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Abstract

Methods for analyzing the spatial motion of a satel-
lite in geostationary orbit during long-term conservation
with episodic activation of control have been developed.
The computer simulation results of a geostationary com-
munications satellite motion during the year with quar-
terly correction are presented.

1 Introduction

In memory of elite Profs by the Russia and ICS RAS
V.Yu. Rutkovsky, S.D. Zemlikov, V.M. Sukhanov, and
V.M. Glumov in research of space robot control systems.

Currently, various countries have begun to introduce
space communication systems consisting of thousands
of mini-satellites in low orbits. A worthy answer of tra-
ditional space communication technology [Testoyedov
et al., 2017], Fig. 1, is based on a new generation of
communications satellites that are assembled in geosta-
tionary orbit (GSO) by space robot manipulators (SRMs)
[Somov et al., 2019] using replaceable and replenished
components, and then regularly serviced by SRMs for
several decades. Modern information satellites in GSO
are usually used with a guaranteed period of their target
operation of up to 17 years. The main limitation of the
service life for such geostationary communications satel-
lites (GCS) is the exhaustion of fuel for the plasma elec-
tric propulsion unit (EPU) to keep a serviceable satellite
in the GSO. There are two types of projects here: 1) a
space robot manipulator for refueling the EPU, includ-

ing by a simple replacement of fuel tanks, and its main-
tenance, including the GCS onboard equipment and 2) a
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space tug, which is mated with an existing satellite and
retains it in the GSO, using its EPU.

There are already some practical results of the projects
of the second type, since they are simpler. For instance,
the space tug Mission Extension Vehicle-1 (MEV-1) has
been created by Northrop Grumman (USA) to extend the
service life of GCS that are running out or have already
run out of fuel. On February 25, 2020, the MEV-1 tug
successfully docked to the Intelsat 901 communications
satellite which operated in the GSO in 2001-2016. Af-
ter having been moved, this satellite resumed its work
on April 2, 2020. The MEV-2 space tug was launched
on August 15, 2020, to extend the service life of the In-
telsat 10-02 satellite, which has been operating in the
GSO since June 16, 2004. Successful docking of MEV-2
with Intelsat 10-02 spacecraft was performed on April
12, 2021, and currently this satellite is successfully op-
erating. The latest advances in space refueling are avail-
able in [SR, 2022; SR, 2024a; SR, 2024b; SR, 2025].

Figure 1. Geostationary communications satellite Express-AM5/6
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Figure 3.

The scheme of EPU with eight catalytic EJEs

When refueling the EPU with the tanks being replaced,
such filled fuel tanks should be delivered by a space
robot within about 4 months according to a combined
scheme of its launching to the vicinity of the GCS stand-
ing point. However, due to many organizational and
technical risks, such launching of the SRM with fuel
tanks may be delayed for several months. So, such
projects provide for a GCS conservation mode with a
duration, for example, of at least one year. It should be
noted that GCS Intelsat 901 was in the burial orbit for
more than 3 years (!) waiting for the MEV-1 tug. Here
a natural and intriguing question arises: how can this be
achieved with a shortage of fuel for the EPU ?

The long-term conservation mode consists in a passive
flight of the GCS, maintaining a positive average balance
of its power supply and activating episodically its atti-
tude and orbit control system (AOCS) to keep the satel-
lite in the vicinity of a given standing point in the GSO.

In the AOCS, a cluster of flywheels — the reaction
wheels (RWs) by scheme General Electric (GE) [Somov
et al., 2021a], Fig. 2a, with digital control is applied, as
well as two EPUs based on both plasma and catalytic
electric jet engines (EJEs) [Somov et al., 2020], Fig. 3,
and also an electromechanical drive of solar array panels
(SAPs), see Fig. 1 with Russian GCS Express-AMS5/6.

Curious mathematicians usually study problems of as-
trodynamics for a set of points with a known mass with-
out taking into account the influence of the solar pressure
force (SPF), see [Aminov et al., 2019], where only “im-
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pulse correction” of the probe’s motion during long-term
stay in the vicinity of Lagrange point L, into the Sun-
Earth system is studied. The point L is suited to study
the system, but the probe is almost always illuminated by
the Sun, that gradually leads to large accumulated force
and torque vectors [Polyakhova, 2011].

This article represents developed strategy for the GCS
motion control in the long-term conservation mode and
extended results on computer simulation for the GCS
with large-sized SAPs [Somov and Somova, 2022].

2 Main models and the problem statement

We use standard inertial reference frame (IRF) I, in-
ertial solar-ecliptic reference frame I, as well as the
GCS body reference frame (BRF) B (Oxyz), the orbit
reference frame (ORF) Ox°y°2°, and also the SAPs’ ref-
erence frame (PRF) OxPyP 2P| Figs. 3-6. The ORF with
origin O in the GCS’ mass center has the following di-
rections of axes: the axis x° is directed along a radial
r°, the axis z° is along a normal n° to the orbital plane,
and the axis y° with an orbit transversal 7°. Unit vec-
tor s is directed from the Earth & to the Sun ®, and the
normal nP to the SAPs’ plane is directed along the PRF
axis zP. We use the notation { - } = col(+), [-] =line(+)
for vectors with scalar (-, -), vector ({-}x{-}) and dyad
[{-}-{-}] products; [-x], (), [-| = diag(-) for matrices
and o, ~ for quaternions A = (Ao, A), A = {1, A2, A3},
also 0 = etan(®/4) for vector of modified Rodrigues
parameters (MRP) with Euler unit vector e and angle ¢

Figure 4. Basic reference frames for satellite orbital flight
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Figure 6. Reference frames in the GCS conservation mode

of own rotation, C,, = cos & and S, = sin «.. The vector
o is connected with quaternion A by explicit relations.

The BRF has the unit vectors b;, i = 1 +-3=uz,y, 2,
which are directed along its respective axes. We intro-
duce also a central body reference frame (CBRF) B¢
(Oz°y°z°) with unit vectors by, directed along the main
central axes of the satellite inertia tensor J =|| J;; || .
In the CBREF, this inertia tensor has a diagonal represen-
tation J° = [J¢]. In the ORF, the BRF orientation is
determined by angles of yaw ¢; = 9, roll ¢5 = ¢ and
pitch ¢3 = 6 in the sequence 132, and the CBRF orien-
tation — by angles ¢f, ¢5 and ¢ in the same sequence.
The GCS is considered as a solid, so with standard nota-
tion [Somov et al., 2021a; Somov et al., 2020] its spatial
motion is presented in the form

F=r +wxr; mv +wxv)=P°+Fd;

A=Aocw/2; K+wxG=M"+M°+ M, M

Here, v = r’ + w x r is the velocity vector of GCS
forward motion; K = Jw is vector of the GCS an-
gular momentum (AM), vector G = K + H, vector
H = {H;} = A,h represents the AM of the RW cluster;
matrix A, = [a,] composed of unit vectors a, by RW
axes; h={h,}, p=1-+4; the RW cluster control vector
M' = M = —Ash = Aymwithm={m,}, vec-
tors of thrust P¢ and torque M¢ are the EPUs controls.

At last F4 and MY are other external force and torque
vectors, including torque vectors of the SPF MI® = {M?}
and gravity M# = {M?} due to gravitational influence of
the Earth, Moon and Sun.

Let be given the quaternion Ad, velocity w? and ac-
celeration € vectors for designed angular state of the
GCS. Then the error quaternion E = (e, e) = AA
with e = {e;} corresponds to the angular error matrix
Ce = I3 — 2[ex]Q! with Q. =I3¢q + [ex], the MRP
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vector 0¢ = e® tan(®°/4) and the angular error vector
0¢ ={d¢;} =2{epe;}. The error vector dw =w® in an-
gular velocity is calculated by the ratio w® = w — C®w9.

In normal mode, the GCS is stabilized in ORF when
electrical axes of its antennas are directed to nadir, and
the normal nP to the SAPs is directed to the Sun, Fig. 5.

The peculiarity of GCS design is the ratio J, = Jo2 >
Jy =J11 > J, = Js3, which leads to problems of stabil-
ity for the GCS angular position in the ORF. This feature
also manifests itself for the satellite’s main central mo-
ments of inertia, namely in the form J, > J > J7.
At passive flight of the GCS, its angular motion in the
ORF mainly depends on the SPF M?® and gravity M?#
torque vectors. The problem is to develop a strategy for
the GCS AOCS operation in the conservation mode and
its testing based on computer simulation methods.

At the ICS RAS, the problems of robot control when
satellites maintenance have been studied for many years
by Prof. V. Yu. Rutkovsky team, for example [Bogomolov
et al., 1998], [Rutkovsky and Sukhanov, 2000], [Glu-
mov et al., 2001], [Glumov et al., 2006], [Zemlyakov
et al., 2006], [Rutkovsky et al., 2010a; Rutkovsky et al.,
2010b; Rutkovsky et al., 2010c], [Rutkovsky et al.,
2011], [Rutkovsky et al., 2013], [Sukhanov et al., 2014],
[Rutkovsky et al., 2015], [Sukhanov et al., 2015], [Glu-
mov et al., 2018], [Rutkovsky and Glumov, 2023]. Re-
search and developments on this topic are being car-
ried out in many Russian universities: [Alpatov et al.,
2010], [Timofeev and Shardyko, 2013], [Alpatov et al.,
2013], [Dalyaev et al., 2015], [Belonozhko, 2015], [Be-
lonozhko, 2019], [Katkalov, 2020a], [Katkalov, 2020b],
[Katkalov and Morozova, 2022].

3 Conservation strategy

The developed strategy is based on the following se-
quentially performed actions.

1. When the GCS standard orientation in the ORF,
bringing the SAPs to the park position with angle v = 0,
see Fig. 5. The angular velocity vector w® of the GCS
orbital motion is defined in the form w® =w°n°.

2. The GCS body reversal in the ORF to the position
when unit vector b§ with maximum central moment of
inertia J; is directed along the normal n°, and the unit
vector b§ with minimum central moment of inertia J3 —
along the radial r°, see Fig. 6. That reversal is performed
using the RW cluster and onboard digital reference guid-
ance model for the MRP vector [Somov et al., 2021a].

3. Acceleration of the GCS body rotation around the
axis Oy° located near the normal n°. Such acceleration
to a given rotation velocity w® =24w° (Fig. 6) with sub-
sequent stabilization is performed by the RW cluster.

4. Braking of the RWs and stabilization of the GCS
body rotation by the EPU based on 8 catalytic EJEs with
pulse-width modulation (PWM) of their thrust.

5. The AOCS shutdown and subsequent flight of GCS,
stabilized by rotation [Artyukhin et al., 1979; Popov,
1986], at a time interval lasting up to 3 months. Such
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intervals can be repeated with the AOCS short-term in-
clusion to correct the orbit of the GCS and return its lo-
cation to the vicinity of a given standing point on GSO.
Over the past 50 years, many monographs and text-
books have been published on the research and design of
the spacecraft AOCS [Elyasberg, 1965; Rauschenbakh
and Tokar, 1974; Smirnov et al., 1985; Battin, 1999;
Wie, 2008; Schaub and Junkins, 2009; Vallado, 2013;
Markley and Crassidis, 2014; Baranov, 2016; Curtis,
2020; Montenbruck and Gill, 2020] et al. as well as re-
view articles, for example [Somov, 2016]. So, here we
briefly represent control laws of redundant drive clusters
(Figs. 2 & 3) for the GCS long-term conservation and
focus on the discussion of computer simulation results.

4 Redundant drive clusters and control laws
4.1 Optimizing the RW cluster configuration

For RW scheme GE with a = C,,b = S, the unit
vectors a, have the form a; ={a, b,0}; ay={a, —b,0};
az = {a,0,b}; ay = {a,0,—b} (Fig. 2a), what de-
fines a matrix Ay, = [a,] = A. We introduce nor-
malized AM vectors h, = hpa, with limited modules
|h,| = hy = hp/h™ < 1, a column of normalized AM
by individual RWs h = {h,} and a column of the RW
cluster normalized AM H = Xh,, ={x, y, z}, which are
related by the relation H=Ah.

As is known [Gantmakher, 1988], a system of vectors
Xp, p = 1 + m in the Euclidean space R™ is linearly
independent if the Gram matrix G composed of these
vectors has a determinant G = det G > 0, which value
is equal to a volume square of a m-dimensional paral-
lelepiped created on vectors a,, directed along its edges.

In the analyzed RW cluster we have m =4, x,, = a,,
the Gram matrix G = A A} = [4a?,2b% 2b%] with
determinant G = 16 a®b* = 16 C2S. The choice of an-
gle v is based on maximizing the parallelepiped volume,
the relations were obtained [Somov and Somova, 2021]:
dG/dy = 325,052 [-52+2C2] = 0 = tan~y = /2;

Cy=a=+/(1/3),Sy=b=/(2/3) = v = 54°44’.

Let the canonical reference frame Oxz8y%28 (Fig. 2)
coincide with the BRF Oxyz. Then for this RW cluster
in optimal configuration, the variation domain of nor-
malized AM vector is represented in the BRF by a paral-
lelepiped with m(m — 1) = 12 faces, each face of which
is a rhombus, Fig. 2b, green color. A sphere of normal-
ized radius 7, = 25, = 2/(2/3) = 1.633, is inscribed
in the AM domain and touches all 12 faces, see Fig. 2b.

4.2 Distribution of the RW cluster controls

The RW cluster normalized AM has the explicit form
H = {z,y, 2} ={21 +22,bhyy,bhy,} withz1=a hfy,
x9=ahj, and hi,=hy + hy, hi, =h3 + hy. Here, the
fundamental problem is a distribution of its AM H = Ah
and control torque (CT) M = —Am vectors between
four RWs when H,M € R® & h,m € R*, which consists
in solving two redundant vector equations Ah = H and
Am = —M to obtain the columns h and m values.

CYBERNETICS AND PHYSICS, VOL. 14, NO. 4, 2025

In this cluster with its minimum coercion, the distri-
bution of the AM and CT vectors is based on using
of pseudo-inverse matrix A% = A*(AA")~! [Albert,
1972]; [Gantmakher, 1988]. However, here there is no
uniqueness of the solution to considered problem, which
leads to an accumulation of errors [Albert, 1972].

Main idea of the employed explicit distribution law
consists in achieving the strict uniformity in terms of the
saturation resources for the first and second RW pairs
[Somova, 2016; Somov et al., 2021a]. In normalized
form, the law is described by analytic relations

fo(h) =21 — To + p(21T2 — 1) = 0; 2

fo(h)=(a'(h),h)=@,(f,(h)) = —sat(p, f,(h), $,),
T = 21/qy; By = 22/q25 g = (aP =522 s =y, 2
0 < p < 1; ¢,, 1y, and p are positive parameters, and
column af(h) = {af} = 0f,(h)/dh has components
al ,=2a(20% £ b?hahy,) (1 + pahg, /42) /ay;
aj 4 =2a(2a® F 0*hahzy) (1 + pahiy/q,) /6.
With notation q;;, = q, +¢., by = /2, ¢, =qyq. — bg
the normed AM vector H = {z,y, z} is distributed as
per condition f,(h) = 0 (2) firstly among RW pairs by
the relation z1; = (z + A)/2, xo = (x — A)/2, where

A= (g /p) (1 — (1= 4play.by + pegl/(af))?),
and next among two RWs in each pair by evident rela-
tions. To define column m, the relation Ah = H is
supplemented with equation (a(h), h) =& ,(f,(h)).

As a result, we obtain four linear equations and the

column m = {m,} of the RW cluster control torques is
calculated as m={A, [al]} 71 {—M* h™®,(f,(h))}.
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Figure 7. Changing the GCS orientation angles in the ORF

4.3 Distribution of catalytic EJE cluster controls

In the EPU with 8 catalytic EJEs (Fig. 3) we represent
the unit vectors e,,p = 1 < 8 of the EJE nozzle axes.
Assume that vector p, € {+b,,+b,, £b.} defines the
point O, at which the thrust vector of the p-th EJE is
applied. Each catalytic EJE has the PWM of its thrust
pp(t), which is described by the nonlinear relations
pp(t) =P PWM(t — T2, tr, Tin, Vpr) VE € [tr, trir),
try1 =t +TS,r €Ny =[0,1,2,...) with a period T
and a time delay T%,,. Here P™ is the nominal value of a
thrust, similar for all catalytic EJEs, and the function

_ [ signvy, t € [tr,tr + Tpr),

PWM(t, by, Tn, Vpr) = { 0 ety Ty trer);

i 0 |Vpr| < Tmy
P U sat (T4 [vprl) [Vpr| > 7o
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Figure 8. The RW control torques at the end of the GCS reversal

The thrust vector of p-th EJE is calculated by relation
pPp(t)={pp}= —pp(t) ey, and vectors of the EPU force
P = P = {P,} and torque M°® are computed by the
formulas P¢ = X p,(t) and M® =3 [p, X]py(t).

At first the command vector PP for thrust pulse is
calculated over ¢t € [t,.,t.+1) as well as the durations
Tpr of the PWM thrust activation for all eight EJEs are
computed by explicit relations [Somov, 2017]. Here the
question naturally arises: how is it possible to generate
the vectors P°? and M®P with arbitrary direction in the
BREF if the EJE nozzle axes are fixed and each EJE may
be only in two states — it is switched on or switched off ?

To solve this problem, we have applied the PWM trust
of all eight EJEs, that modulation ensures given values
of vector P{? =P*P(t,.). We use the notationr, = p,,/p,
T = {n}: D° = {[ey],[rp, X ep]}; I7 = PP/P™;
mP = M /(P™p) and tP = {r?, mP}, where PP and
M*®P are given pulses of the EPU force and torque vec-
tors. Here the main problem is to solve the equation
D¢ 7 = t? for columns 7 € Ri, t? € R® at condi-
tion that 0 < 7, < T Vp = 1 + 8 with respect to
the components of column 7 = {7,} when rectangular
matrix D¢ and column t? € R® are given. For distri-
bution of the thrust durations 7, between eight EJEs on
each time semi-interval t € [t,, t,11) we use the pseudo-
inverse matrix (D¢)# = (D°)*((D°¢(D*®)")~!. As a re-
sult, the EPU control law Vr € Ny with PWM of the
EJE thrust has the following simple algorithmic form
[Somov, 2017; Somov et al., 2017; Somov et al., 2022]:

T = {7pr} = (DO)# t2; 7y = 7 — min(7p,);

if max(Tp.) > TS then Ty = Tpr Ty /max(Tp);

Pe=P™r,; M= (P™p) m,.

4.4 The GCS attitude guidance and control laws
When the GCS with RW cluster is considered as a free
solid and the AOCS has a balance by total AM vector
(G = 0), its angular motion in the IRF is described by
kinematic model A = A ow/2; w=e=u=J'M".
At applying the MPR vector o this kinematic model of
the GCS angular motion takes the form

0=(1-0*)w/4+(0 xw + 0 {o,w))/2; w=u (3)

with initial conditions o (t,) = 0, w(t,) = w, and the
vector 0, =€, tg(®P,/4) is arbitrary when |®,| < 27.
Direct and inverse kinematic equations with the MRP
vector o are represented in the form ¢ = B(o)w and
w = D(o)d with the matrices [Somov et al., 2021a]
B(0) = L(1 - 0?)Is + L(jox] + [0 - o]):
D(o) = B-'(6) = (16/(1 + 0)?)B'(0).
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Compact notation of second derivative of function
o brings the controlled part of the reference guidance
model to the form ¢ = v = b(o,w) + B(o)u with
function b(o,w) = ([(B(c)w)X] + [0 - B(o)w])w/2.

Using the methods of feedback linearization, modal
synthesis and vector Lyapunov functions [Somov, 1996]
for model & = v on desired spectrum S, = —a + j3 we
have obtained the control law v=—(k,0 + k,B(0)w).

In discrete form with period T, and k € Ny this con-
trol law is represented as v = — (ko + kIB(0oy )wy)-
Here, for a given normalized regulation time 7., the co-
efficients k¢ and k2 are calculated using the relations

we = 3/(ETy); = Ew., B =wi(1 - €)Y

a1 = —2exp(—aT,)cos(BTy), as = exp(—2aT),);
k‘g =1+a + (12)/T3, kg =34 a1 —a2)/(2Ty),
which are fair V £ > 0. Preliminary control law is de-
fined as u(o,w) = {@i} = D(o)(v — b(o,w)), that
provides uniform asymptotic stability of trivial solution
for model (3), and its discrete values are represented as

iy =—[D(oy)(klok + blog,wk)) + klwi]. @)

When digital control is finally formed at the time ¢, the
restrictions on control vector module (ju| = u < u™)
and angular velocity vector module (jw| =w < w™) are
taken into account in (4) according to the simple algo-
rithm A: 1) by a value of digital control uy (4) there is
calculated predictive value of vector wZ =wi + a1y
achieved at the end of the time interval duration T, and
if w{| > w™ then control vector Uy is redefined as
0y, = (W™ (W] /w)) —wk)/Ty; 2) next, if [ay|=ay, > u™
then vector up=u™ 0, /Uy, Vt € [tg, tx+1) is formed.

The laws for the GCS digital attitude control is based
on analytical relations using measured coordinates of its
angular movement, details are represented in [Somov
et al., 2021a; Somov et al., 2021b].

5 Computer simulation results

Computer simulation of the SPF torques was per-
formed according to known analytical ratios, taking into
account differences in the values of the reflection and
absorption coefficients of the luminous flux for different
sides of the SAPs. Figure 7 shows the changes in the an-
gles of yaw, roll and pitch, as well as the angle ®° during
the GCS reversal Vt € [0,940) s into its stable position,
and Fig. 8 — the control torques of all four RWs at the
end of this reversal. Next there are the important stages:
(i) Vt € [940,2944) s — the GCS stabilization in a stable
position, balancing the SPF influence, Figs. 9 and 10;
(ii) Vt € [2944,3944) s — acceleration of the GCS rota-
tion using the RW cluster to the value w9 = 24w® of the
GCS angular velocity with subsequent its stabilization;
(iii) Vt € [3944,4944) s — resetting the AM vector value
of the RW cluster using the catalytic EPU;

(iv) Vt € [4944, 8444] s — stabilizing a given GCS angu-
lar rate, stop of the RWs rotation due to natural torques
of dry friction; switching off the AOCS at ¢t =8444 s.
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Figure 10. Angular velocity vectors W and 0w when turning, accelerating and stabilizing the GCS rotation
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Figure 12.

We have studied the dynamic processes of the GCS
conservation in all four seasonal sections of its pas-
sive flight lasting 96 days each, namely + 48 days rel-
ative to the centers of these sections on well-known
special dates: spring equinox and summer solstice, au-

Change of external disturbing torques along axis Oz of the satellite BRF during 3 months

tumn equinox and winter solstice. Figures 11-14 repre-
sent some results of the GCS passive movement during
”Spring” section with a duration of 96 days starting from
February 4. For example, Fig. 14 shows angular devia-
tions of the GCS from a given position in the ORF along
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Figure 13.
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Figure 14.  Angular deviations of the GCS from a given position in the ORF along the transverse axes
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Figure 16. Changes in the semi-major axis, inclination and eccentricity of the geosynchronous orbit over 3 months

the transverse axes. On other scale, changes in these an-
gles within two days are shown in Fig. 15, where an
information is also represented on a change in values
cos 3, which determines the efficiency of power supply
system. Calculations have shown that in the ’Spring”
section with a duration of 96 days, the average cos 3

value is 0.307. Figure 16 shows the changes in the GCS
orbit parameters, here it is clearly seen that with increas-
ing time, the change in the orbit inclination increases al-
most monotonously. It is this circumstance that explains
the appointment of 4 seasonal sections of the GCS pas-
sive flight with a duration of 96 days.
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6 Conclusions

A strategy has been developed for controlling the spa-
tial motion of a geostationary communications satellite
in a long-term conservation mode, with only episodic ac-
tivation of the satellite attitude and orbit control system.

The novelty of this strategy is to accelerate and stabi-
lize the rotation of the satellite around the main central
axis with the greatest moment of inertia using a cluster of
four flywheels, and then in a passive gravity-stable flight
of the rotating satellite lasting up to three months.

The most important new idea proposed is the digital
control of the light flux reflection and absorption coeffi-
cients for given parts of the main area solar panels. This
capability allows to in-flight balancing the total effect of
torques due to both the gravity and solar pressure forces,
see Figs. 11 and 12.

Some results of computer simulation of such conserva-
tion of a communications satellite with large-sized solar
panels are briefly represented.
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