Structural stability of singular systems under proportional and
derivative feedback

M. Isabel Gar@-Planas, A. az

Abstract—We consider quadruples of matrices(E, A, B,C),  controllability non observable, observability non control-

gpze)sentigg (si)ngugr éif;ear(ti)me igya(ri;;mt _?%/Stgmj in tjl\}e I%f;“ lable, finite and infinite zeros among others, we define the

z(t) = Ax(t) + Bu(t), y(t) = Cx(t) wi VA e M, , ; ; ;

B € Muxm(C) and C € M,x,(C), under proportional and fOHOWI_ng_ equwalence relation. Lt o

derivative feedback, and proportional and derivative output Definition 1: Two quadruples (E’,A’,B’,C") and

injection. (E,A,B,C) in M are called equivalent if, and
In this work study the equivalence relation as a Lie group only if, there exist matrices P,Q € Gi(n;C),

action that permit see the equivalence classes as differentiable p ¢ Gi(m;C), S € GI(p;0), FEFF € Myyn(C)

manifolds and studying the tangent space to the orbits we obtain and FC. FC ¢ M. (C) such that

a characterization of the structural stability of quadruples of E T A nxp

matrices, in terms of numerical invariants.
E'=QEP + QBFE + FSCP,

_ C
|. INTRODUCTION A" = QAP+ QBF} + F{CP,
B’ = (BR,
We consider generalized time-invariant linear systems C’' = SCP,

given by the matrix equation&i(t) = Axz(t) + Bu(t),
y(t) = Cx(t) where E,A € M,(C), B € M,x,»(C) orina matrix form
andC € M,,(C) that we will represent by quadruples of

matrices(E, A, B,C). These equations arise in theoretical B

areas as differential equations on manifolds as well as in{ ~,
applied areas as systems theory and control, e.g. they ar A B =
used in modelling of mechanical multibody systems [5]. c’
The aim of this paper is to characterize the structural sta- c p
. . . X Q Fg E B
bility of a quadruple of matrices, with regard the equivalence S c FE R
relation defined by the following elementary transformations: Q F§ A B P
basis change in the state space, input space, output spaceg, S c F? R

proportional and derivative feedback, and proportional and
derivative output injection. Characterization is given in terms |, ;¢ easy to check that this relation is an equivalence
of a certain numerical invariants presented in the paper. o 5tion.

Structurally stable elements are those whose behavior doesSystems(E A,B,C) € M, for which there exist ma-
not change when applying small perturbations. The concepl.as B FC’ 1’?3’ and FC éuch that the pencih(E +
of structural stability, in the qualitative theory of dynamical ). +E17;§CE) + (’j‘4 " BF£34+ FOC) is regular, are called

systems has been widely studied by several authors in CONYQyularizable. Remember that regular systems are those such

theory (seg (2], [31, [4], .[8]' for egample). _ that there exists a unique solution for some consistent initial
The equivalence relation considered may seen as induc dition

by a Lie group action, therefore the equivalent classes are . : . . :
. . . . . “Obviously, regularizable character is invariant under equiv-
orbits with regard the action. So, in order to characterize ; .
dlence relation considered.

structural stability we can use geometrical techniques de- Th val lati it Us 1o red larizabl
scribing the tangent space to the orbits. e equivalence relation permit us to reduce regularizable
systems to the following reduced form.

Il. EQUIVALENCE RELATION
Let M be the set of matricest — {(E, A, B,C) | Proposition 1: Let (E, A, B,C) € M be an-dimensional
E,A € My(C),B € Mpym(C)}, C € M ’(é) ’repre- m-input regularizable singular system. Then, it can be re-
Y n ) nxXm 1 an
senting singular time-invariant linear systems. duced to(E., A, B, C.) with E, = Iy N, ) A, =
In order to consider quadruples in a simpler form pre-( . B !

serving qualitative properties as controllability-observability, I , Be = 0 C. = ( C: 0 ) where
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Ill. EQUIVALENCE RELATION AS A LIE GROUP ACTION

Let us consider the following Lie groug = Gi(n;C) x
Gl(n; C) x Gl(m; C) x Gl(p; C) X My x50 (C) X My, (C) X
M5 »(C) x Myx,(C), acting onM. The product in G is
given by

(Q1, Pi, Ri, S1, FE | FXy, Fg |, F§ )
(Q27P27R27527FEBQ’F£27FECQ7F22) =

(Q2Q1, P\ P2, RiRz, 5251, FE  Po + RiFE,, F§ Pot
RiFY,, Q:FF | + FS,S1,Q2FY | + FS,51)

beinge = (I, In, Im, Ip,0,0,0,0) its unit element.
The action of the Lie groug on M

a:Gx M — M

where

a((P7Q7R?S7F.EB7Ff’Fg7FE)7(E7A7B7C)) =

(E17A17B1701)

with

E, = QEP + QBFE + FSCP,

A; = QAP + QBFa + F§CP,

B1 = QBR,

Cy =SCP.
give rise to the equivalence relations.M which defined in
81.

From now on, we will make use of the following no-

tation: g = (P,Q,R,S,FE, FB FS F{) € G, andx =
(E,A,B,C) € M.

Given a quadrupley = (Ey, Ag, Bo, Cy) € M we define
the maps

[ (g) = a(g7aj0)'

The equivalence class of the quadruplgwith respect to
the G-action, called thej-orbit of z,, is the range of the
function «,, and is denoted by

O(xo) =Imay, = {ag(9) | g € G}

Remark 1:The mapsa,, are clearly differentiable, and

O(xp), are smooth submanifolds d¥1.
So, we have the following proposition.
Proposition 2:

T O(x0) = Imday, C Tyy M.

A. Description of Tangent Space to the Orbits

Let us denote byl.G the tangent space to the manifol
G at the unit elemeng. It is known that

T.G =

Mpsn(C) X Mpsn(C) X Mpsm(C) X Mpxp(c)x
Xmen(C) X men(c) X Mnxp(c) X Mnxp(C)
Ty M — M

Proposition 3: Let da,, : T.G — M be the differential
of ay, at the unit element. Then

dazo((Q7P’R7S?F57FAB7FE07FE)):(E17A17B13cl)
with

E, =EP+QE+ BFE + FSC

Ay = AP+ QA+ BFE + F§C

B =BR+ QB

Ci=5C+CP

Proof: Taking into account that,, is differentiable it
suffices to compute the first order approximation of the map.

g, (e +eg) =
(E,A,B7C)+€(E17A17B1701)+O(52)
with
Ey=EP+QFE + BFE + F§C,
Ay = AP+ QA+ BF% + F{C,
B, = BR+QB,
C,=SC+CP

[ |
Using Kronecker products and vector valued function (see

[6] for definitions and properties) the tangent space can be
described in the following form:

(B A B G ) =MX

with M =
I,®EE'®I, 0 0 I,®BC'®I, 0 0
In@AA'"®I, O 0 0 0 In®BC'®I,
0 B'®I,J,®B 0 0 0 0 0
I,@C 0 0 C'®I, 0 0 0 0
and X =

(vee(P) vee(Q) vec(R) vec(S) 'uec(Fg) vec(Fg) vec(Ff) vec(Fg))f’

In this notation we may say that the tat;aent space is
generated for the vector columns of the ma

I, EE'®I, 0 0 I,®BC'®I, 0 0
I,  AA*®I, O 0 0 0 I,®BC'®I,
0 B'®@I,I,®B 0 0 0 0 0

I,®C 0 0 C'®I, O0 0 0 0

We can conclude that
dim TO(zg) = rankM

IV. STRUCTURAL STABILITY

In this Section we will recall the definition of structural
stability, according to that appearing in the paper by Willems
(see [8]), as well as equivalent conditions.

Let X be a topological space and consider an equivalence
relation defined on it.

Definition 2: An elementz € X is structurally stableif

gand only if there exists an open neighborhdéd” X of =

such that all the elements in it are equivalentsto
Let us assume thaX is a differentiable manifold and the
equivalence relation itX is that induced by the action of a
Lie group G which acts onX, giving rise to orbits which
are also differentiable manifolds.

Let us denote byl O(z) the tangent space in € X to
the orbit of z, O(x).

Proposition 4: Under the assumptions above, the follow-
ing conditions are equivalent:

a) r € X is structurally stable,

b) dim O(z) = dim X,

¢) dim7,0(z) = dim X,

Proof: An elementx € X is structurally stable if and

only if there exists an open neighborhood contained in its



orbit. Thus its orbit should be an open submanifold anehin (i + n, (i + 1)p) where ree = rank(g B>,
therefore its dimension equal thm X. £ B 0
[ |
In our particular setup we have the following proposition. i 8 £ B
Proposition 5: A quadruplezg = (E, A, B,C) € M is
structurally stable if and only if ro  — rank ’
' E B
rank M = 2n% + nm + np ¢ 0
The homogeneity property of the orbits permit us to con- A4 0 E B
sider an equivalent quadruple in a simpler form to compute ¢ 0
the rank of the matrix\/. o — rank é B B q
So given a quadrupleE, A, B,C), there exist matri- L =fan 0 8 103 an
ces@ € Gi(n;C), R € Gi(m;C) such thatB' = A B E
PBR = I(;” 0 and we can consider the equivalent C 0
! ! ! /! 5 ! 0 O !/ O 0 B A E
quadruple(E’, A’, B’,C") with E/ = B B ) A = r? — rank .
0 0 , (I 0 , A B E
Al A2 1B_ 0 O ,C—(Cl CQ) O O 0
In this form it is easy to observe that a necessary condition 0o 0 C

for stability is that the quadruple being standardizable.

ants.

Theorem 1:A quadruple (E, A, B,C) € M is struc-
turally stable depending on the order relation withn, p,

i) If min (m,p) > n, if and only if, rankB = rankC = n.

i) If p>n>m, rankB =m, and ranlC = n.

i) If m >n > p, rankB = n, and rankC = p.

iv) If n > m = p there are not structurally stable
guadruples

vy Iifn >m >
rankC = p, ri° =

K2

p, if and only if, rankB = m,
(n+p)@+1) and r{ = in +

rankEB
c o)

min(ip + n, (i +
E B
Cc 0
A 0

1)m) where r§°

0
E B

co

rank K ,

= Q-
oo

Qm
o

and

o

r{ = rank

HAQrmAO™
cCoWooty

. . AD Proof: Taking into account that a necessary condition
Finally we prove the main theorem characterizing théor stability is the standardization, if the quadruple is struc-
structurally stable quadruples in terms of structural invariturally stable it can be reduced té,, A;, B1, C1). So, after

V. CONCLUSION

to prove that these ranks are invariant under equivalence
relation, it suffices to observe thaf® — n(i + 1) are the

p°° numbersr{ — ni are p° numbers a,d{ — ni are p°
numbers of the triplé A;, By, C4) in the canonical form of
the quadrupld £, A, B, C) it suffices to apply [4]. [ ]

We have obtained a list of numerical invariants in terms

VI.
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