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Abstract

Iterative learning control (ILC) applies to systems that
operate in repetitive mode. The goal of control is to en-
sure that the system’s output follows a reference trajec-
tory with a specified accuracy. In ILC literature, each
repetition is called a trial, and its finite duration is known
as the trial length (also, the terms “pass” and “itera-
tion” are commonly used). With each repetition, ILC
should reduce the difference between the reference tra-
jectory and the output signal called trial-to -trial error ,
ideally bringing it to zero. In this paper, a new ILC de-
sign method is proposed for multi-agent discrete systems
based on the application of gradient optimization within
2D models in combination with the method of vector
Lyapunov functions for repetitive processes. The new
method yields a simple ILC structure that accelerates the
convergence of the trial-to-trial error. An example con-
firming this property is provided.
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1 Introduction

Iterative learning control (ILC) applies to systems that
repeatedly execute the same finite-duration task. In ILC
literature, each repetition is called a trial, and its finite
duration is known as the trial length (also, the terms
“pass” and “iteration” are commonly used). Once each
trial is complete, all information generated (state, out-
put, and input) is available to update the control input
for the subsequent trial. In ILC, the control input is an
updated signal, unlike the controller or system in other
approaches.
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The early research in ILC are starting from pioneer-
ing work [Arimoto et al., 1984], focused on robotic ap-
plications. Consider, for example, a gantry robot exe-
cuting a pick-and-place operation: the robot collects a
payload from a specified location, transfers it over a fi-
nite duration (the trial length), place it at a fixed loca-
tion, and then returns to the starting location to repeat
this sequence. The survey papers [Bristow et al., 2006;
Ahn et al., 2007] overview developments following this
initial research. Recent advances can be found, e.g.,
in [Rogers et al., 2023]. The idea of ILC was known
before than [Arimoto et al., 1984] was published, but
for various reasons it did not gain popularity. See [Bris-
tow et al., 2006] for more details. The application areas
covered ILC include high-precision multilayer laser de-
position [Lim et al., 2017; Sammons et al., 2019] and
many others. In addition, note productive research on
applications in healthcare, including robotic-based reha-
bilitation of stroke patients [Freeman et al., 2012], and
ventricular-support devices [Ketelhut et al., 2019]. Many
of these engineering applications have supporting exper-
imental results and clinical testing results for stroke re-
habilitation [Meadmore et al., 2014].

Recently, there has been increased interest in robotic
networks control algorithms [Konovalov and Matveeyv,
2025; Sharma and Lather, 2024] and references therein.
In this area, the theory of multi-agent systems has be-
come widespread. The ILC approach has also been
developed for multi-agent systems; see [Liu and Jia,
2012; Meng et al., 2015; Pakshin et al., 2018; Hock and
Schoellig, 2019; Yu et al., 2022; Koposov and Pakshin,
2023] and references therein.

Increasing the trial-to-trial convergence rate is a crucial
part of ILC design. In recent works, classical optimiza-
tion methods [Polyak, 1987] have been successfully ap-
plied to ILC design problems: Nesterov’s method in [Gu
etal., 2019], and the heavy ball method in [Pakshin et al.,
2024; Zhang et al., 2024].
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In this paper, a new ILC design method is obtained for
multi-agent discrete systems based on the application of
gradient optimization within 2D models in combination
with the method of vector Lyapunov functions, previ-
ously proposed by the authors for repetitive processes.
This method yields a simple ILC structure that acceler-
ates the convergence of the trial-to-trial error. An exam-
ple confirming this property is provided.

2 Problem Statement

Consider a network system consisting of N identical
linear subsystems (agents) that repeatedly execute an op-
eration, defined equally for all agents. The dynamics of
agent 7 on trial k are described by the discrete state-space
model

yi(k,p) = Czi(k,p), €))
i€[l,N], k>0,pe[0,T—1],

where k is the trial number; xz;(k,p) € R"™ is the
state vector; u;(k,p) € R is the scalar control input,
yi(k,p) € R is the scalar output (trial profile); p is the
sample number on trial k; and T' < oo is the number
of samples on each trial (the same for all ¢ and k). The
boundary condition z;(k,0) = x¢ is known, the same
for all < and k. By assumption, all entries of the state
vector of each agent are measurable. It is also assumed
that C'B # 0. This assumption holds in the widespread
case when system (1) is equivalent discrete model of a
continuous system.

Agents shall track a desired (reference) output trajec-
tory Yrer(p), 0 < p < T—1, Yres(0) = Czy. Only some
network agents (leaders) have direct access to yyrcf(p).
The other agents (followers) shall track the outputs of
their associated agents.

The connections between agents are represented by a
directed graph G = (V, &), where V = {1,2,...,N}
and £ C V x V are the sets of its vertices and
edges, respectively. The access of agent ¢ to the out-
put of agent j is determined by the edge directed from
vertex j to vertex ¢ and is indicated by the ordered
pair (j,7) € £. The elements of the adjacency matrix
SG) = [Sij]zj‘?’jzl are defined as follows: s;; > 0 if
(4,2) € &, si; = 0 otherwise, and s;; = 0. In consid-
ered case, the nonzero elements of the adjacency matrix
are equal to one. The ability of agents to obtain informa-
tion about the reference output trajectory is determined
by the matrix R = diag[r;]¥ ;, where r; = 1if y,.c;(p)
is available to agent ¢, and r; = 0 otherwise.

In other words, the structure of the network is such that
each agent has access to the reference trajectory yr.¢(p)
either directly or through another agent.

The trial-to-trial error on trial k is given by

ei(k,p) = yrer(p) — yi(k,p). ()

The problem is to find a control algorithm (protocol)
u;(k,p) satisfying the following trial-to-trial conver-
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gence and control boundedness conditions:

lei(k,p)| <wkCF, K>0,0<¢<1, ()
|ui(k,p)| < oo, 4)
1<i<N,0<p<T-—1.

According to these conditions, for all agents, the trial-to-
trial error decays no slower than a geometric progression
as k — oo and will remain bounded for all k. Therefore,
the tracking accuracy of the desired output trajectory will
gradually improve with each trial.

In ILC, once a trial is complete, all generated infor-
mation is available for updating the control input on the
subsequent trial. A common way of using such informa-
tion is to set

where Au;(k,p) is the update term. With such a struc-
ture, the problem is reduced to determining the update
term under which the ILC law (5) will ensure condi-
tions (3) and (4).

3 Problem Solution

The problem will be solved using an extension of the
approach proposed in [Pakshin et al., 2024]. This ap-
proach is based on the heavy-ball method, which accel-
erates the convergence of the gradient method in classi-
cal optimization problems [Polyak, 1987].

The dynamics of the network system will be presented
in the standard discrete repetitive process form. To do
this, the equations of system (1) with the law (5) and
the trial-to-trial error (2) are written with respect to the
increment of the state vector

ni(k,p+1) =x;(k+1,p) — zi(k, p)
as follows:

ei(k +1,p) = —CAn;(k,p) + ei(k,p) (6)
— CBAu;(k,p—1).

For a single linear system, the update term is determined
by minimizing the squared trial-to-trial error [Pakshin
et al., 2024]. In this case, the system always has access to
the reference trajectory. In a network system, however,
an agent has access either to the reference output trajec-
tory or only to the outputs of its neighbors, depending
on the network topology. The heterogeneity of informa-
tion about the reference output trajectory is taken into ac-
count by introducing a weighted deviation of the agent’s
output from the trajectories available to it:

dz(k + LP) =T (yref(p) - yz(k + 17p))

N
+ Zsm (v (k,p) = wi(k +1,p)),
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where 7; and s;; are entries of the matrices R and S,
respectively; the corresponding deviation relative to the
trial-to-trial error is given by

N
dl(k‘ + l,p) = (’I“i + Zsij>€i(k + l,p)

j=1

N
= sijei(k,p). (D)

Let H = diag[h;]Y_,, where h; = r; + Z 1 Sijs 1.,
the element h; represents the sum of the Welghts of the
trajectories available to agent 7. As a result, the weighted
mean error can be determined from (7) as

1
1 N
Cr—

The update term will be obtained by minimizing

(wi(k +1, 10))2 using the heavy ball method. Accord-
ing to this method,

Au;(k,p—1) = aAu;(k—1,p—1)
+,8V( (wi(k +1,p)) )
W(AUZ( _11p_1)_Aui(k_27p_1))7 )]
where
V(;(wi(k‘+l,p))2)

B mi(if,pl)(;(wf(’” 17p>)2)- (10)

In view of the last equation in (6), calculating the right-
hand side of (10) gives

V(;(wi(k‘ + 1,19))2) = CBC An;(k, p)

— CBe;(k,p —l—CB( Zsuej (k p)
+ (CBYBunlhp— 1)

With this expression substituted into (9), after routine ad-
ditional transformations, the update term takes the form

Aui(k,p—1) = K1Au;(k—1,p—1)
+ KQCAnl(kvp) - ngi(k,p)

N
1
+ Ko <h¢ ; Sijej(kap)>

— K3Aui(k—2,p—1), (11)
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where
B a4y B B8CB
R 1o ER e (o7
B v
ks =1 pcnpe

are generalized parameters, in terms of which it is pos-
sible to use technique of the linear matrix inequalities
(LMI) below.

In terms of the variables of model (1) and the entries
of the communication graph matrices, the update term is
explicitly written as

Aui(k,p—1) = K1Aui(k—1,p—1)
+ K2CA(zi(k+1,p—1) — zi(k,p— 1))

1
- K| ——5— (Tiy'r'e (p)
(Ti + 300 s !

+ Z Sijyj(k,p)) —~ yi(k,p)>

—KgAui(k—Q,p— 1). (12)

In the case of agent ¢ as a leader withr; = 1 and s;; = 0
for all j, the problem under consideration is reduced to
minimizing (e;(k + 1,p))2; and substituting the coeffi-
cients r; and s;; into (12) gives an update law similar to
that obtained in [Pakshin et al., 2024] for a single linear
system. In the case of follower agents with r; = 0, the
resulting update law will ensure the convergence of the
output to Y. (p) when the output of each agent j with
s;; > 0 converges to the reference trajectory.

Now the problem is to find appropriate matrices K,
K>, and K5 under which the protocol (5) with the update
term (11) will ensure conditions (3) and (4). By denoting
vi(k,p) = Au;(k — 1,p — 1), one compactly rewrites
system (6) with the adopted update law as

ni(k,p+1) = (I + BKQC)Am(/f )
— BKse;(k,p) +BK2< Zs”ej k p>

+ BKlVi(kvp) — BK3ui(k, p),
ei(k+1,p) = =C(I + BK>C)An;(k,p)
+ (14 CBKy)e;(k,p)

1 N
—CBK2 <hzsljej(k,p)> (13)
)

- OBKll/z(kap) + CBK3N7(k7p)7
vi(k +1,p) = KoCAn;(k, p) — Kaei(k,p)

N
1
+ K2 <hz Jzz:l sijej(kvp)> + Kll/i(kvp)

- K3:u7(k7p)7
pi(k +1,p) = vi(k,p).
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In this model, the variables e;(k,p), v;(k,p), and
wi(k,p) change relative to k. Based on this feature, it
is convenient to combine them into the vector

T
Ez(kvp) = [Viuﬂap) Ml(kap) ei(kap)]
and rewrite (13) as follows:

ni(k,p+ 1) = (A11 + B1KC1)n;(k, p)
+ (A12 + B1KCo1)ei(k,p)

N
1
+ B1K022 (h Z Sij€5 (kvp)) 3

)

(14)
€i(]€ + 1,p) = (A21 + B2KC1)77i(k,p)
+ (A2 + Ba K Co1)ei(k, p)
| X
+ By Koo (hijzlsz-jej(k,p)),
where
0
All = A7 A12 = 07 A21 - 0 9
—CA
000 I
Ay =|100|,B =B, By=| 0 |,
0071 -CB
0 I 0 0
Cl = CA 5 021 = 0 0 _I P
0 0-10
000
Coo= (001, K=[K K> K3].
000

With the extended vectors

n(k,p) = {m(k,p)T mv(k?p)Tra
e(k,p) = [el(k:,p)—r eN(k:,p)T}T,

the network system dynamics can be finally modeled in
the standard discrete repetitive process form:

n(k,p+1) = (A1 + B1KC1)n(k,p)
+ (A2 + B1KCy)e(k,p), (15)
e(k+1,p) = (Aa1 + B2 KC1)n(k,p)
+ ( A9o + BQROQ)E(k7p);

where

A =In @A, Ap=Iy® Ay,
Asy = Iy ® A9y, Ago = Iy ® Ass, By =1y ® By,
BQZIN®BQ7 C_’1=IN®01,
Co=In®Co)+ (H 'S®Cs), K=Ix® K
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and the symbol ® means the Kronecker product.

A convergence condition of the trial-to-trial error will
be established using the method of vector Lyapunov
functions for repetitive processes [Pakshin et al., 2016].
Consider a vector function of the form

V(n(k,p), e(k,p)) = [‘%EZ((:;;))))} . (16)

where Vi (n(k,p)) > 0, n(k,p) # 0, Va(e(k,p)) > 0,
e(k,p) #0,V1(0) = 0, and V5(0) = 0, and define the
counterpart of its divergence as

DV (n(k,p), e(k,p)) = Vi (n(k,p+1))
—Vi(n(k,p)) + Va(e(k +1,p)) — Va(e(k,p)). (17)

Then the following theorem from [Pakshin et al., 2016]
is applicable.

Theorem 1. Let there exist a vector Lyapunov function
(16) and positive scalars c1, co, and c3 such that the fol-
lowing inequalities hold along the trajectories of the sys-
tem (15):

cilln(k,p)|I* < Vi(n(k,p)) < calln(k, p)|I?,
cille(k, p)||I”> < Va(e(k,p)) < colle(k, p)|I?,
DV (n(k,p),e(k,p)) < —cs(In(k,p)|” + [le(k, p)[|?).

Then the iterative learning control algorithm (5) with the
update law (11) ensures the trial-to-trial error conver-
gence (3) and control boundedness (4) conditions.

Let the entries of the vector Lyapunov function (16) be
chosen as quadratic forms

Vi (n(k,p)) = n(k,p)" Pk, p),
Va(e(k,p)) = e(k,p) " Pae(k,p), (18)

where P, = Iy ® P, and P, = Iy ® P,. Then, by
calculating the divergence (17) along the trajectories of
system (15), one satisfies the conditions of Theorem 1
if, for some matrices )1 > 0 and Q2 > 0 of dimensions
ng X n, and 3 x 3, respectively, and a scalar p > 0,

1 All AlQ D, Bl ~
A= [And =2, c=-[a¢C
|:A21 A22:|’ |:B2:|7 [ 1 2];
P =diag [P, P5|, Q =diag [Q1 Q2], Q1 =IN®Qu,
Q:=IN®Q2, R=In®p.
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Based on the Schur complement lemma, inequali-
ties (19) can be written as a system of matrix equations
and inequalities:

X My X (YO)T
ML X 0 0
_)Z_ 0 Q—l _0 t07
YC 0 0 R!
X=0, CX=2ZC, (20
where

and X1, X5, Y, and Z are the desired matrices of di-
mensions N, X Nz, 3 X 3, 1 X 3, and 3 x 3, respectively.
If C has full row rank, then the equation from (20) has
unique solution relative to Z and Z is also has full rank,
and hence invertible [Crusius and Trofino, 1999]. The
above results are summarized as follows.

Theorem 2. Suppose that matrix C has full row rank
and for some matrices Q1 = 0, Q2 = 0, and a scalar
p > 0, the system of matrix equations and inequali-
ties (20) has a solution X1, Xo, Y, and Z. Then the ILC
law (5) with the update term (12) and the coefficients

K=[KH Ky K3] =YZ"

ensures the trial-to-trial error convergence (3) and con-
trol boundedness (4) conditions.

Thus, a control algorithm satisfying Theorem 2 ensures
that the output’s convergence to the reference trajectory.
Here, )1, @2, and p play a role similar to the weight
matrices in the LQR theory; they are selected based on
knowledge of the system dynamics and its desired per-
formance.

4 Example

As an example, consider a network system consisting
of three simple single-link gantry robots (agents). Each
agent transfers payloads along a given trajectory in the
horizontal plane in a repetitive mode. The agent’s dy-
namics model has the form

JO(t) + K0(t) = u(t), 0<t<T,,
where 6(t) is the link rotation angle; J = m;I? + $m, 1>
is the moment of inertia; m,, is the mass of the payload;
my is the mass of the rigid link; [ is the link length; K
is the stiffness coefficient; u(t) is the control input; and
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T, < oo is the trial length. The continuous-time state-

space model with respect to the vectors z;(k, t) = [0 é]T
and y;(k, t) = 6 can be written as

Iz(kvt = Aczv(kat) +Bcuz(k7t)a Q1)

yl(k7t chi 7t)7
where

0 1 0
&_LmNJ,BFWMJ c.=01].

Let the parameter values be m, = 5 kg, m; = 1 kg,
[ = 0.3m, and K = 2.3. The chosen reference trajec-

tory of the angular velocity,

; 1 mt?
eref(t) = Z <7Tt — 2) 5

specifies a turn of 30° in T, = 2 s along the trajectory

1 (nt?2 3
s® = (55 )-

The agents are connected serially, with the first agent
as the leader. This network configuration is defined by
the matrices

000 100 100
S=1[100|, R=1|000|, H=1]010
010 000 001

The standard MATLAB functions ss and c2d were
used to construct the discrete model. The sampling step
was taken to be 102 s, so 77 = 200. For comparative
analysis, the networked ILC algorithm with the update
term

Aui(k,p—1) =K (zi(k+1,p—1)
—zi(k,p— 1)) + Ko (m (Ures(p) — yi(k,p))
N
s (k) — wlk) ) @2
j=1

was applied (for example, see [Pakshin et al., 2018]).
Similarly, by Theorem 1, the ILC law (5) with this up-
date term ensures conditions (3) and (4) if the system

X M X (YC)T
M/, C X 0 0 _

X 049 o =0, X0, (23)
YC 0o 0 R
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where

M,; = (AX + BYC) ',
A:[ INn®A 0] -:[ In®B ]
In® (—CA) In|’ Iy ® (—-CB)|’
C:diag[Ianﬁ—I—R},
X = diag [In ® X; Iy ® X3],
Y=[In®Y Iy®Ys],
Q=diag[In® Q1 In®Q:], R=1Iy®R,

is solvable with respect to X, X5, Y1, and Y5 for some
matrices Q; > 0, Q2 > 0 and scalar R > 0, while

K, =Y, X7}, Ky=Y.X;"

10'10,

10712
0

Figure 1. The leader’s progression of F/ (k) under the ILC law with
the update term (22) (dashed lines) and with the update term (11)
(solid lines) with identity matrices (), R, Q and R..

ESK)

10710¢

10,12 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
k
Figure 2. The first follower’s progression of F/ (k) under the ILC
law with the update term (22) (dashed lines) and with the update

term (11) (solid lines) with identity matrices ), R, Q and R..
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Figure 3. The second follower’s progression of &' (k) under the ILC
law with the update term (22) (dashed lines) and with the update

term (11) (solid lines) with identity matrices ), R, Q and R.

Here, £ = [l;;]Y;—, is the Laplace matrix in which

e, N
lij = —Sij if ¢ 7é 7, and l“ = Zn:l Sin.

To assess the performance of the ILC algorithm, let us
introduce the root-mean-square (RMS) trial-to-trial error

1 T-1
Ei(k) = | 7 D lei(k.p)[? 24)
p=0

as a measure of the convergence of the trial-to-trial error
over trials.

For (91, Q2 as identity matrices and p = 1, computa-
tions based on Theorem 2 yielded

Ky = —5.9426 x 1078, K, = —11.069,

K3 =9.0801 x 1079,

For the ILC algorithm (22) and the same weights, solv-
ing (23) gave
K, = [2.2947 —23.9923] , Ks=10.0104.

The ILC law with the update tem (11) reduced in one
trial the leader’s RMS trial-to-trial error by 10 times, and
the followers’ one by more than 3 times (from the start
of the learning process, which occurs with a delay of one
trial relative to the leader). On trial 7, the agents’ trial-to-
trial errors reached values below 10~2. For comparison,
under the ILC algorithm with the update law (22), agents
fail to achieve such accuracy in 50 trials: their trial-to-

trial errors during that time decreased by no more than
2.2% (figures 1 — 3).
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1015+

1 0—20 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
k

Figure 4. The leader’s progression of &/ (k) under the ILC algorithm

with the update law (22) and Q1, Q2, R given by (25) (dashed

lines) and with the update term (11), Q@ = I, and R = I (solid

lines).

10—15,

10—20 L L L L L I I I I
0 10 20 30 40 5/? 60 70 80 90 100
Figure 5. The first follower’s progression of F/ (k) under the ILC law
with the update term (22) and Q1, Q2, R given by (25) (dashed
lines) and with the update term (11), @ = I, and R = T (solid
lines).

For the ILC law with the update term (22), similar
convergence characteristics can be achieved through a
heuristic selection of Q1, Q2, and R, but this is often a
challenge. In this case, the choice

Q: =10"°%7,,, Q2=10°

allowed achieving a tracking accuracy of 10~2 for all
agents in 15 trials. This is twice as slow as with the
update law (11), but this law faster reaches values near
computer zero (see Figs. 4- 6).

R=10, (25

5 Conclusions

The new ILC design method proposed in this paper en-
sures high convergence rate and does not require heuris-
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tic parameter selection. However, as shown in [Koposov
and Pakshin, 2023], random disturbances acting on the
plant and measurement noise can significantly reduce
achievable accuracy. Therefore, in the near future, it is
planned to extend the above approach to the case of these
factors.

<3
Em 10—10 L

10'15,

10720 L L L L L L L L L

0 10 20 3 40 50 60 70 8 90 100
k

Figure 6. The second agent’s progression of F/ (k) under the ILC

law with the update term (22) and Q1, Q2, R given by (25)

(dashed lines) and with the update term (11), Q) = I,and R = I

(solid lines).
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