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Abstract

In the present work the general formulas for
computation of the third Lyapunov quantity are
obtained. A new method for computation of Lyapunov
quantities, developed for Euclidian coordinates and in
the time domain, is suggested.
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1 Introduction
This work was motivated by studding the Lienard
equation

&+ F(x)t +G(x) =0.

Here F' and G are sufficiently smooth functions.

It is well known that the Lienard equation has
sufficiently simple mechanical interpretation. It
describes a motion of material particle under two
forces: the elastic recovering force G(x) and the
frictional force F'(z).

One of classical methods for the study of stability
and instability of system in the critical case [Lyapunov,
1892] (when there exist two purely imaginary
eigenvalues of the first approximation system) and the
study of ”small” cycles is the computing method for the
study of Lyapunov quantities of system.

While for two-dimensional system the first and second
Lyapunov quantities were computed in general form in
the 40-50s of last century [Bautin & Leontovich 1976;
Serebryakova, 1959], the third Lyapunov quantity
was computed only in certain special cases (see, for
example, [Lloyd & Pearson, 1997; Yu & Han, 2005;
Lynch, 2005]).

In the present work the general formulas for
computation of the third Lyapunov quantity are given.
In this case new method for computation of Lyapunov

quantities, developed for Euclidian coordinates and
in the time domain, is suggested. The first steps in
the development of this method were made in the
works [Leonov, 2007; Kuznetsov & Leonov 2007,
Leonov, 2008'] and some related results can be found
in [Leonov, 2006]. Application of these results to
computation of limit cycles can be found in the work

[Leonov, Kuznetsov & Kudryashova, 2008].

The methods for the computation of Lyapunov
quantities and their symbolic expressions for various
special types of two-dimensional system can also be
found in the work [Lloyd, 1988; Yu, 1998; Lynch,
2005].

2 Determination of approximate solution of two-
dimensional system in the neighborhood of
equilibrium

Consider a system of two autonomous differential

equations

d
7:;. = 7y+f(xay)a

y (D
5 =t He@y).

Here z,y € R and the functions f(-,-) and g(-,")
have continuous partial derivatives of order (n + 1) in
the open neighborhood U, of radius Ry, of the point

(z,y) = (0,0)

f('v')vg('a'): RxR—-R e(c(nJrl)(U) (2)

Suppose, the expansion of the functions f,g begins
with terms no lower than the second order and therefore
we have

f(0,0) = g(0,0) =0,

df _df _dg _dg B
3)



Below we use a smoothness of the functions f and

g and follow the first Lyapunov method on finite
time interval [Lefschetz, 1957; Cesari, 1959]. By
assumption on smoothness (2) in the neighborhood U
we have

faw) = 5 fuaty +o((el +lu)") =
:fngfay)+0((|x|+ y)"). 4)
gl.y) = 5 gty +ol(lel +1y)") =

gn(,y) +o((Jz] + ly))").-

The existence condition of (n+ 1)-th partial derivatives
with respect to = and y for f and g is used for the sake
of simplicity of exposition and can be weakened.

Let 2:(¢,2(0),y(0)), y(t, 2(0),y(0)) be a solution of
system (1) with the initial data

z(0) =0, y(0) = h. (5)
Denote

2t h) = 2(t,0,h), y(t, h) = y(t,0,h).

Further we will denote a time derivative by =’ and .
Lemma 1. A positive number H € (0, Ry)
exists such that for all h € [0,H]| the solution
(z(t,h),y(t, b)) is defined for t € [0, 4.

The validity of this lemma follows from condition (3)
and the existence of two purely imaginary eigenvalues
of the matrix of linear approximation of system (1).

This implies [Hartman, 1964] the following
Lemma 2. If smoothness condition (2) is satisfied,
then

2(-,),y(-,-) € COTV([0,4n] x [0, H]).  (6)

Further we will consider sufficiently small initial data
h € [0, H] and a finite time interval ¢ € [0, 4n] and
make use of a uniform boundedness of the solution
(z(t,h),y(t,h)) and its mixed partial derivatives with
respect to i and t up to the order n + 1 inc in the
considered set [0, 47] x [0, H].

Now we apply a well-known linearization procedure
[Leonov & Kuznetsov, 2007; Leonov, 20082].

From Lemma 2 it follows that for each fixed ¢ the
solution of system can be represented by the Taylor
formula

ox(t,n) h? 9%z ( )
l'(t,h) =h 87’] |77 0+ & 2 8 a2 |7] hOy(t,h)>
0<0.(t,h) <
dy(t,m) h2 *y(t,n)
y(t,h) =h 5 ln=0 CRT ln=ho,,(t,h)>
0<6,(t,h) <1,
@)

Note that by Lemma 2 and relation (7) the functions

h? 8% (t, ) h? 9%y(t,n)

o 82 ‘n=h0m(t,h)v 367772|n=h9y(t,h)

and their time derivatives are smooth functions of ¢ and
have the order of smallness o(h) uniformly with respect
to t on a considered finite time interval [0, 47].
Introduce the following denotations Zjx(t) =
k k
T, i) = S,
We shall say that the sums

m k m k
rin ) = 3 ety = 35 T2,
k;l hk k:n?l ( ) hk
yhm(tvh) = Z 27 ( ) Z |7] 07y K
k=1 k=1

are the m-th approximation of solution of system with
respect to h. Substitute representation (7) in system
(1). Then, equating the coefficients of h! and taking
into account (3), we obtain

A (t)

_ dyp1 (t)
dt = —Ynt (t)7

7t = Tp1(t). ®)

Hence, by conditions on initial data (5) for the
first approximation with respect to h of the solution
(z(t,h),y(t, h)) we have

Zpi(t,h) = Tpi(t)h = —hsin(t),

yni (£, h) = G (D) = h cos(t). ©)

Similarly, to obtain the second approximation
(xpz2(t, h),yn2(t, h)), we substitute representation

h3 83
(t h) = Tp2 (t h) + y 8( 3 )‘n:hﬂz(t,h%

(10)
h* &%y(t,n)

y(t7 h) = yh2 (t7 h) 3' a 3 |77:h0y(t7h').

in formula (4) for f (3:, y) and g(x, y). Note that in

the expressions for f and g (denote their by u{ﬂ and
“Zz’ respectively) in virtue of (3) the coefficients of
h? depend only on Zp1(t) and g1 (), i.e., by (9) they
are known functions of time and are independent of the
unknown functions T2 (t) and gz (t). Thus, we have



Substitute (10) in system (1). Then for the
determination of Z2(t) and y,2 (¢) we obtain

e~ e,
dy*;t(t) = Fpa(t) + uly ().

Lemma 3. For the solutions of system

o TURRTAC N,
dy*él’; O _ G () + (1)
with the initial data
Zpr(0) =0, pe(0) =0 (13)

we have

Tpe(t) = tuik (0) cos(t)+
+ cos(t) Of cos(r) ((uly (7)) +ul (7)) dr+

+sin(t) Oftsin(T) (e (1)) +uly (1)) dr — ud, (2),
Ynn (1) =tu,’;k (0) sin(t)+
+ sin(t) Ofcos(T)((uik (1)) +uf (7)) dr—

— cos(t)gsin(T)((qu (r) + u{bk (T)) dr.

(14
The relations (14) are verified by direct differentiation.
Repeating this procedure for determination of the
coefficients Z,» and g, of the functions uik (t) and
uj, (t), by formula (14) we obtain sequentially the
approximations (zpx (t, h), ypr (¢, b)) for k = 1,...,n.
For h € [0, H] and ¢ € [0, 47] we have

pntl 8"+1x(t717)
(n+ 1)1 opgntt .

no_ h

= ann (t,1) + o(h") = 3 Ee(t) 77 + o(h"),
k=1 :

hn+1 6”’+1y(t,n)

x(t,h) = xpn(t, h) +

y(t’ h) = Ynn (t7 h) +

(n+1)!  onntl
n k
= Ynn (t7 h) + O(h‘n) = kz ﬂhk (t)ﬁ + O(hn)a
=1 .
(15)

Here by Lemma 2 we have
Tpe (), U (1) € C*([0,47]), k=1,...,n (16)

and the estimate o(h"™) is uniform V¢ € [0, 47]. From
(13) and by the choice of initial data in (8) we obtain

Tk (07 h) = ‘T(Oa h) = 07 Ynk (07 h) = y(07 h) = h’a
k=1,..,n.

ln=ho. (t,n) =

ln=ho, (t,n) =

3 The method for computation of Lyapunov
quantities in time domain

For the initial datum h € (0, H], consider the
time T'(h) of the first crossing of the solution
(z(t, h),y(t, h)) with the half-line {z = 0, y > 0}.
Complete a definition (by continuity) of the function
T(h) in zero: T(0) = 2m. Since by (9) the first
approximation solution crosses the half-line {z =
0,y > 0} in a time 27, then the crossing time can be
represented as

T(h) = 2r + AT(h),

where AT (h) = O(h). We shall say that AT'(h) is a
residual of crossing time.
By definition of T'(h) we have

2(T(h),h) = 0. (17)

Since by (6), x(-, -) has continuous partial derivatives
with respect to either arguments up to the order n
inc and &(t,h) = cos(t)h + o(h)), by the theorem
on implicit function [Zorich, 2002] the function T'(-)
is n times differentiable. It is possible to show
(for example, considering the function z(t,h) =
x(t, h)/h and completing its definition in zero by the
function z 1 (t) or making use of special theorems of
mathematical analysis) that T'(h) is also differentiable
n times in zero. By the Taylor formula we have

n ~
T(h) =27+ Y. Tiph* + o(h™), (18)
k=1
~  1d*T(h
where T}, = il dh(’f ) We shall say that the sum
k ~ .
ATy (h) = T;W (19)
j=1

is the k-th approximation of the residual of time T'(h)
of the crossing of the solution (z(t, h),y(t, h)) with
the half-line {x = 0, y > 0}. Substituting relation
(18) for ¢ = T'(h) in the right-hand side of the first
equation (15) and denoting the coefficient of h* by Zj.,
we obtain the series x(7'(h), h) in terms of powers of
h:

2(T(h),h) = _ Fxh* + o(h™). (20)
k=1

In order to express the coefficients z; by the
coefficients T}, of the expansion of residual of crossing
time we assume that in (15) ¢t = 27 4 7:

k

(27 +T1,h) = Zn: Tpr (27 + T)% +o(h™). (21)
k=1 ~



By smoothness condition (16) we have

5(m)

Tpe(2m +7) = Tpe(2m) + D0 T, (271)—;' +o(T™),
m=1 .
k=1,..,n.

Substitute this representation in (21) for the solution
x(2mr + 1,h) for 7 = AT(h), and bring together
the coefficients of the same exponents h. Since
(AT(h))™ = O(h™), taking into account (18) for
T(h), by (17) we obtain

h:0= fl = %h1(2ﬂ'),
h?: 0 = Ty = Tp2(2m) + 2, (27) 11,

h":0=2, =...
From the above we sequentially find rf] The
coefficients Tj—1..,—1 can be determined

sequentially since the expression for Zj can involve
only the coefficients T, <) and the factor z,(2m)
multiplying T} is equal to —1.
We apply a similar procedure to determine the
coefficients g of the expansion

y(T (), h) = 3 Gih® + o(h").

k=1

Substitute the representation

Une (27 + AT(h)) =
~ " m AT(h)™
= gu(em) + 35 32 em SEE o),
k=1,...,n -

in the expression
n N hk
y(2m + AT(h),h) =Y Gpe(2m + 7)oy +o(h").
k=1

Equating the coefficients of the same exponents h, we
obtain the following relations

h gl = ghl (2’/T), _
h? 1 Go = Gn2 (27) + Gj, (27m) T,
" yn = ...
for the sequential determination of y;—; . ,, where

Ypi=1,...n(-) and Tg=1,_ n—1 are the above-obtained
quantities.

Thus, for n = 2m + 1 under the condition
f(,),9(,-) € CE™+2)(U) we sequentially obtained
the approximations of the solution (x(t, h),y(t, h)) at
time ¢ = T'(h), where T'(h) is the time of the first
crossing with the half-line {x = 0,y > 0}, accurate
to o(h?™*1) and the approximation of the time 7'(h)
itself accurate to o(h?™). If in this case g = 0 for
k =2,..,2m, then Yo, 11 is called the m-th Lyapunov
quantity L,,. Note, that, according to the Lyapunov
theorem, the first nonzero coefficient of the expansion
y; has always an odd number and for sufficiently small
initial data h the sign of y; (of the Lyapunov quantity)
designates a qualitative behavior (winding, unwinding)
of the trajectory ((t, h), y(t, h)) on plane [Lyapunov,
1892].

3.1 Computation of the first, second, and third
Lyapunov quantities in general form

Consider a complete system in the case of expansion
of the right-hand side up to the seventh order

&= —y+ +foor® + frizy + fory*+
+f3073 + for12%y + froxy® + fosyP+
+f102* + f5123y + foox®y? + frszy® + foayt+

+f507° + faxty + faoxy? + fazx®y® + fraxy® + fosy°+

+foox® + fs12y + faoxty? + fs323y® + foaz?y?
+fi52y° + fosy®+

+fr0x” + for12% + f2x®y? + fasay® + faaaPyt+
+ fos2?y® + frexy® + fory”,

y =+ g202? + gzy + gooy*+

+g302° + g2y + g122y® + gosy®+

9102t + 95173y + g222%Y? + qr3xy® + goay*+

+9502° + garxty + 93203y + 9232y + grazy* + gosy®

+9602° + g512°Y + gaoxy? + g332°y® + goar®y'+
+9152y° + gosy®+
+g702” + ge12%y + g522°y? + gasaty® + gaaxdyt+
+9252%y° + gr62y° + gory”-

(22)
For the first Lyapunov quantity we have [Bautin,
1952]

i
L, = 1(921 + fi2 +3f30 + 3g03 + fa0f11+
+ foaf11 — 911920 + 2902 fo2 — 2f20920 — go2911)-

Note that since fl = (0, the residual of crossing time
does not influence L;.

To compute the second Lyapunov quantity, we obtain
the coefficients 75 and T3 of the expansion of residual
of crossing time.

~ I
T, = E(—9930 + 4f220 + 9fo3 — 3912 + 109%0 +

10 /55 +4952 + 971 + f11+3f2a1 ——5f20911 — f11920 —
5f11902 + 10902920 — fo2g11 + 10f20 foz),

- T

13 = _T8(2f20 + fo2 +g11) (9930 + 413 +9fo3 —
3g12 + 1095 + 10f5y + 495, + 951 + i1 + 3fa1 —
5f20911 — fi1920 — 5f11902 + 10go2920 — fo2g11 +
10 f20 fo2)-



We obtain the coefficient gg3 from the condition L; =
0:

1
go3z = —g(921+f12+3f30+f20f11+f02f11 —g11920+

2402 foz — 2f20920 — go2911);
and the expression for the second Lyapunov quantity

T
Ly, = 7 (—66 f20904 — 3 f11930 f20 — 24920902921 +

12fs0g11for + 4fuifiognn — 12fiiforfoo +
2920931 — 9911902912 — 12 f20 f11 fos — 12911902 fos +
3g20.f12.f11 + 9921930 — 6 fo2f11912 + 9920911952 +
30f20902912 + 30902 f21 f20 — 60904 foz + 931 f11.f20 —
5finfay — 21fa0f13 — 3f8f20 — 9902921 /11 +
7911921f02—5f11911f§2+5f§2f11f20—3911920f21+
6902 f20/t1 + 9921fos — 3fsoffy + 15f11fa0 —
21911930902 — 6911 fo3 f11+ f11 fo2971 — 18920 fo3 f20—
42920902 f30 — 6911912920 — 30f3ag20f20 +
31902 fo2 + 60f10920 + 9911940 + 24f20920 21 —
9911920f03 — 10g11f5902 + 18go2giafor —
6g11f11930 — 24f20fo3902 — 30fo3fo2g902 —
24911920930 — 12 f11 30902 — 3g12f11f20 + f129%1 —
9fa1fso + 27fs0930 + 3fs0971 + 15f30952 —
9foafsr — 28ga0foafsy — 29T1921 — 3forfun —

14f12f2 — 6fi2g12 + 27913902 — 3forfi, +
Tfo0921911  + 3930 11f20 — 10902971 20 —
10foafiafoo — 12g20fs0fir + 6foafo1920 +

18 fo2f11982 + 3f12902 f11 + 6920902 f12 + 18925 f12 +
9913920 — 3fi2ffi — 45g50f30 — 15f13fo2 +
30f20950 — 18go2foa + 18f20940 — 21920 f30911 +
2902931 + 3fo2920/T1 + 20fo2f30902 — 9932921 —
9921920f11 — 9foafi1 + 6fangeo + 45f30f3 +
15911930 — 15911904 + 12fo2902.f21 — 5f12911f20 +
18912920 f20 — 5 f12911 fo2 +20 fo2921 f20 + 21902931 —
30920982.f20 + 6920912 fo2 + 12f22902 + 3f21921 +
183,902 + 24911930902 + 18 f2090295 + 611931 —
6922 foz2 + 15931920 + 3922911 — 12922 f20 — 9 f30912 —
18 f20985 — 24 f20902930 + 15 f20 f11982 — 7920 fo2 971 +
6g20fo2f11902 — 6g11f13 — 28fo2g11920f20 —
12g11 fa0go2fo2 + 9902911 11920 — 9fo2forfi1 —
f11911 fo2 f20—15 f30 f30+10 /35 f20902— 891 fozgoz +
42fa0fs0for — 15g11920f3> + 6f20920f11902 —
6 f21f12+6920 [ 11 f20 166 f10902 +27 f30 fos — 45905 —
9923 + 15921 /3 — 27f20/31 — 9941 + 3921912 +
991195011 — 15 f11 fo2fos — 45f50 + 12f30911.f20 +
10920 f30 — 48 f20920930 — 10902 f§2911 — 9971 920 f20 +
139213 — 9f14 — 9f32 — 1592193))-

For the first time this result was apparently obtained
by Serebryakova in 1959 [Serebryakova, 1959].

To compute the third Lyapunov quantity, we obtain
first Ty:

Ty 11%(784 FA + 1540g%, + 49g%, —

352g21920911 + 4893, — 336 f20911 + 2616 /3, fos +
480922902 + 20050 f52 + 7001195 + 270 fozgso —
154 2097, + 1728940902 + 42497, 980 — 48f22911 +
54fosfo1 + 453f593 — 2184f2 930 + 40098, +
864f§0 + 1540]7]12 + 5569%()f02911 + 9459%0 +
240 f 254768 f20 f40+2352 f20 f02982 — 320911921 9oz —
180930 f20911 — 1134 f11930920 + 5172 f20 fo3foz +
513f3; + 153¢%, + fi — T762fi1fo3902 —
1800 /3920 f11 — 708 20920911902 — 88812982 —

84f219%, + 1040£2,92, + 432940 f11 + 4692 (2, f2, +
64812193, + 1180fhg11 — 96921 fo2go2  —
198 11930902 — 480 f12920fo2 — 1500912920902 +
22812, foeg11 + 912foafiafi1 — 194493093, +
672 f02f10 — 48922 f11 + 402f039%, + 277293098, —
63f2,9% + 150fa19% + 444 fo1 f&, + 3300 f03f2 +
384 fa3 fo2 +432g11 foa — T12f11955 + 880 f20 fr2./11 —
18f11f03920 + 1992fa0fGog11 + 162f20 for911 —
2080 f20 f12902 — 150 f11 fo2911902 — 828 f11920982 —
96 f11f30911 + 1392f11f30f02 + 980971920902
64f11f20921 — 64fi2fi1911 — 6fi1f21920
1812g30 f20 fo2 + 112g11 f12902 — 2744 f11 f3n902 —
1280 f20920f12 + 680f5a920902 + 80f12920911 —
4164 fa0 fo2 f11902 — 1212 fog foag12 — 408 f20911932 +
102f11920912 — 3552f20 30920 + 2271 fa0911

1128 12,912 — 48g20 f13 + 696 f2 f3) + 672904920
2336 3,95, — 162f21912 + 96931911 + 50fE 9%
1128 fo393, — 3780930930 + 21 [ 930 + 480 f20 f22
432402 f31 + 2016940920 + 308095902 + 66 f7; fos
48 fo2g31 + T68goagoz + 1728 foafo0 — HAfE g12
398493 f30 — 21920 — 198fosg12 — 43220913
630930912 — 46f11f20911902 + 10f11920f20911

30f20912911 + 318fa0fo2g71 + 168 11930902

4788930920902 — 2400 foz f30g02 + 1734 f20 fo3911
4168 fo2 f20920902 — 62 fo2 f11920911 +816 f30920911
2260 f11920 f20 fo2 — 82f119209%1 + 2792930 f20 fo2
96 f13f11 + 9f3 — 1536 fo2.f12902 + 928 f20920921
620 fo2g20911902 — 92491293, + 142492005,

396 fgg12 — 54630971 + 80493097, — 180 f>930
2fo2931 — 528f13902 — 18g30ffy + 6fa1fhy

864 f30 f12 — 19812971 + 40405, fao + 369 /71 952
330 11951902 — 1728920 f30f02 + 9021 fo2g11

216 fo2911932 + 126f71920902 — 90fo2911912

1392 f20 f30 f11 + 1614 fo3 foog11 + 5488 f30920902
32f11921911 — 294g30f20911 + 1332fF faofor —
1876 f11 f52g02 + 1308 foa.f20 f21 — 3840 f20 f30g02 +
800 f20921902 + 6922, f3> — 300 fos930 — 288 f30g21 +
2768 50 foz — 5811902 — 144920 f31 — 528g31f20 —
616f230911 + 984f220f21 + 384g20920 — 144 fo2g13 +
90 f21930 + 2016 fo2 fos — 336 f11g0a — 366 fo2g30911 +
96 foa 11921 — 18foaffigin + 468fosgaogo2 —
96 fo2920921 + 144 f41 — 720g50 + 720 fo5 + 144 fa3 —
144914 — 144932 + 816 f30911902 + 510 f11912902 +
444 f21 920902 — 500920f11f32 - 222f11f21902)-

To compute L3 in the general case, applying the
above-mentioned algorithms, it is necessary to treat
the symbolic expressions, involving more than two
millions of symbols. Therefore, to overcome the
restrictions, arising while using a main memory in the
packets of symbolic computations, we consider the
following case

+ 4 |+

R

A+t

f20 = f30 = fao = f50 = feo = fro =0.

General system (22) is reduced to this form by the
change

Yold = Ynew+ fo2>+ f323+ faat+ fs2°+ foa® + fra”,



where

J2 = foo,

f3 = f30 + fa0f11

fa= foafay + fao + fi1ifs0 + foo P + faofor,

fs = faofs1 + fs0 + 3f11fo2 30 + f11 fao + 11 fs0 +
f20 S 4 2f11 fa0f21 + fa1 f30 + 2f20 foz f30 + f12./30,
fo = foof3 + foofar + fosf3 + feo + 3 fa1 for fay +
2 fo1f11f30 + 3 fo1 f20 [71 +2f31 f20 f11+6 3 for fay +
3f11f12f30 + 220 fo2 fao + 6.f11 f20 foz fa0 + 250 fGa +
2f20f12f30 + fo1fao + foofd + Fs1fs0 + fiifso +
fh fao + [3 Fs0 + fao Sty + fo2f3,

fr = 3faftifso + 2f20foafs0 + 2fufa0fi1 +
4fo1 fao fi1 +6fa frafin + 311 f20 131 +2f31 f20f21 +
3foaf11 150+ 331 2071 46130 f5af30 +3fo3 f30.f30 +
2f02f30f40+2f20f22f30+2f11f21f40+3f220f02f31+
3130 12.f21 +4 03 5011231 fi1.f30 +4fa0 fr2foz +
3f30foafin  + 10f30f%Hfi1 + 2fwfi2fio +
1030 for [ + frafso + f31fs0 + faafso + faofsi +
fa1fs0+ fr2fay+ fa1 fao+ fi1 feo+ [ fso + i1 fao +
ftifs0 + fa0ff1 + fa1fs0 + fro + 6f20f12f11f30 +
6 f20 fo2 f11f10 + 12 f20 fo2 f21 f30 + 12f3 foz f11 fa1 +
6 f20 fo2 f21f30-

Note that this change is nonsingular and does not
change the Lyapunov quantities of system since

Ynew (O) = yold(o) = ha Ynew (T) = yold(T)-

For T5 we have the following expression

iy
—M(23130f03f32911 + 234093, fo011 +

438 f£ 911920902 — 1110 f11911 f21902 — 720932911 +
2304]0049%1 — 144]0229%1 -+ 1200911f122
1020912 f3 + 1296 fou fos + 576932913 + 576 foagas —
288 f22912 — 960 f3h921902 — 1648921971902 —
810fo3g30fo2 — 1856921920931 + 2880f2af3y +
384931935 + 1296 fo3913 + 960 f22950 — 1296930 fo1 —
432912913 + 720f41911 + 4725f029§0 + 1000]082950 +
960 f12930902 + 8640940902 foz + 16840930911902 —
8420 3, f11902 — 1530930 f52911 — 20724930950911 +
144915 f11921 + 2160940911 f11 — 228691252911 —
2160go2fs1g11 + 14947, + 1002fosfor /Ty +
144 f12 fo1 f11 — 4056 fo2952012 — 128fo2031 /11 +
12096 fou fozg11 — 318 foz f71 912 +4580g02 f52920911 +
1014 f2 g20 fo2go2 - 9026 f11 32911902 -
2032 fo2921911902 — 864 fo2g913911 — 954912 f21911 +
1856 f02932951 — 432 f11930 f12 + 2790 f11911 912902 +
114f11 fa1 920911 + 7120985 fozgao + 3360904 foagao —
13293, f21911 + 720002 fosg31 + 3988920951902 —
378fosgsognn  + 144ffg1s + 2000952911
96093193, + 1440foag3, + 864930921920
1440 f32920921 — 2400 f35 fi2920 — 240 foz f13920
1920920911922 + 340035920902 — 720 foagoz f11
3600g50fo2 + 792f11930911902 + 8640940902911
288021920912 — 864921982920 — 864 fo3921920
5040 /3, f11 f12 + 432 f11930921 — 4188 f11932911 920
4740 fos fo2g20902 = 4290f11 fozg11902
6540912 fo2g20902 — 810912 f21 fo2 — 846 fo2 fo3g12 —
6720 /55 f12902 — 2640 f13go2g11 + 960931902920 —
144g13 f11920 — 240f11922g11 — 290f3 11902 +

Ts

L+t

2364 f21911920902 + 144912902921 + 900 foz fosg30 +
350011 fo2g30 — 2000920 f12 fo2911 + 48921932 /11 +
334495, foz9T1 — 25008, f11920 — 58fP1920f02 +
480 fo2 f13f11 + 288fa1902f12 — 1440902930921 —
2640 f13go2.fo2 + 1386095, fo2950 + 426 fo3 fT1911 —
1862 930911 + 112f11921931 + 400920 fi293, +
10080g20940911 — 1302 f21 fo2 f11902 — 432 f11 fo3g21 +
144093013 — 196293097, + 432fmg1s  —
750031912 + 480f13f11911 + 3884f11930911 —
240 fo2g22 f11 — 1680904911 f11 — 18544930 fo2 f11902 +
48902920 f11921 - 6006 f11930920911 -
2160902 f31 fo2 — 1440930931 fo2 —2090 f3920 f11911 —
3560 f11902911 — 18900930 fo2930 — 28811 f12952 —
3660912 fo2930 + 6600 fos fo2952 — 9720 f02952930 —
318g12ffig11 — 3176g3a foaf11 — 4811 fizgeo +
2286 fo2912930 +3732 fo3920911go2 +2400g22902 fo2 —
720 fo2 f31920 — 4632982911912 + 1557 f7) fo2980
720 f31911920 + 1440g02920913 + 432f12fosf11
144411931 foz + 7312920900911 + 688 foa f11921911
11520 fosf3, + 432fa1fos  + 3429f2;911
720 f11 fo2 + 3840g0ago2 foz — 23940920 fo2930902
1440 foago2g2o0 — 5388g12930911 — 14421902 f21
192921 fE1 902 — 144 f11 foagzo + 3360920904911
1540093, fo2g02 — 144 f12ff1902 — 288g12902f12
4146 fo3 fo2 f11902 —  8124¢20911912902
414f11920912911 — 96931 f11920 + 1584 f02 faag11
522950 fo2fT1 + 5320/3,98,911 + 656 f1297) goz
240920 f13g11 — 1710fosg12011 — 4343 fo2902 —
480902 foo f11 + 270 fo1 for f2 + 1472493,930911 +
77008, — 720914 fo2 + 200095, for — 960921935, +
53f{11f02 + 77OOg§Of02 + 3849(2)2f22 + 720 fa3 fo2 +
240g3,911  + 189008, fos + 3940/ fH  +
384 f1298, — 864930931 — 864730 f22 + 333f02f5 +
1200 foa f5 + ATT foagis + 173693297, + 720 fazg11 +
315693,931 — 432f04g12 + 864 foz faz — 720914911 +
5200f32g82 + 3600 fo5911 + 288931 f21 + 96931 f121 +
909975911 + 462 f2197, — 1296930913 + 4725 f35 fo2 —
432921 fosgoz + 288fa1fo2931 + 185413 fargu1 +
3870912930911 — 864902 f12930 + 362421 fo295, —
3180 f11952f02920 — 4871920921 + 585 fo2g50/T1 +
324 fos930911 — 144 f11f21921 + 246920 fos f11911 —
96 f11 f22920 + 864902 fozfi2 — 7216 f12 fo2g11902 —
624 fo2 11911 902 + 384402920 f12.f11 +
4592f029209%1902 - 126 f21 fo2g20 f11 +
3180 f21 fo2920902 + 144 foa f71 + 4192 foo f12.f11911 —

L+

2144921 fo2920911 - 1680904 fo2 f11 -
330 fo2 f03920f11 + 1800 f11930 fo2902 -
432 fo2920 f119% - 25332930920911902 -

510 f11911930902 + 960902920 f22 — 720g13g02.f11 +
432902930921 +240 02931 +3180 fo1 fi + 576931971 +
5fii911 + 8660950911 + 288fa2fo1 — 48f71ga1 —
5fo2911 + 1242fosg%, + 1547193, + 14491397, +
45 f31911 — 3600911950 + 3600 fo5 for + 487 fi2 —
720932 foz — 900g30 f§5 + 864 fosgs1 + 11200 firg11 —
288¢31912 + T20f3,913 + 96fao fHi — 192932921 +
5045 3,97 +1391 2971 45589950911 + 720931 3 +
1854 fos f21 fo2 + 54093 fozfa1 + 2160 fo2ga0.f11 +
184598, ff1911 — 480g31902.f11 + 602498, fosgn +
30f2 fa1911 — 288fo2g1293 — 1170f1163,902 +



2400902911922 + 3082f§2f121911 + 162g11 f21930 +
153f71950911 — 414fo2fa1930 — 10104g30952911 —
38411950921 — 288921 f21920 + 3840g02g0ag11 +
1782912 fo2 f11902 — 5670920 fo2930 f11 +
414 foagr2920f11 + 381920911 + 1920 fo2922920 +
480 f11f12930 + 96012932920 — 144g12fiaf11 +
3240925911 f21 + 10080920940 foz — 266920 f11931 +
558 fos f21911 — 272 f11f129%1)-

We obtain the coefficients gg3 and gg; from the
conditions ; = Lo =0

1
go3 = g(gng20 — fi1.fo2 — 2902 fo2 + 911902 — f12 —

921)a

1
gos = £(6920f02f21 + 2631920 — 9932921 +

9921930 + 9921 fo3 —6f13911 + 15920931 +27g02913 +
9913920 — 6922 fo2 + 18935 f12 — 6 f21 f12 + 12 fazgo2 +
9911940 + 2lgo2gs1 + 15911930 — 6gi2fi2 +
3g11922 — T951920f02 — 15f13fo2 — 992192011 +
6920 fozgo2f11 + 992091190211 + 3go2fi1fi2 —
15930921 + 9911930.f11 — 6912911920 + 7911921 foz —
5911 fo2 fr2—21911902930 — 8971 Yoz fo2 — 3920911 fo1 +
24911930902 — 30g02fo2fos — 15g11920f8 —
24911920930 + 9 fiifoo +  18fi1foegd, +
6920 fo2912 — 5911 f f11+18912902 for — 9 f11 foz fo1 —
15 f11 fo2 fos +3 fo2920 [ + 3902 fo2 [71 — 9911920 fos +
9911982920 — 12g11fosgo2 — 10g11902f5 +
6902920 f12+12g02 fo2 f21 — 9921902 f11 — 6 f11 fo2g12—
9912911902 — 6911 fo3f11 — 6930911 f11 + 3920 f12f11 —
24921920902 —9 foa f11+3912921 +6920 f22+6 f11931 —
9f32 — 9941 — 9f14 — 9923 — 2911921 + 2931902 —
9 f31fo2 — 18402 foa — 15g1190a — 3fo2 f11 + 931f12 —
3fa2f11 + 15921 f& + 3921 f21 — 3 f12 /71 — 60 fo2904).

Then for the third Lyapunov quantity we obtain
L; = %28(309029%1%0 + 6931 + 36 fo2f11912930 —
1080932911950 — 585911 f11950 — 140902911 f52 +
99 f12902 f11930 + 1278930911 f11930 +
1575982920911930 - 99 fo2g20 f11 f31 -
198 f21930902 fo2 — 90 f12902950 + 144930 f21920 fo2 +
540921950 — 54f1297 + 21692193 + 630 fo2971 93 +
189920 f11902911 /52 —  108fi2g02f1193  +
135952911930 — 261 fo2g02/11 /31 + 36920904921 +
72932920911 + 126921920922 + 306912 f11920902 foz +
18902920 f11f22 + 9921 /31 + 490297, + 492097, —
60930931 — 4921911 + 210921 fgs — 576 fosgsoga0911 +
2792197, —  378f1298 fos 6971920 21 —
639932921930 — 9ff1f12930 + 384fo2 12902921 +
6921911 f21 + 9f12f1 + 24931920930 — 540911950 +
405930940911 — 144f11fo3g11930 + 9fo2fD +
2f12911 + 63f02082920 f 1 63 fo2902912/11 —
90f11930911912 — 54giafiifor — 27giafza —
105 11/ fo1 — 420 £, fosg11902 + 234930 fo2go2912 +
261950911 f21 + 270932920921 — 54940 f11902fo2 +
42920971 f11921 + 234 f12932930 — 504 fosg21920902 +
54fo2fiifor 4+ 84f03g209% for — 180gsifin +
210902 f11920 [z — 45 f23920911 — 180904 f11920 fo2 —
81g13g22 + 81faaf31 — 360932921 /&> — 81gazgs1 —
84 fo2982.f11911 — 204 fo2 f11930971 — 18920 f12/71 —
30f12f219%1 + 240902 /3911 f21 + 315g13f12fo2 —

_|_

216 fo3g41 + 63 fo2902920 71 + 180930920911 F
420 f11930911./52 + 216 fo2g11920913 — 81912923
237 fo2921911 f11920 - 105 gy f1291

72920 fi2f11f21 + 180298292021 — 135933920
495911950902 + 135930921912 + 168912902911 [5>
36 f13f21911 + 342f02g02920f31 + 54g31forf11
99 /7193090202 + 102f02931902 — 54f71 910911
90920921 f11f21 — 18fo2g902912f21 + 90f23f12
210 foo fTag902 + 210f22f3a920 — 180914920 fo2
1897920913 — 6399219021930 + 369 fo2921911930 —
2103, f13 + 45914921 — 840904 f35 + T2fo2 f11[5 +
315 f03920911.f 3 — 225914911902 — 234 f13902 f11 fo2 —
99911930 f31— 135950921 +13593, f32— 306921 912930 —
992091131 + 144f21921f5 — 12920 11902071 +
9920 fr2f11951 — 81fs2gs0 + 189foaf1z —
84 f1292,9% + 105 fo2 fos f12911 + 315911935 f11930 +
228920971902921 — 27fngar + 7293292191

207920 fos f11921 — 51 f5a902f11921 — 70911 f11fds —
455920931 f5 + 105f21 920 (5 + 4559219113 +
288022902920 fo2  + 36fi12f3 — 135geogi1 +
27 f22920911 +9 32 f11 — 54930921931 — 1511 fr2031 +
162911920 /71 f32 + 360932920911 f52 — 180 f13952911 +
423902 fo3931 — 423902 fo3911930 — 345 f32911 f11930 —
270935911950 — 90ft1 farga0foz + 21f12fo29%) —
9fagiafin — 132902031950 + 18foafP19%

420920921 f11 [5a—540g31950+54941 f71+180g24 foo —
885930951 902.fo2 + 105f20f3 f11 + 63921902 /13 +
189002906 + 105920 f12f11 /3 + 585921 f11950 —
135f31920f12 + T72g12f11931 + 108f21940911
414 f41 foogo2 + 18f11f03g11912 — 54930 fo2g22

L+ 1+ ++

54 f21940 for — 48 f03921971 — 156 fo2921911 f11902 +
18go2g11fE fGe — 288930982 f11fo2 + 9fasgar +
135fo6.f11 — 270935920 12 — 1005902930911 /3 +
108930911922 — 81fiafiigo2 — 90f23fo2g20 +
81 f11920923 + 144 fo2902 f11920930 +
1080921 902.f11930 + 18912 f13911 — 504935921 fo2 g11 +
40592398, 315 (8 fa1 45 f21902 f11921  +
54911912922 — 90912930 fo2 9f2g22fo2  +
81fafis — 6foafoegor  + 210g12f3920 +
52291198, + 315f35f11fo2 + 450950920911 —
288912930902 fo2 — 315920951 — H4fosgoegr1 [ +
396 f11920941 + 97202920941 + 63 f12902920 11 +

48 fo392093, + 12921902f11971 + 549110331
198902 [ fo2 +6 fo2921911 f71 + 81 foa f31 +9 1497, —
30 fo2931 f11 + 450941930 + 322911921 — 210 922 +
345931 fio f11 — 108g12fo2g22 + 9093, fo1g11 /11 +
99g20921f31 = 9f12950fT1  + 108935 fo2g20 —
3611922920 fo2 — 969930920931 fo2 — 135922911922 —
45 f32971 — 288g22g02920911 — H4f13go2f11911 —
495951902 210 /%911 fi1fos + 54gsog13fi1
315f8, /32 — 27fsig12fo2 + 216930920913
36 12930971 — 63f12902f11912 — 135930013
315 (559235 + Ddfszgrn + 3105902930930911
756 foa 904+ 177 f12 fo2 911 f11920 — 243902930911 f21 —
45 f11 fo2931 f21 + 171 f13 fa1 fo2 — 90 f13 11920 fo2 —
54f11930f21911 — Bdgssfii — 315gmgdafu1 +
243931 f21902 + 30f02931920 + 153f13ff1fo2 +
18931920912 — 135f05921 + 66 f21 fo2902011 +
234 fo2902 f11920 f21 + 351930902913 + 117904 f 71 fo2 —

+
+



504904f029%1 — 45fsof11 + 504fosfo2920911 —
1140921902920 32 + 63 fo2f1ag11 + 18g13911f12 —
54 ftg02for 4+ 144902920930f12 — 8lgoags —
27 foafo2g11f11 + 63foagr1ifiz — 63f%911922 —
270 f11911930 +270 f11930931 — 246420 fo2902 f12911 +
108 f41 fi2 — 45g12920911f21 + 171 fo3f11fo2f21 +
81 fosg21.f21 + 180930911.f11912 + 405935920911 912 +
180g11950f11 + 54f11fo3913 — 252fp2g11f32 —
10871920931 — 90930 f21 foz + 225920 f11 902911912
12f12fo2g11 i1 + 630fF5902f02 — 9fozfiig12
18fo2ffi920912  — 30fH921 —  30fi30%;
54904 fa2 — 531go2g30911912 — 216 fo3902911912
45924911 — 660 fo2921911930 + 18920 f12f11912
126912920911 f2  — 189940931 — 903, foz
81fo1foaft1 — 27gs2g21 + 351g3p911912
420 /% frzfi1g02 — 48fo292193 + 135f02f33
54g13f13 — 18g20g11f11f31 + 180f02902930 f21
25290201153 — 15fo2fTiot 105 f11 f32971
198 fo2go2 fos [ - 396921902920 f21

27 fo2982f11 f21 + T2fosg20911902f11 + 692293,
315 fo3 f13fo2 + 27 f21 f32 — 54931 f31 — 351933902 —
351930920911 .f21 + 27093, faz + 1359219029207 +
72902 fo3 f22 + 36 f11 fo3 fa2 — 54 f21920 — 414 fa2902 —
45 fo2 f11930.f21— 180932 fosg11 f11—90 f13902920 foz +
27 faa f11 — 675915902 + 81930904911 — 18 f22912902 +
48920 fo2g11  + Bdgsafiz  + 135g11g12g20 —
54g02f3 fiz — 108gi2ga1 + 54002985 f11912 —
18 fo2 f11930912 + 42 fo3 f1293 — 180921902 f11912 —
13593195, — 45/71920f03foz — 144902 fos f21911 +
27foaf?y — 270ga0f11902 o2 — 54f12g30912 +
174 foz f22920911 + 228911982 f11 52 — 7222 f21920 —
24921912911 — 81930923+ 216 fo3921930 — 270 f1493, —
207 fragoafr1for + 2115 f1108 — 48fGeg11fi
162g04go2921 + 360f02910931 — T0f12911 [,
135f51fo2 — 8lgaog13 — 135920915 + 54912 f14
126 fos f11fo2912 — 6fo2f11912971 — 216930941
750950911 /3> + 792 fo2911902913 — 54093 f11931
270 f12f1195, + 40512902913 + 117932911902
195 fhg11 f11fa1 + 216931 fa1920 — 5494012902
36 f12952.21 + 63 f12982 /11920 — 270 f02952920912
9f11922f12 — 135g3aga1for + 504 fo3904911
45931 f12fo2 — 84 f03921 fo2g11 — 108 fozg21 f11902 —
54920 foaf11902 — 135g13 11920902 — 33911 T2902
270fosg02 — 102920931911 — 216 fo1 foagoz
54ga2fo2  + 27fuufhi  —  63goafi1920911
420902 fo3 fi2 — 210fo3f11f3 — 900914 fo2g02
54fa1f1a — 210920911 f02 + 216982920 fozgin
891920911930 + 945906911 — 189904913 + 54 foagaz —
216 foago2 — 135f03fs2 + 33fi2902f11951 —
231 f12fo2g11912 + 315fo2f1s — 450941 f5 +
180 f15011 — 84g0ag?) — 27f21923 — 108f21941 +
54f11 fosforg11 + 45fTifiafar + 1T1f298, +
396 f12902920912 + 24920 fg2911f21 + 18 fa3911 f11 —
54940 f22 — 27942911 +630 fo5 fo2902 — 198902930 f22 —
504940 f11902911 — 81920911975 + 504 fo2982920971 —
1822020 /T — 42931920931 + 210f12faofor +
315f8,920913 — 90902 fo3g20f11fo2 — 36911923 —
135f03923 + 81f34 + 135f16 + 135961 + 135f52 +
135925 + 8lgas + 945gor + 27g13f21920 —

e I A A

ot

|+ 4+

45930 foz f12g11 + 135g30g21f21 + 180f12914 —
180920 f12 + 1350921902950 + 111921920911 12 +
495952921 f11920 — 9549409350911 — 360 fo3g50921 +
57f12fa2011 — 1260g0afiag11 — 9f13950911 +
216g11 fosga0 — 36904930911 + 42098, f11 /5, +
126 foa fo2g11 f11 + 1140902930911 [ +
267950.f119%1 foz + 210 f12902920 /52 — 96931911902 +
15 f2,920911 — 90932 fo2 920 +63904 f11921 — 18931 ga1 —
27920 f1af11 — 360f02941911 — 45f12f1195 —
72f31920f02 — 90fo2g02f11950 — 126g0ag12fo2 —
171922930911 — 63fosf12f11902 + 420902 f5912 —
1800g21902920930 + 234 02932 /11930 +
1548g20 f11902911930 + 189921912 /3> -
1026g04902.f11.foz — 117 fo3g20911 f21 + 135930923 +
1891097, — 93ganfiifee + 105f% fiafdy +
4509309213 + 54fs1f12f11 — 198g22 f11902 o2 —
168902031 /32 +  9ftifee +  8lfosgargiz +
90f12930 21 + 9f11930f22 — 135091190293
1236902920 fo2911921 163 fos f12./71 — 750930921 [ —
1494g20911902910 + 90f12912950 — 12930971 /11 —
135 11930911902 + 63 fa1 fo2 f11 + 213 12902911921
90914920911 + 126f35911f11 — 315f03921f3
162 fo3920911912 — 234932 fo2g02 + 540 f12982912
210902 [ /21 — 270foag12g02 + 135930 foz f31
180g04g20f12 — 18fa1fo2g22 — 432902950913
1260 fosgoafor — 180fa1foeg20 + 144f04g71 02
54 f21 foagao — 123 foo fi1921 f12 + 6 11921911 f12
27920 foa 2y — 171 foaga1g11 — 15 f12 fo2g11 f11902
756902911930 + 147921911 f5 — 1080 f11902911950
468930920911912 + 1005931 fiag02 — 522940982911
378 foafozgoz — 54920f14902 + 360 f03931920
54g12fo29a0 + 117goafiifiz — 315f3 13911
81ga1g13fo2 — 30f12f02011930 — 1479%1920/5,
270 foogia 2 — B4 1293021 — 495911932 f11930
108 fos fo2. [ 11 9fo298: /21 + 15693092197
261 £ fa1902fo2 — 30931911.f11 + 720271920930
360 f23fo2902 — 45902911 f11922 — 35090232931 —
612012981 + 261g12920931 — 99902f12./f13
84 fo2g02fosgts + 45052911910 — 288922902 f12
54402 /11 f22 — 153 f11920912921 — 147 fos f11 fo297,
207 fo3930911 f11 + 45922921 f11 + 675930920931
162g04902920911 + 1444912 fo2920930
204 fo2g11 f11931 — 450 f13935 fo2 + 75032920931
189fo2f139% — 90g20922f12 + 756930902931
117g21902f31 — 45fo2f31971 + 135fasforf11
18912920 22 — 1026904902 f12 + 12f119%1931
36gs1911f12 — 27gaofi2fi1 + 63f7 faifoz
2103,920f21 + 414912902931 + 18920982 foz —
1305902930931 + 144g30g20f22 + 144922902921 +
432902920923 + 36 f21 fo2g20912 + 609 fo2931 920911 +
18932911 f11 + 171g3yfa1fo2 4+ 630fFh902013 +
162g12913920 + 9920f13921 + 90922930 fo2 —
90g02fT1931 — 9fe2fi198, + 315fqsfin +
216 f12g02g20f21 — 2493, f12 + 180g30go2faz +
+
+
_|_
Jr

I+ + 1

I +++ 1 + 1 |

L+

o+

171 foag1920 + 270922932 fo2 — 30f039% f11
144 f11 fosgsr + 315fos fofi1 — 405920932913
36 f22f21f11 + 126 fo3f13911 + 360g02911.fo5
612g02920912921 - 378 fo2 f03902912

33902 /21 fo29t — 111 f12 foag11 fo1 + 126g12 f13 foo



108 fa1 foafa1 — 81fsigsofoz + 135fos5920911 —
9931921 f02 + 36g11ffafi1 + 36fi1920f32 —
144 f23911902 +240 fo2911902 f22 — 288902 fo3 f21 fo2 —
738 f11920930921 — 135902911972 +396911902950 f21 —
270932921912 — 9f% fr2912 — 828fos fo2932/11 —
936920932931 — 45f13920f12 + 54goaforfor +
45920 f11902911 f21+46902 fo2 91, —348 fo2g029129%1 +
156 fo2902 f119209%1 +180 fos 911 f11 + 135 f11 902923 —
297 fo2911923 + 522940921902 — 30931951902
108902 fo2930/T1 — 270foag82 /11 + 18gs2fozfi1 +
54f31930911 + 504940920921 + 18f31921 f11
9fo2 /1930 + 135920982911 21 — 213 f129029%1 920
54911902913 + 54g13911921 — 252f31 fFa011
18f12g12f21 — 18f02920f11 + 30920 f12fo2921
108 f11 fizf13 + 18fo3 fi1g11 — 1200920 f52930911
54foa912920 + 90902911 fT1930 + 72920 f12f11930 —
99 f13902920911 — 909g31 f11920902 + 90 fo3 f22920
27fs1920911 — 15fa29fifi1 — 8lg30f11913
297 f31902.f12 + 207f11910921 — 18f13f11920911
63goagi2g11 + 12902971912 — 288 f1295295
18920 fos fT1911 — 45f02 /1950 + 420f12982/5,
18f1sffig11 + 99fo2922971 + 210902 fisfo1
72951911921 + 105foafHfin — 87f129309%
261930921 f21 + 270 fo2982f21 + 756912902911930
180914 fozf11 — 129309111 + 189foafo3f11
123 fo2g21911 fo1 — 21698, fosga1r — 72f11922920911
9 f02920 [719%1+156 fo2921 911912 — 255920 fo2 951 912
231 f3,911.f11912 — 198 f22 f21902 + 108093592193
36g12f21921 + 270975 fo2g02 + 1665950911930 —
93920 fo2g911f21 — 72952920911 + 24f03g029% +
113493971 902 foz + 2f11 foagth + 885911931 foagoz —
27 fo1 foef11912 — 27f19a0fo2 + 135 fosg20013 +
360 fo3911950 — 603920911 f11940 + 504902930 fo3g11 —
81foaffigo2 + 66931902f22 + 108go2fosgris +
252 fos fog11902 — 135fF1950911 + 210 faa fGog02 +
228 f12982 fo2911 — 117920911902 f31 + 342 f32920 902 —
9f22950f11 + 504f11902941 + 36f11902f32 +
81fa1930f11fo2 + D4foagrafii + 9foaghfui +
9f21911922 + 81fo3g22911 — 504foag21fo2 +
18fo2911913/11 — T2g30921f11 + 135g21 /11930 +
18171 f12950 — 1125g3092193))-

I+ 1+

IR S

_|_

3.2 The Lienard equation

Before the analysis of system and the computation
of Lyapunov quantities a system is often reduced to
more simple form. One of routine forms, to which the
polynomial systems of different forms are reduced is
the Lienard equation (see, for example. [Leonov, 1997;
Leonov, 1998; Albarakati et al., 2000; Leonov, 2006;
Leonov, 2007; Leonov, 20081 ]).

Assuming in (22)
do(ng) f(z,y) =0, .
g\z,y) _ g0 _
dy —gwl(ﬂj), g(x,O) _ng(‘r)a dx (O) Oa

we obtain the following system

‘(t:_yv

y=xz+ gwl(x)y + 910(5(7)’ 3)

or the equivalent Lienard equation
&+ & + £ge1(2) + goo(x) = 0.

Letbe g,1(x) = g112+-.., gzo(x) = gr12>+... Then

™

L 1

(920911 - 921)-

If g21 = g20911, thenL; = 0 and

™

Lo, =
27 04

(3941 — 5920931 — 3940911 + 5920930911)-

5 5
If g41 = 5920931 + 910911 — 5920930911, then Ly = 0

3 3
and -
L3 = —%(70930930911 + 105g20951 +
105930911920 + 63gs0931 — 63g11910930 —

105930931920 — 70930931 — 45961 — 105950911920 +
45960911)-
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