        (20)

so, the force’s direction is changed after N1<N time periods;

- if in simulation the accepted limits of the cart position are reached, than the last step in simulation is repeated changing the force direction. This possibility appears if the range (x3min, x3max) is not sufficient for swing up. It is possible to be necessary resumption of more steps in simulation.

The four simulated trajectories of the pendulum are analysed to obtain the control sequence that leads most rapidly to the instable equilibrium position. A trajectory is characterized by the minimum deviation of pendulum from the instable equilibrium and the time value at which is realized this minimum. It is denoted with min1, min2, min3, min4 the four minimal absolute values and with t1, t2, t3, t4 the moments at which these minimums can be attained. If a control sequence produces a better trajectory then others that were found before, that control sequence is memorized. The operation of memorizing is necessary because with control sequences of type (20) it is possible to loose for N1-1 sampling periods this  “optimal” trajectory.

From the control sequence that generates at a certain moment the trajectory considered optimal, it is chosen the first term that it is attributed to the control signal. Since the optimal control sequence can be modified very often, especially in the initial phase of the pendulums swing up it is possible that the control signal to vary often between its accepted extreme values. This aspect must be taken into consideration for practical implementation and if it is necessary it must be modified the way of work. As it is noticed, the set of rules used in this stage are similarly with rules (3)..(6) or (13)..(17), but are more complex. 

4.2 Intermediate stage of the pendulum’s lifting
  Finally, when the pendulum is brought in the vertical position, the pendulum can be controlled by using smaller forces. These remarks have conducted in a first variant to choosing the following supplementary control sequences [Balan 04]:

 u5(t)={umin,0,..,0},u6(t)={0,0,..0}, u7(t)={umax,0,..0}   

                                                                 (21)

If the cart movement is limited in space, the following supplementary control sequences leads to better results:

u5(t)={kumin,...,kumin}, u6(t)={0,0,..0},
 u7(t)={kumax,..kumax}                  (22)

where k <1 is a parameter of the control algorithm. Result three other output predicted sequences y5(t), y6(t), y7(t) and corresponding predicted errors e5(t), e6(t), e7(t). These sequences can be modified function of the context. So, if in simulation the accepted limits of the cart position (x3min, x3max) are reached, the actual sense of the control signal is changed in this way:

- if at the simulation time t0 the right limit is attained (x3max), then it is chosen u5(t0)=umin, u6(t0)=umin, u7(t0)=umin, u5(t0+1)=kumin, u6(t0+1)=0, u7(t0+1)=kumin etc.; 

- if at the time t0 the left limit is attained (x3min) than it is chosen u5(t0)=umax, u6(t0)=umax, u7(t0)=umax, u5(t0+1)=kumax, u6(t0+1)=0,  u7(t0+1)=kumax etc.;

So, sequences (22) doesn’t have a fix construction; a term of a sequence may take values in the {umin, kumin, 0, kumax, umax} domain. The final aim is finding of some control sequences of type (22) that permits the pendulum to come to the instable equilibrium position, without reached the limits imposed to the cart. In simulations both the pendulum and the cart must respect the imposed conditions. The sequences (22) permit approaching to the instable equilibrium position using smaller forces. These become usefully if the trajectories intersect the position of instable equilibrium. It can be made a lot of strategies of usage of these trajectories for computing the control signal inclusive through the usage of some optimization techniques. But crossover with the instable equilibrium position is not sufficient because it is possible that the pendulum cannot be maintained in that position.

It was chosen the next strategy: if after the usage of a control signal (22) it is attained the position of instable equilibrium, than for maintaining the pendulum as much as possible in that position, in the sequence are used only the values {umin, umax}. As a result it can be obtained the following information: the time at which it takes place the attaining of the instable equilibrium position, time duration in which the pendulum can be maintained in that position, time at which the cart reaches the imposed limits (x3min,x3max) etc. From the viewpoint of the used rules, this stage is similar to the previous stage but there are used reduced values of the control signal.
4.3 Final stage of pendulum stabilization
In the first two stages of pendulum swing up, the value of the control signal can varies very much between the accepted extreme values { umin, umax }. In the final stage it is necessary as much as possible that this variation to be reduced. For simulations, are used the unmodified sequences (5) that permits (in simulation) the limits (x3min, x3max) surpassing. Also the pendulum is not maintained (in simulation) in the position of unstable equilibrium. There are two reasons: to find an “optimal” control signal whose final value to be null and that will bring the pendulum in position of instable equilibrium. Of course, is necessary to respect the imposed limits for cart displacement. From this reason, the passing to this stage of stabilization of the pendulum position is done after the analysis of the actual and estimated positions of the pendulum and cart. To obtain the control signal a variant is the use of a linear approximation:  

Rule 5.1:  If e5(N2)e7(N2)<0 , Then 
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 Else    Rule 5   
where N2 is a parameter of the control algorithm, e5(t) and e7(t) are the errors obtained using u5(t) and u7(t). Using the above relation will lead only to the obtaining of the vertical position of the pendulum (x1=0, x2=0). To obtain also the position stabilization and cart velocity (x3=0, x4=0) it is used the following supplementary rule: 

Rule 0:  If  e5(N2)e7(N2)<0 and  e(t)<
[image: image39.wmf]p

q

 Then   
{If  e6(N2)e5(N2)<0   Then      
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u(t) ( u(t)+kpx }                                  

              Else  If e(t)<
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and e5(N2)e7(N2)>0

                       Then   {If e6(N2)>0   Then u(t)=umax(t)                                                                    

                                                         Else u(t)=umin(t)}

              Else Rule 1, 2, 3, 4 

  In this paper it is used next values of the parameters [Ronco]: M=1.378 is the mass of the cart, m=0.0551 is the mass of the pendulum, l=0.325 is the length of the pendulum, g=9.81 is the gravity, b=12.98 is the coefficient of viscous friction for motion of the cart. The parameters
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, N2, kp can be chosen in large limits. For next examples the sample period is 0.1s, 
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=25, N2=10, kp=10, k=0.1, set point is changed from 180 to 0 at t=1s and the cart limits are x3min=-4.9, x3max=4.9. First it is presented a case (fig. 7) for initial stage of pendulum’s lifting if umax=70, umin=-70. At t=6.7s is marked the ‘optimal’ trajectory which was founded through simulations. 
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Figure 7. Initial stage of pendulum’s swing up


In fig. 8 it is presented a case for the beginning of the intermediate stage of pendulum’s lifting. At t=10.5s, one of the output sequences cross the setpoint. The simulation shows that this event will be at t=16.9s. 
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Figure 8. Intermediate stage of pendulum’s swing up
In what it follows are presented the results obtained using umax=300, umin=-300. The pendulums evolution for t=12s is presented in fig. 9. The cart evolution (speed and position) as well as the predicted position of the cart for t=12s is presented in fig. 10. The signal control (force) evolution that controls these movements is presented in fig. 11. As it can be seen, the pendulum is not brought up direct in vertical position, but through balancing. In case that are not imposed limits to the cart displacement, the pendulum can be brought without balancing at the vertical position. It can be distinguished the three stages of bringing the pendulum in the vertical position: initial stage for 1<t<4.1 in which are used the extreme values umax, umin of the control signal, the intermediate stage for 4.1<t<5.8 in which are used values from range {umin, kumin, 0, kumax, umax} and final stage in which the control signal can take any values from range [umin, umax] but finally, eventually with some oscillations, the control signal value will tend to 0.
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Figure 9. Pole position and predictions
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Figure 10. Cart position and predictions
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Figure 11.  The controller  output (force)

5
Conclusion

The proposed algorithm uses a number of control sequences for simulating the future behaviour of the system. Through analysis of a set of rules of predicted evolutions, it is obtained the control signal considered optimal. Of course, since in simulation it is used a small number of control sequences, the respective optimum is not global, but it is obtained the advantage of small time computing. If the control sequences and set of rules are carefully chosen, the control system behaviour is good even in the case of a constraint nonlinear process. A demo application (realized in Delphi) can be downloaded from http://www.conmec.utcluj.ro/download-en.html.

. In the future, starting from the proposed algorithm, the work will focus on: the optimal chosen of the control parameters, the study of other set of control sequences, the study of other set of control rules, adaptive case and practical implementation.
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