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Abstract

Currently, new electronic generators of neuron-like ac-
tivity are being developed, which can be used both to
build spike neural networks and, in the longer term, to
solve the problems of neuroprosthetics and creation of
artificial life. At the same time, the mathematical de-
scription of such artificial neurons is usually qualitative
or fragmentary. Though writing equations from the first
principles (e.g. from the Kirchhoff’s laws) is still the
main tool, there is another useful approach — system
identification (model reconstruction) from experimental
series. Actually, a combination of both approaches can
give even more than each of them separately. The pur-
pose of this work is to provide a new specific approach
for identification of models which can to some extent be
described by a generalized van der Pol oscillator. Since
we propose this approach for a specific experimental de-
vice (electronic neuron) and test using its time series,
we focused on some practical factors. First, we aban-
doned theoretical formulae for dissipation and potential
functions and reconstructed them in the most general
form without any additional assumptions. Second, we
switched to equations integrated in time to reduce the im-
pact of the measurement noise. Then, we considered the
possibility of hysteresis for the dissipation function. Fi-
nally, we tested the approach based on series from three
different instances of the same generator. We showed
that the proposed approach can be useful to obtain the
equations of the setup which really match the observed
data.
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1 Introduction

Electronic models of neurons have been developed for
last 35 years since the pioneering work [Mahowald and
Douglas, 1991] by Mahowald and Douglas. Most of
them have a mathematical description. Unfortunately,
the real devices are usually described by the written
equations very approximately. For example, the model
[Binczak et al., 2003] is declared to be a hardware re-
alization of FitzHugh—Nagumo neuron model, but the
equations written in [Binczak et al., 2006] in detail do
not match the experimental series well. The similar situ-
ation can be seen for electronic generators of neuron-like
activity constructed by other principles. For instance, the
phase-locked loop system proposed in [Shalfeev, 1968],
found to be a good representative of neuron-like behav-
ior in [Mishchenko et al., 2012] and realized in hardware
in [Mishchenko et al., 2017] was then found to be de-
scribed by the original equations with errors about 50%
[Mishchenko et al., 2022], and its reconstructed nonlin-
ear functions occurred very different from the expected
ones. This problem usually arises because various ap-
proximations have to be used for the mathematical de-
scription of an experimental setup. For example, the
diode is replaced with a nonlinear resistance or a par-
allel connection of resistance and capacitance, or it is
assumed that the signal of the reference frequency gen-
erator is fully integrated (averaged).

Identification of system equations from experimental
series is the most straightforward way to prove their
compliance. This work aims to find out to what ex-
tent the equations derived in [Takaishvili et al., 2025]
describe time series of the experimental generator pre-
sented there. Considering this problem in frames of
the theory of reconstruction from time series [Goues-
bet et al., 2003; Bezruchko and a. Smirnov, 2010] we
may note that this is a “gray box” problem, where the
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Figure 1. The considered circuit, where 70 is the number of diodes in

the non-linear subcircuit.

model in general is known and the variables have some
particular physical sense, but the nonlinear functions are
unknown and have to be approximated. The consid-
ered model is a van der Pol oscillator with some gen-
eral functions. Generalizations of van der Pol equations
originally written for description of electronic oscillator
[van der Pol, 1920] were fast found to be suitable for
description of objects of very different nature [Van der
Pol and van der Mark, 1928; Addoasah et al., 1995; Ko-
vacic, 2011; Kuznetsov et al., 2014]. The state vector is
two-dimensional and the voltage V; is considered as an
observable. So, it is possible to reconstruct this vector
by means of differentiation as it was proposed for more
general models in [Gouesbet and Letellier, 1994] rather
than using more difficult approaches to work with hid-
den variables [Baake et al., 1992] or the method of time
delays [Packard et al., 1980].

2 The model and the task

In the study [Takaishvili et al., 2025] a new electronic
generator of neuron-like activity was proposed and con-
structed, which can be described with the generalized
van der Pol equation:

d*vy A%

7z +9(V1)E+f(vl):07 (1)

where V7 is the measurable voltage in the circuit (ana-
log of transmembrane potential in the neuron), g(V}) is
a nonlinear dissipation function, which also includes the
source of energy (negative loss) provided by an opera-
tional amplifier, f(V7) is a significantly nonlinear po-
tential function, with nonlinearity constructed using the
diode subcircuit consisting of n p diodes in one direction
and a single diode in another (asymmetry was introduced
to reduce the duty cycle). The diodes were considered as
nonlinear conductivities; the diode capacitive properties
being neglected at the working frequencies ~ 10* Hz.
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In the paper [Takaishvili et al., 2025] the nonlinear
functions f and g are written as follows:

1 R
() = L ol @
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where p is a conductivity of the operational amplifier
subcircuit and pp is a conductivity of the diode subcir-
cuit, see Fig. 1. But the actual form of the functions
f(V1) and g(V4) is the primary question. The analyti-
cal approximation for these functions was proposed in
the original paper [Takaishvili et al., 2025]. These ap-
proximations use a non-ideal model for the operational
amplifier and considers the diodes as nonlinear conduc-
tivity. Nevertheless, the straightforward use of these ap-
proximations for reconstruction from time series mostly

failed even for the simplest case np = 1. In particular,
only two parameters were identified with significant er-

rors, different for different instances of the circuit. The
underlying factors are as follows.

1. The used diodes were considered to be equal by
their parameters and characteristics, but this is not
the case, even for diodes of the same type and model
from the same box.

2. Considering the diodes as nonlinear conductivity
may be insufficient, or this conductivity function
may significantly differ from the theoretical one.

3. The used model of operational amplifier is proba-
bly inadequate in the used regimes close to critical
ones, but it is in these modes that the circuit works,
generating high amplitude pulse activity.

The obvious way to solve all these problems is to aban-
don the direct analytical approximation of the functions
g(V1) and f(V1). Instead, we propose to use implicit (ta-
ble) function representation or decomposition of a func-
tion into a series

3 Method description

Here and further we suppose that the variable (volt-
age) V1 from the equation (1) is measurable. We also
suppose that this variable is the actual voltage in the stud-
ied setup, maybe with some possible measurement noise.
Then, we decompose the function f(V}) in a Taylor’s se-
ries, limited with K terms.

K
FVi) =Y axV, )
k=0

where «y, are coefficients of decomposition.

In order to avoid decomposing g(V}) into a row too,
let us partly follow the approach proposed in [Sysoev,
2018]. However, let us use it not literally, since the sec-
ond derivative of the observable is very sensitive to the
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measurement noise, low sampling rate and insufficient
discretization. To avoid these problems, at least partly,
let us integrate the equation (1) over time:

vy avy /

— Vi)—=dt Vi)dt =0 5
it [ i [0,
Let us then introduce a new unknown function G(V7)
(antiderivative of the function g(V1)):

/g(Vl)%dt: /g(Vl)de GV,

with integration constant being a part of G(V7). Then,
let us substitute the decomposition (4) into (5), resulting
the following model, with moving the decomposition co-
efficients before the integration sign:

dvi

K
k _
dt+G(V1)+I;)ak/Vl dth, (6)

For convenience let us use the new notation:

/Vlkdt = i ().

The series of ¢, can be calculated numerically from the

observable. Note that the term at £ = 0 is actually the

integral of a constant by time, i.e. it may be written as

ot assuming tg‘e/lt an integration constant is hidden in G.
1 —

Let us denote <3+ = V; for simplicity and conciseness.

Then, the time series V1 can be calculated numerically
using Savitzky—Golay filter [Savitzky and Golay, 1964]
(smoothing polynomial) is necessary. Next, we express
G(V1) from the equation (6), given:

K
G(V) ==V —agt = > ardi(t). (7)
k=1

Since the values of V; are available only in the certain
time points ¢(n), where n = 1,..., N are time point
numbers of measurement, the formula (7) can be rewrit-
ten for specific time moments as follows:

K
G(V(n)) = —Vi(n) — at(n) = Y oxgr(n), (8)
k=1

where ¢ (t,,) is denoted as ¢ (n) for brevity.

The function G (V1) is most likely continuous since it
is an antiderivative of the function ¢g(V7). This means
that the close values of V; are mapped to the close val-
ues of G. Let us sort all observed values of V;(n) in as-
cending order, and denote as p,, the number of time point
in the original (unsorted) time series such, that V(n) is
immediately followed by the value V;(p,,) in the sorted
series. Due to continuity of the function G(V;) the dif-

ference between V;(n) and Vi (p,,) is small if the time
series length is large enough. Let us also state that the

period of the measured time series and the measurement
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time step At = t(n + 1) — t(n) = 1/fsamp are in a
rational ratio, where fsamp is a sampling rate of analog-
digital converter. Additionally, if we consider the time
series to be theoretically continuous and limited function
of time, we obtain limy_, o |V3 (n)—Vi(p,)| = 0. It fol-
lows from the continuity of the function G that the value
o = G(Vi(n)) — G(Vi(py)) is also a small value in
modulus, and its limit at N — oo is also 0. We use this
property to construct the objective function, for which
we will minimize the sum of the squares of the differ-
ences in the values of the function G corresponding to
the neighboring values of the observable in the sorted
series:

N
S(@) =Y 4, )
n=1

where S is a function of a vector of parameters (coeffi-
cients) & = («ap, a1, ...,ax). It should also be noted
that the terms for some numbers n fall out of the sum for
technical reasons: those for which it is impossible to find
the derivative numerically (last and first points of the se-
ries) and the value for which p,, = N. If the N is large
enough, these losses are insignificant.

The formula (9) may be considered as a task for least
squares approximation of the values —(V; (n) — Vi (pn))
using the functional basis set as ¢ (n) — ¢k (py), with
the zero-term of this basis being simply ¢(n) — t(pn).
The solution of this task provides us with a set of a.

Practically, the proposed approach needs a correction.
When calculating ¢, numerically, it is important to have
a zero mean for V. If V¥ # 0 the linear trend appears
due to numerical integration in time. In absence of the
trend for & > 0 the values of ¢x(n) and ¢x(p,) would
be close one to another due to the function is continuous
and bounded; but due to the trend this is no more the case
since t(n) and ¢(p,) may be located very far in time,
making the main impact into the differences (¢ (n) —
¢ (pn)). To avoid this problem, let us introduce a new

function o), = [ (V¥ — VF)dt. So,

K K K L
> kb= arer — Zak/\/lkdt. (10)
k=1 k=1 k=1

Since all Vlk are constants, the second term in the (10)
is a linear trend which may be taken into account by
correcting the ag coefficient. So, for the least squares
routine replacing all ¢ by ¢y, leads only to a corrected
value of o denoted further as &g. Therefore, the target
function S takes the form (11):

s@= Y (— (Vi(n) — Vi (pn))
n=1,pp#N
K 2
= diolt(n) — t(pa)) — 3 e (i () — mpn))) .
k=1

an
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Figure 2. Time series (a) and amplitude spectra (b) for all three con-

sidered circuits in highly nonlinear regime with Ry = 1500 2.

Here, we did not study in detail the question whether
the constructed in this manner target function is asymp-
totically unbiased, i. e. whether the estimated values of &
tend to their true values for N — oo. We assume that all
considerations from [Sysoev and Bezruchko, 2021] may
be applied for the model (5). So, repeating similar argu-
ments, we can conclude that, at least for some g(V;), we
can rely on asymptotically unbiased estimates.

4 Devices, series and algorithms

In the paper [Takaishvili et al., 2025] the only exper-
imental (hardware) circuit on the breadboard was con-
sidered together with SPICE simulation using Ngspice
software [Madec M, 2017] and mathematical model.
The characteristics of analog devices (diodes and an
operational amplifier in our case) may differ for dif-
ferent instances, the results of reconstruction would be
much more informative if several devices are consid-
ered. Therefore, we constructed three neurons same as in
[Takaishvili et al., 2025] taking all components from the
same box for maximal possible similarity, let us denote
them “neuron #1”, #2 and #3 respectively.

For example, the time series of the observable V; for
all three instances of the studied circuit in the highly
nonlinear regime (V3 = 1500 ) are plotted in the
Fig. 2 (a). There is a visual difference in the oscillation
amplitude: the third neuron has the amplitude notably
lower then two others and the frequency — higher. The
shape of oscillations is mostly the same for all three neu-
rons (no visible difference), but the spectrum indicates
some variations in power distribution between harmon-
ics, see Fig. 2 (b). All signals are highly nonlinear with
the power of the first harmonic being in the range 40—
45% of the total signal power.

In the experiment, all time series of the observable
V1 were recorded with a professional 16-bit analogue-
digital converter LCard E-502 at sampling rate of 2 MHz
per channel. The series length was 0.1 s (2 - 10° time
points) with oscillation frequency being from ~ 10 kHz
for quasi linear regimes (Ry = 600 §2) to ~ 5 kHz for
highly nonlinear regimes (Ry = 1600 2). Measure-
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ments were done for different Ry from Ry = 600 €2 to
Ry = 1600 €2 with the step of 50 2. Each of three neu-
rons was measured independently. Only stable regimes
were recorded and analyzed, transient processes were
skipped.

Numerical differentiation was realized following [Sav-
itzky and Golay, 1964]. Polynomials of the second order
were constructed from m = 11 data point in the mov-
ing window, with the window central point corresponded
to the time point where the derivative was calculated.
For decomposition of the function f in a row different
number of terms was considered. The approximation er-
ror depended on the K. Most results are reported for
K = 15 which was considered to be large enough. Nu-
merical integration was realized using Simpson’s second
order method. For least squares, the routine 1 st sq from
the numpy .linalg library was used [Virtanen et al.,
2020].

The result of the proposed method application is a se-
ries of values of the function G for all used values of V;
and the coefficients @. In addition, a relative approxima-
tion error may be calculated from the resulting value of
the target function (9).

_ S(a)
e = AN —(K+1)—(m=1) ¥

where (N — (K +1)) stays in the delimiter for effective
number of independent values of J,,. To reconstruct the
dissipation function g(V7) we differentiated the resulting
function G (V1) numerically, with V; sorted in ascend-
ing order. Note, that the resulting dependency G(V;)
is obtained only for measured values of V; and is not
equidistant by V1, so we realized a general algorithm for
smoothing with the second order polynomial and coef-
ficients calculated by analytical formula (no numerical
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Figure 3. Results of reconstruction of functions GG (Vl) for all
three considered circuits in the highly nonlinear (spiking) regime with
Ro = 1500 2. Different colors are used for different instances. The
upper subplot (a) corresponds to positive values of Vl and the lower
subplot (b) — to non-negative ones. Since G (Vl) includes unknown
constant, the function mean was set to zero for plotting.
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Figure 4. Reconstructed dissipation functions g(Vl) for all three
considered circuits in the highly nonlinear (spiking) regime with
Ro = 1500 €. Different colors are used for different instances.
The subplot (a, ¢) correspond to positive values of Vl and the subplost
(b, d) — to non-negative ones. The subplots (a, b) show only the de-
pendency for the most negative values of V7 € [—0.9; —0.7] V and
the subplots correspond to the main range of V3 € [—0.7;0.8] V.
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Figure 5. Reconstructed potential functions f; (Vl) for all three con-
sidered circuits in the highly nonlinear (spiking) regime with Ry =
1500 €. Different colors are used for different instances. The upper
subplot (a) corresponds to positive values of Vl and the lower subplot
(b) — to non-negative ones.

least squares routine was used here). To reconstruct the
potential function f (V) we used the reconstructed vec-
tor @ and simply calculated the values of f(V;) for all
measured V; by the formula (4).

5 Results

When the proposed technique was applied, it turned
out that the results in nonlinear regimes (when the diode
D, is open) significantly depend on the sign of Vi. Most
probably, this is a result of effects of D, on the conduc-
tivity p. Mathematically, this can be explained by depen-
dence of the dissipation function g on the term

dp _ dp dVy
dt — dvy dt’
It looks like p is a function of Vi is some sense. To

manage this problem we performed reconstruction dif-
ferently for V3 > 0 and V; < 0.
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The results of reconstruction of the function G(V;) in
the highly nonlinear mode (Ry = 1500 ) using the
polynomial order K = 15 are presented in Fig. 3. Dif-
ferent colors indicate the functions reconstructed for dif-
ferent neurons separately for Vi > 0, see Fig. 3 (a), and
for V; < 0, see Fig. 3 (b). The resulting dependencies
obviously indicate qualitative difference between func-
tions reconstructed for positive and negative values of
Vi. At the same time, the curves corresponding to dif-
ferent neurons are qualitatively similar. In particular, for
positive values of V; one can see a global maximum at
Vi =~ 0V and local minimum at V; ~ —0.2 V. All the
dependencies for V7 > 0.5 V are very similar and have
the oscillatory “tail” due to polynomial approximation of
f(V1). Tt is essential that the curves for V; > 0 and for
Vi < 0 differ mainly when the current flows through the
diode Dgp,.

The dissipation function g(V;) was reconstructed by
means of numerical differentiation of the reconstructed
function G(V4). To investigate the actual behavior of the
g(V1), let us split the plot into two parts. This is nec-
essary since the function values are very different at the
beginning, where G (V) changes fast (note, that g(V7) is
its derivative), and further. First, let us consider a small
range for lowest values of V; € [—0.9; —0.7] V.

At the most negative values of V; the curves for dif-
ferent instances look similar but not completely identic,
see Fig. 4 (a, b). The dependencies for the positive and
non-negative values of V; also look different, see Fig. 4
(c, d). The maximal values for Vi < 0 are three times
larger, but the dependency approaches zero faster. This
fundamental difference in g(V7) values actually prevents
fine reconstruction without splitting the measured series
by the sign of Vi

The reconstructed potential functions are very similar
for different conditions: V1 > 0 and for V1 < 0—
compare subplots (a) and (b) of Fig. 5. This indicates the

critical role of approximation of g(V7) in success of the
reconstruction algorithm. The reconstructed for different

neurons functions f(V7) generally look like a negative
Gaussian with a linear trend. Large oscillations are the
result of polynomial decomposition (4).

6 Conclusion

In this paper we present a novel approach to recon-
struction of a generalized van der Pol oscillator equa-
tions from scalar time series, then we used this approach
to reconstruct the model of electronic neuron. The ap-
proach was adapted for series from experimental setups
by means of implementing the following ideas.

o The oscillator is reconstructed in the general form
without explicit approximation of both dissipation
and potential functions.

o To reduce the measurement noise impact the equa-
tions are reconstructed in the form after integration
by time.
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o The target function is constructed as a length (in
some sense) of the antiderivative of the dissipation
function, so, this antiderivative is obtained in the ta-
ble form (no approximation is necessary, as well as
no decomposition in a row).

o Itis possible to split the series by any condition, for
instance, by the sign of the derivative of the observ-
able, and perform the reconstruction separately for
different values of the condition.

By this way, the proposed approach occurs to be very
flexible, which is necessary for experimental data, where
the theoretically proposed model often does not fit the
actual evolution operator well [Mishchenko et al., 2012].

Identification of models for electronic generators of
neuron-like activity is a fundamental task necessary to
be solved for the practical implementation of these mod-
els. Unfortunately, most neuron models proposed so
far from the very beginning [Mahowald and Douglas,
1991; Rasche and Douglas, 2000; Pinto et al., 2000]
are still modelled only from the first principles, i.e. the
equations are written from Kirchhoff’s laws with some
limitations and approximations, but their relevance was
never tested quantitatively. This problem is mostly rel-
evant for the models which rely on semiconductor de-
vices those nonlinear conductivity and capacity are con-
sidered to be theoretically known (it would be possible
to use vacuum devices instead of semiconductor ones,
but we do not know any implementation of electronic
neurons based on such elements). While generally this
approach works and the resulting generators are able to
produce the spiking (and sometimes bursting, see e. g.
[Mishchenko et al., 2012]) behavior, there is no evidence
to what extent the written mathematical models match
the experimental setup. This also makes a large problem
of interpretation of the bifurcation analysis performed
for such models theoretically (very popular approach in
recent years, see [Basu et al., 2010; Bao et al., 2019;
Zhang et al., 2023] for instance): it demands straightfor-
ward repetition in the hardware experiment.

We started to reduce this gap between the experimen-
tal setups and corresponding models from the neuron
we have proposed recently in [Takaishvili et al., 2025].
To study the problem in detail we constructed three in-
stances of the generator and compared the results be-
tween them: this helps to understand how much the pos-
sible variance of setup parameters natural for any hard-
ware realization effects the model. It also occurred that
the model matches the data significantly better when
considering the task separately for positive and negative
values of the observable derivative: in the considered
case the piecewise approximation decreased the relative
approximation error by ~ 1.8 times.

We found that the antiderivative of the dissipation
function (designed as G in this paper) has a specific form
similar to all three considered instances. We suppose
that in some future work a good candidate for explicit
approximation can be found, especially for V1 <0. To
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find it, a lasso-like approach may be used [Kukreja et al.,
2006; Casadiego et al., 2017].

We think that the proposed technique can be applied
to some other electronic neuron generators as well as to
different objects which may be to some extent described
by the generalized van der Pol equations. In particular
applications to biological objects where van der Pol like
models were already in use look promising [Stoop et al.,
2006]. The approach can be also applied to other sys-
tems, for example, neural mass models as proposed by
[Plotnikov, 2024], if we consider that every second vari-
able (all even or all odd) is measurable (the other vari-
ables may be reconstructed by means of numerical dif-
ferentiation or integration). another possible extension
of the proposed approach is for regularly driven oscil-
lators. This problem was partly solved in [Besruchko
and Smirnov, 2000; Smirnov et al., 2003], but the ro-
bustness of the noise in the cited papers is insufficient to
many real world applications like considered in [Ivanov
et al., 2024] due to necessity to calculate numerically
the second derivative. Yet another application may be
considered for subnetworks of the systems described by
equations of the first order, see [Kashchenko, 2026].
E. g. if we consider two last elements of the chain from
[Kashchenko, 2026], we can see that their dynamics to-
gether may be rewritten as a second order van der Pol
like equation.
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