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Abstract— The paper proposes a new approach to obtaining
and qualitative investigation of invariant manifolds for the
systems of differential equations, which have smooth first
integrals. Examples of application of the technique proposed
to some problems of rigid body dynamics are given.

I. INTRODUCTION

The approach proposed is based on the following theorem:
Theorem 1: 1f a system of differential equations

i = Xi(z,t,), i=1,...n (1.1

has a family of smooth first integrals V'(z, ¢, A\) = ¢ (where
A is the family’s parameter), and if partial derivatives of this
family with respect to the variables x;, <= 1,...,n may be
represented in the form

&
o Za“(x,t, Nei(z,t,A)
R

+ZZa,lpxt)\ 1z, t, Nop(z, t, ) + ..., (1.2)

=1 p=1

and the rank of the matrix A = ||a;;(x,t, A)|| is ”k” on the
family of manifolds

oz, t,\) =0, 1=1,....k, (1.3)

then the equations ¢;(z,t,\) = 0, [ = 1,...,k define a
family of system’s (1.1) invariant manifolds, whose elements
attribute stationary values to the corresponding elements of
the family of first integrals V(x,¢,\) = c¢. Such families
of invariant manifolds (1.3) will be called the invariant
manifolds of steady motions (IMSMs).

Proof. Let us compute the derivative of integral V (x,t,\)
due to initial differential equations (1.1) :

(9V

axj = 0.

(1.4)

After that, compute the partial derivatives of the left-hand
side expression (1.4) with respectto z; ¢ =1,...,n . As a
result, after obvious transformations, we have:

z":a av +a av Zavax
830] 8:5 ot 8 035] ox;’

1=1,...,n.
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Having substituted expressions for the partial derivatives
OV /Ox; (1.2) into the latter equations, from the theorem’s
conditions, we have:

dp 1
Zazl (p ]+ (;i) Fi(splv"'vgakvxa)‘)v
1=1,...,n,

where F;(0,...,0,2,\) = 0 on the manifold ¢; =0, [ =

., k, for all the values of ¢ = 1,...,n. Since due to the
theorem we may assume the matrix rank ||a;; (x,t, \)|| equal
to k, the last equations on the manifold (1.3) will be reduced
to the system

k
—X;+—- =0,
=1 8xj
what proves the invariance of the family of manifolds
oz, t,A) = 0,1 = ., k, for the initial system of
differential equations (1.1) [3].

Stationarity of this family of invariant manifolds follows
from the fact that expressions for partial derivatives of the
family of first integrals V (z,t, \) with respect to the phase
variables turn zero on the manifold. The latter follows from
the form of these partial derivatives (1.2).

Remark 1: If for some relations of the form 9, (z, ¢, \) =
0,q = 1,...,m the rank of some submatrices of the rect-
angular matrix A decreases, then equations ¢;(z,t,A) =
0, ¢g(z,t,\) =0,1=1,...,k; ¢ =1,..,m, may define
the families of invariant manifolds, which lie on the IMSM
oi(z,t,A) = 0, I = 1,....k. The latter may fail to be
stationary, i.e. may fail to attribute a stationary value to the
first integral V (x, ¢, \).

Remark 2: In many cases, when the first integrals are
polynomial, application of the above theorem for the purpose
of obtaining and investigation of invariant manifolds appears
to be efficient. Furthermore, it is often possible to apply
one of several possible techniques in order to represent the
corresponding families of first integrals of the differential
equations in the form of a polynomial or a series of some
set of functions.

Remark 3: 1t is obvious from the form of expression (1.2)
that the family of first integrals, which corresponds to above
representation, shall have the form:

k k

V= Z blp(xa t, )\)Qpl(ﬁp + Z blpq(xata A)‘Pl‘ﬂp‘ﬂq + ..
l,p=1 l,p,q=1



and if the expression (which begins from the quadratic form
with respect to ¢,, p=1,...,k) is a sign-definite function
with respect to ¢, then, due to V.I.Zubov’s theorem [2], it
is possible to conclude on stability of the elements of our
family of IMSMs.

Consider some examples related to application of the ap-
proach to some problems of mechanics.

II. ON INVARIANT MANIFOLDS OF
KIRCHHOFF’S EQUATIONS

Consider the following equations of motion for a rigid
body in fluid in Sokolov’s case [1]:
$1 = —a’rars — arysy — (Brs — s2)(Bra — s3),
$o = (&® + B%)rirs — (ary + Bra)sy + (ars — s1)ss,
$3 = (Br1 — arsg)ss,
71 = ra(ary + Bro + 2s3) — 1382,
79 = 1351 — r1(ar; + Pra + 2s3),
T3 = r1S9 — T'2871. 2.5)
These equations possess 2 first integrals:
2H = 5?2 + 53 + 252 + 2(ary + frg)s3 —
(@ + 3%)r3 = 2h,
2V = (o + 3%)(ris1 4+ 1252)° +
2(r181 + ros2)s3 X (asy + Bs2) +
s2(s3 4 55 4 (ary + Bra + 53)%) = .
The variables s;, r;, ¢ = 1,2,3 are linear forms of the
projections of the body’s mass center velocity vector and of

the vector of its angular rate. It can be readily seen from the
structure of integral V' that the use of the functions

p1 =T181 + 1282, Y2 = S3,

allows one to represent the first integral in the following
form:

2V = (o® + 82)¢} + 2(avs1 + Bs2) @1 + (sT + s5+
(ary + Bra2)?)es + 2(as1 + Bs2)@3 + 5.

Partial derivatives of the first integral V with respect to the
phase variables with the precision up to the first-order terms
with respect to ¢1, o may be written as:

ov
D51 = (®+ B rip1 + ...,
ov
Dsy (a® + B*)rapr + .. .,
ov
Fon = (asy + Bs2)p1 + (s + 3
3
+(ar; + ﬁT2)2)<P2 + ...,
ov
o (& + B%)s101 + ...,
ov
377“2 = (a2+62)32<p1+...,
oV

=0. (2.6)

rs

Obviously, there exists the second order minor for the
matrix of the linear part of the system (2.6) with respect
to variables ¢i, 2, which is not identically zero on the
manifold ¢; = @2 = 0. This minor writes:

Ao = sy((a® + 52)(sT + 53 + 1357 *(Bs1 — as2)?)
—(asy + Bs2)?).

Then, according to Theorem 1, the manifold ¢; = @3 =0 is
the IMSM of the system of differential equations (2.5). The
vector field on the invariant manifold @2 = s3 = 0 has the
form:

51 = —(a® + B)rars + (ary + Bra)sa,
1 =ra(ar + fra) — r3s2,

o = (a® + B%)rirs — (ary + Bra)s1,
7o = r3sy — ri(ary + fBra),

2.7)

7;3 = T182 —T2S51.
The latter equations have the first integral:
W = ri181 + ros9 = const

Consequently, the IMSM obtained above may be interpreted
geometrically as an intersection of the invariant hyperplane
s3 = 0 and the hypersurface of the first integral

W =ris1 4+ ross +r3s3 = 0.

Investigation of a set, on which the determinant Ao turns
zero, allows one to obtain degenerate invariant manifolds
(submanifolds), which belong to the invariant manifold 1 =
7181 + 1282 = O, Y2 = 83 =0.

Since the expression obtained above for As may be written
as

Ag = sp577°(fs1 — as2)?((0® + 5%)r3 + si),

then one of the degenerate invariant manifolds, which lies on
the IMSM ¢; = @9 = 0, is defined by the following system
of equations:

ris1+res2 =0, s3=0, [Gs1—asy =0,
which may be complemented with the following equation:

(Br1 — arg) = 0.

The latter represents a condition of existence of a nontrivial
solution for s; and sy of the first two equations of our
manifold. The vector field on this invariant manifold has the
form:

r1 = ro(ar + Pra), ra = —ri(ary + fra).

It can easily be verified that this system of differential
equations has the first integral:

Wy =72 +r2 = const.

Due to the known Lyapunov’s theorem, the integral allows
one to state that the trivial solution r; = ro = 0 of the latter



system (2.7) is stable. Hence, there is a stable trivial solution
lying on the invariant manifold

r181+7282 =0, Os1—asy =0, s3=0. (fri—ary) =0

Consider now the following family of the problem’s first
integrals:

2K = 2X\oH — AV = 2)\o(s3 + 53 + 253
+2(ary + Bra)ss — (o + %)r3)—
Al(@® + B%)(r151 + r252) + 2(r151 + ras2)ss(asy + Os2)
+s3(sT + 55 + (a1 + Bra + 53)°)]

and write down stationary conditions for the latter expres-
sion:
0K

Do = Aos1 — A{s1[(a® + B%)r? + 2ar; 53 + 53]
1

+s2[(0® + %) riry + s3(Br1 + arg)]} =0,

8—K = X\gSg — )\{sl[(a2 + 52)7“17“2 + s3(Br1 + ary))

882
+52[(a2 + 62)7“% + 2071983 + sg]} =0,
0K
9% = Xo(283 + ary + Bra) — Ms1[r1(as; + 8s2) + s153]

+s2[(ro(as1 + Bs2) + s283)+

(253 + ary + fBra2)[Ao — A(s3 + ary + Bra)ss]} =0,

oK
5 = At 5% ass] - Asasi (0P +5%) o+ s+
1

asz[Ao — A(s3 + ary + Ora)s3] =0,
oK

o = —Asy1s2[(a? + B + ass)

—As3[(a® 4 5%)r2 + Bsa]+
Bs3[ho — A(s3 + ary + Bra)ss] =0,

g—i = —Xo(a®+ 8Hr; = 0.

If the denotations ¢1 = s1, Y2 = S2, Y3 = T3, Yq =
Ao — A(ss + arp + fra)ss are introduced, then the latter
equations assume the form of equations (1.2). The transposed
matrix of coefficients for the linear part of the system on the
manifold ¢; =0, ¢=1,...,4, has the form:

A B 0 0 0 0
B C 0 0 0 0
0 0 D as3 (s3 0
00 0 0 0 —(®2+p

where:
A= 2o — A[(0® + B2)r? + 2ary 5 + s3],
B = —\[(a® + B*)riry + s3(fr1 + ar)],
C = Mo — A[(a® + B2)r2 + 2Bryss + 52,
D = (283 + ary + Bra).

Since the rank of our matrix is 4 on the manifold under
scrutiny, the equations

s1=8=1r3=0, \g — )\(83 + ary + ﬁ’l‘g)Sg =0 (2.8

due to Theorem 1 define a family of IMSMs for differential
equations (2.5) of the body’s motion.

Likewise in the example considered above, it can readily
be verified that the equations

51:82:’!’3:0

define the invariant manifold (IM) of system (2.5). The vector
field on the given IM writes

$3 = (Br1 — arg)ss, 71 = ra(ary + Pra + 2s3),
7y = —ri(ary + Bra + 2s3).

The latter differential equations have the first integral:
U = (s3 + ary + Brq)ss = const.

So, the family of IMSMs obtained above is the intersection
of the hyperplane s; = so = r3 = 0 and the family of
hypersurfaces corresponding to the first integral of energy
H for arbitrary value of constant h.

It is obvious from the form of the matrix of coefficients
that the rank of some part of submatrices of the matrix can
decrease under some additional constraints imposed on the
problem’s variables. This takes place, for example, when
s3 = 0. It can easily be verified that under the above
constraint and for Ay = 0 we obtain the following invariant
manifold for the system of differential equations (2.5):

S§1 = 89 = T3 = 83 = 0. (29)

Obviously, IM (2.9) is a submanifold of the family of IMSMs
(10). The vector field on the given IM writes:

T = 7“2(0[7“1 + ﬁ’r‘g), Ty = —7"1(0[7“1 + ﬁ’r‘g).

There is a stable equilibrium position 11 = ro = 0 on
the IM (2.9). In this case, this result may be interpreted as
conditional stability of the body’s equilibrium position with
respect to some part of the variables 71, rs.

ITII. ON INVARIANT MANIFOLDS OF THE
KOVALEVSKAYA TOP

As shown above, in some cases, the procedure of finding
IMSMs proposed allows one to obtain sufficient conditions
of stability for the IMSMs obtained by Lyapunov’s second
method. For example, in the case of the Kovalevskaya top,
the equations of motion

2p=gqr, 2q=—pr+wxzov3, T =—ToY2,
M1 =12 —q¥3, Y2 =DPY3— T,
V3 = g1 — DY2s (3.10)

have the Kovalevskaya first integral:

2V = (p* — ¢* — zom1)® + (20 — T072)°.



Assuming
pr=p>— ¢ —zom, P2 = 2pq— o2,
we can obtain the following representation for the integral:
2V = ¢? + 2. (3.11)

The conditions of stationarity for this integral with respect
to the variables p, q, 7,71, y2,y3 write:

ov ov
—— =201p + 2p2q = 0, 57— = —2p1q + 2p2p = 0,

Op dq
a—vf— x*Oa—V*f o =0
8717 P1 07’8727 ©p1xo = U.

It can readily be seen, the rank of the matrix of coefficients
for 1, 9 in the expressions of the partial derivatives of
V' with respect to phase variables is 2. So, according to
Theorem 1, the manifold 1 = 0, @9 = 0 is the IMSM of
the differential equations (3.10) of motion for a rigid body
(these are well-known Delone invariant manifolds). Since
integral (3.11) is a sign-definite function of i, ¢, this
IMSM is stable.
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