Synchronization and antisynchronization for two chaotic Van der Pol-Duffing systems 
Servilia Oancea1, Ioan Grosu2
1Department of Biophysics, University of Agricultural Sciences and Veterinary Medicine, Iasi, Romania, email:liaoancea@yahoo.com
2Faculty of Bioengineering, University of Medicine and Pharmacy, Iasi, Romania, 

email: ioan.grosu@instbi.umfiasi.ro

1. Introduction

The synchronization phenomenon was first reported by Huygens, who observed that a pair of pendulum clocks hanging from a light weight beam oscillated with the same frequency. Nowadays, there are many papers related with synchronization of rotating bodies and electromechanical systems. As is only natural vibration in machines are usually generated by periodic excitations acting on elastic structure. It is essential to take account of the non-linear coupling which can exist between source of the excitatory forces and the vibrating system. The importance of synchronization does not only lie in the practical applications that can be obtained, but also in the many phenomena that be explained by synchronization theory. In biology, medicine and agriculture many systems can be modeled as oscillators or vibratory systems and those systems show a tendency towards synchronous behavior. 

Since 1990 chaos synchronization has been a topic of great interest as shows the most comprehensive bibliography on control and synchronization [1], [2]. 
The dynamical behavior of the Van der Pol-Duffing model has been intensively investigated in the last two decades [3], [4]. The Van der Pol-Duffing circuit can easily be implemented as an analog of Chua circuit. The main difference between both systems consist in the replacement of the piecewise nonlinear element characteristic of Chua’s circuit by a cubic nonlinearity which can be constructed by using a set of diodes and an operational amplifier [5]. Recently Belykh et al. [6] showed that Van der Pol-Duffing system serves as appropriate model for Huygens synchronization of two mechanical clocks hanging from a common support.  In that work the authors considered the system of two oscillators with masses m connected to a movable platform with mass M via a spring. The platform couples the dynamics of both oscillators causing their synchronous movement. In [7] the dynamics of a Mathieu–Van der Pol–Duffing system was investigated. This system might be applied to microelectromechanical system (MEMS) devices. These devices were shown to self-oscillate in the absence of external forcing, when illuminated by a laser of sufficient amplitude. This system can also be forced externally by modulating the incident laser, or by using a piezo drive at the natural frequency of the device. In the presence of external forcing of sufficient strength and close enough in frequency to that of the unforced oscillation, the device will become frequency locked or get entrained by the forcer.
Jackson and Grosu [8], [9], [10] developed the open-plus-closed-loop (OPCL) method. This method gives precise driving for any continuous system in order to reach any desired dynamics and it has been applied to synchronization of two identical systems by Grosu et al. [11], Oancea [12]. A similar strategy can be used for mutual synchronization [13]. More than this it can be extends to 3 systems and 4 systems [14], [15]. In addition Grosu et al. [16] obtained the synchronization and antisynchronization in chaotic systems under parameter mismatch.
In this work the master-slave, mutual synchronization and antisynchronization are used in order to control two Van der Pol-Duffing systems. 

2. Master-slave syncronization
Let’s consider the master system:
dX/dt= F(X); X
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then the slave system:

dx/dt= F(x) + (A -
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assures x(t)
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A is a constant Hurwitz matrix with negative real part eigenvalues. If the characteristic equation of the matrix A is:
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then the Ruth-Hurwitz conditions are:
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The matrix A should be chosen in such a manner in order that the coupling to be as simple as possible. One big disadvantages of this general method is that the coupling term could be complicated and hard to be implemented in practical/engineering applications.
3. Mutual synchronization
Let’s consider two identical general oscillators:
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In order to obtain synchronization it is necessary to couple the two systems.  The coupled systems are:
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where 
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      and s=(x+y)/2, A is the Hurwitz matrix.

(7)
4. Synchronization and antisyncronization of chaotic systems
Grosu et al. [16] designed the coupling for stable synchronization and antisynchronization in chaotic systems under parameter mismash. In the synchronization regimes, amplification (attenuation) of a chaotic driver in a response oscillator is achieved.

The driver is:
dy/dt= F(y)+(F(y); y
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(8)
The driven system is given by:
dx/dt= F(x) +D(x,(y)








(9)
where  D(x,(y)=( dy/dt –F((y)- (A -J F((y)(x – (y)




(10)
J being the Iacobian and A the arbitrary constant Hurwitz matrix.
5. Comparison between master-slave and mutual synchronization for two Van der Pol-Duffing systems
The master van der Pol-Duffing system has the form [17]:

dX1/dt =35X1+100X2-100X13 ;

dX2/dt=X1 –X2- X3 ;









(11)
dX3/dt =450X2 

We can choose the Hurvitz matrix having a single constant parameter and the Routh-Hurwitz conditions give for this parameter p, p
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The slave system (of the master system (11)) with p=-101 is:

dx1/dt=35x1+100x2-100x13+(-136+300X12)(x1-X1)+300X1(x1-X1)2+100(x1-X1)3 ;

dx2/dt=x1 -x2- x3 ;

dx3/dt =450x2 










(12)

Numerical results are given in figures 1 and 2. 
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Fig.1. X1(t), green x1(t), black, for p=-101; (X1(0)=0.1; X2(0)=0.1; X3(0)=0.1; x1=-0.1; x2=-0.1; x3=-0.1)
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Fig.2. Synchronization errors between (11) and (12); [X1(0)=0.1; X2(0)=0.1; X3(0)=0.1; x1=-0.1; x2=-0.1; x3=-0.1)
The mutual method of synchronization for Van der Pol-Duffing systems gives:

dx1/dt=35x1+100x2-100x13+(-136+75(x1+y1)2)(x1-y1)/2;

dx2/dt=x1 -x2- x3 ;

dx3/dt =450x2 










(13)
dy1/dt=35y1+100y2-100y13+(-136+75(x1+y1)2)(-x1+y1)/2;

dy2/dt=y1 - y2- y3 ;

dy3/dt =450y2 



Fig.3 and 4 present the mutual synchronization of two Van der Pol-Duffing chaotic systems
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Fig.3. x1(t)- red, y1(t)- black, for p=-101; (x1(0)=1; x2(0)=1; x3(0)=1; y1=-5; y2=-5; x3=-5)
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Fig. 4. Synchronization errors for the system (13); [(x1(t) – y1(t)-green; x2(t) – y2(t)-red; x3(t) - y3(t)- black)] for (13) and p=-101; (x1(0)=1; x2(0)=1; x3(0)=1; y1=-5; y2=-5; x3=-5)
6. Antisynchronization and amplification of chaos for Van der Pol-Duffing systems
Antisynchronization for two Van der Pol-Duffing systems is given by:

dy1/dt=35y1+100y2-100y13
dy2/dt=y1 - y2- y3 ;

dy3/dt =450y2+45y2 

dx1/dt=35x1+100x2-100x13-600 y13 +(-136+1200y12)(x1+2y1)



(14)
dx2/dt=x1 -x2- x3 ;

dx3/dt =450x2 -90y2
(where (=-2 and the mismatch was chosen in the third equation) and in the figures 5 and 6.
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Fig.5. 2y1(t)-green ; x1(t)-black; for p=-101; (y1(0)=0.1; y2(0)=0.1; y3(0)=0.1; x1=-0.1; x2=-0.1; x3=-0.1)
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Fig.6 Synchronization errors for the system (14); [(x1(t) +2y1(t)-green; x2(t)+2y2(t)-red; x3(t)+2y3(t)- black)] for (14) and p=-101; (y1(0)=0.1; y2(0)=0.1; y3(0)=0.1; x1=-0.1; x2=-0.1; x3=-0.1)

Amplification of chaos is given in the figure 7.
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Fig.7 Phase portrait of (y 1, y2,)-black and (x 1, x2)-red (y1(0)=0.1; y2(0)=0.1; y3(0)=0.1; x1=-0.1; x2=-0.1; x3=-0.1)

5. Conclusions

In this paper we presented master-slave, mutual synchronization and antisynchronization for two Van der Pol-Duffing systems. The transient time until synchronization depends on initial conditions of two systems and on the values of negative part of eigenvalues. Our results show that the mutual synchronization is faster than the master-slave synchronization and can be achieved for very large initial conditions. The methods presented in this work can be useful to be applied to other chaotic systems and can be generalized in order to find the main applications in biology, physics and industry, because they are easier than other methods. 
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