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Abstract
This paper deals with the concepts of output controlla-

bility and steady output controllability, it demonstrates
that they are not equivalent of concepts. A linear sys-
tem has been calculated from the nonlinear equations
of the squirrel cage induction generator, supposing it
connected directly to the grid and assuming a steady
state operating point. The study of output controlla-
bility and steady-output controllability concepts of the
introduced system is done.
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1 Introduction
In the theory of continuous linear time-invariant dy-

namical control systems the most popular and the most
frequently used mathematical model is given by the fol-
lowing differential state equation and algebraic output
equations

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(t)

}
(1)

where x is the state vector, y is the output vector, u
is the input (or control) vector, A ∈ Mn(R) is the
state matrix, B ∈ Mn×m(R) is the input matrix, C ∈
Mp×n(C) is the output matrix, and D ∈ Mp×m(C) is
the feedthrough (or feedforward) matrix.
Controllability is an important property of a control

system, and the controllability property plays a crucial
role in many control problems, such as stabilization of
unstable systems by feedback, or optimal control (see
[1], [4] for example).
Systematic study of controllability was started in the

mid 20 century and theory of controllability is based on
the mathematical description of the dynamical system.

Roughly, the concept of controllability denotes the
ability to move a system around in its entire configura-
tion space using only certain admissible manipulations.
The exact definition varies slightly within the frame-
work or the type of models applied. In the literature
there are many different definitions of controllability
which depend on the type of dynamical control system.
In this paper it is considered the output controllability.
Output controllability is the related notion for the out-

put of the system, the output controllability describes
the ability of an external input to move the output from
any initial condition to any final condition in a finite
time interval. A controllable system is not necessarily
output controllable, and an output controllable system
is not necessarily controllable.
On the other hand, it is well known the recent increas-

ing of wind power in the electrical network. Since,
it can be interesting study and ensure the output-
controllability of Fixed-Speed Wind Turbines (FSWT),
which can affect directly the behavior of power sys-
tems.
This paper is organized as follows. In Section 2, it is

introduced the concepts of controllability and output-
controllability. The steady output-controllability is de-
fined in Section 3. In the section 4, two examples are
developed. In section 5, the system under study is pre-
sented, and linearized to obtain the linear system. The
output controllability and steady output-controllability
of the system is calculated in section 6. Finally, the
conclusions are summarized in Section 7.

2 Controllability and output Controllability
The most frequently used fundamental definition of

controllability for linear control systems with constant
coefficients is the following.

Definition 2.1. Dynamical system (1) is said to be con-
trollable if for every initial condition x(0) and every
vector x1 ∈ Rn, there exist a finite time t1 and control
u(t) ∈ Rm, t ∈ [0, t1], such that x(t1) = x1.



This definition requires only that any initial state x(0)
can be steered to any final state x1 at time t1. However,
the trajectory of the dynamical system between 0 and
t1 is not specified. Furthermore, there is no constraints
posed on the control vector u(t) and the state vector
x(t).
Controllability can be easily computed by means of

the following algebraic criteria:
the system is controllable if and only if the matrix
presented in the equation 2 has full rank.

C =
(
B AB A2B . . . An−1B

)
(2)

This matrix is called controllability matrix.

Theorem 2.1. Dynamical system (1) is controllable if
and only if rankC = n.

Similar to the state controllability of dynamical con-
trol system, it is possible to define the so-called output
controllability for the output vector y(t) ∈ Rp of dy-
namical system. Although these two concepts are quite
similar, it should be mentioned that the state control-
lability is a property of the differential state equation ,
whereas the output controllability is a property both of
the state equation and algebraic output equation.

Definition 2.2. Dynamical system (1) is said to be out-
put controllable if for every y(0) and every vector y1 ∈
Rp, there exist a finite time t1 and control u1(t) ∈ Rm,
that transfers the output from y(0) to y1 = y(t1).

Therefore, output controllability generally means, that
we can steer output of dynamical system independently
of its state vector.
For a linear continuous-time system, like (1), de-

scribed by matrices A, B, C, and D, it is defined the
output controllability matrix

oC =
(
CB CAB . . . CAn−1B D

)
(3)

and it is obtained the following result.

Theorem 2.2. Dynamical system (1) is output control-
lable if and only if rank oC = p.

It should be pointed out, that the state controllability
is defined only for the linear differential state equa-
tion, whereas the output controllability is defined for
the input-output description i.e., it depends also on the
linear algebraic output equation. Therefore, these two
concepts are not necessarily related.

Theorem 2.3. The output controllability character is
invariant under feedback.

Proof. Let F be a matrix in Mm×n(R) Considering
(A + BF,B,C,D), it is easy to compute (A + BF )k

obtaining

C(A+BF )kB =

CAkB +
∑

0≤`≤k−1 CAk−`−1BF (A+BF )`B

Making the following column elementary transforma-
tions

cj+cj−1FB+cj−2F (A+BF )B+. . .+c1F (A+BF )j−2B

where c` indicates the ` column of the output control-
lability matrix of (A,B,C,D), it is obtained the output
controllability matrix for (A+BF,B,C,D).

3 Steady-output Controllability
Within the linear systems theory, it is often asked

about the possibility that the state-steady outputs con-
verge to a constant value.
In order to be able to analyze this concept, it is given
the following definition.

Definition 3.1. A vector is called constant steady-state
output controllable if there exists an input constant vec-
tor u such that

lim
t→∞

y(t) = K (4)

where K is a p× 1 constant output vector.

Taking Laplace transforms to the system

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t)

}
, (5)

reformulating this definition in the following manner.

Proposition 3.1. A constant output vectorK is steady-

output controllable if there exists an input u(s) =
k

s
such that

lim
t→∞

y(t) = lim
s→0

sy(s) = K (6)

Clearly a necessary condition for constant steady-
output controllability of the system is that the system
be stable. The concept of stability is very important in
systems theory.
Remember that a system is stable if and only if

rank
(
s0In −A B

C 0

)
= rank

(
sIn −A B

C 0

)
, ∀s0 ∈ R+.

Proposition 3.2 ([5]). A necessary and sufficient con-
dition for constant steady-state output controllability of
a stable system is

rank
(
A B
C 0

)
= n+ min {m, p} (7)



No all systems are stable but some times, it is possible
to stabilize them by means a feedback or/and an output
injection, concretely, it can be said that a system as (5)
is stabilizable if and only if there exist a feedback F ∈
Mm×n(R) or/and output injection J ∈Mn×p(R) such
that the system close loop system

ẋ(t) = (A+BF + JC)x(t) +Bu(t)
y(t) = Cx(t)

}
(8)

is stable.
Now, it can be analyzed the conditions for constant

steady-state output controllability of a stabilizable sys-
tem, having the following result.

Proposition 3.3. A necessary and sufficient condition
for constant steady-state output controllability of a sta-
bilizable system is

rank
(
A B
C 0

)
= n+ min {m, p}

Proof.

rank
(
A+BF + JC B

C 0

)
=

rank
(
In J
0 Ip

)(
A B
C 0

)(
In 0
F Im

)
=

rank
(
A B
C 0

)

Then

rank
(
A B
C 0

)
= n+ min {m, p}

if and only if

rank
(
A+BF + JC B

C 0

)
= n+ min {m, p}

4 Output controllability vs. Steady-output con-
trollability

In order to demonstrate that both output controllabil-
ity and steady output controllability are not equivalent
concepts, two different examples are developed.

Example 4.1. Let



(
ẋ1
ẋ2

)
=

(
0 1
0 0

)(
x1
x2

)
+

(
0
1

)
u

y =
(
0 1
)(x1

x2

)

rank
(
CB CAB

)
= rank

(
1 0
)

= 1 = p

Then the system is output-controllable.

rank
(
A B
C 0

)
= rank

0 1 0
0 0 1
0 1 0

 = 2 < n+min (m, p) = 3

Therefore, the system is not steady-output controllable.

Example 4.2. Let



(
ẋ1
ẋ2

)
=

(
0 0
1 0

)(
x1
x2

)
+

(
0
1

)
u

(
y1
y2

)
=

(
1 0
0 1

)(
x1
x2

)

rank
(
CB CAB

)
= rank

(
0 0
1 0

)
= 1 < p = 2

Then the system is not output-controllable.
The system is stable because

rank


s 0 0
−1 s 1
1 0 0
0 1 0

 = 3 ∀s ∈ C

and

rank
(
A B
C 0

)
= rank


0 0 0
1 0 1
1 0 0
0 1 0

 = 3 = n+ min (m, p)

Then, the system is steady-output controllable.

5 Modeling of FSWT
The global analyzed system is a wind power genera-

tor connected directly to the grid. The controllability
condition for the system described in this section can
be found in [2].
The linear system is defined by means of the squirrel
cage induction generator differential equations. The
differential equations of the generator are time depen-
dant. Its inputs are the voltage of the grid. The outputs
are the active and reactive power delivered by the wind
power generator.
Supposing the system to be in steady state. This
hypothesi implies constant slip. Therefore, the system



can be described as:

d

dt


∆isq
∆isd
∆irq
∆ird


︸ ︷︷ ︸

Ẋ

=

− 1

LsLr −M2

( α1 α2 α3 α4
−α2 α1 −α4 α3
α5 α6 α7 α8
−α6 α5 −α8 α7

)
︸ ︷︷ ︸

A


∆isq
∆isd
∆irq
∆ird


︸ ︷︷ ︸

X

+
1

LsLr −M2

(
Lr 0
0 Lr

−M 0
0 −M

)
︸ ︷︷ ︸

B

(
∆vsq
∆vsd

)
︸ ︷︷ ︸

U

(9)

where

α1 = Lrrs
α2 = M2θ̇r + (LsLr −M2)θ̇
α3 = −Mrr
α4 = MLr θ̇r
α5 = −Mrs
α6 = −MLsθ̇r
α7 = Lsrr
α8 = (LsLr −M2)θ̇ − LsLrθ̇r

The αi parameters have constant value. They are
dependant of the machine parameters such as stator
and rotor impedance. Moreover ∆ indicates a little
variation of the selected operating point.

5.1 Linearizing the System
The desired output signals, both active and reactive

power are nonlinear functions, described as:

Qs = 3
2 (vsdisq − vsqisd)

Ps = 3
2 (vsdisd + vsqisq)

(10)

Then, it is necessary linearize these equations to obtain
the linear system of the outputs.
Hence, applying Taylor’s approximation around the
steady state operating point to these equations.

Qss = 3
2 ((vsd0isq0 − vsq0isd0)︸ ︷︷ ︸

Qss0

+(vsd0∆isq − vsq0∆isd + isq0∆vsd − isd0∆vsq))

Pss = 3
2 ((vsd0isd0 + vsq0isq0)︸ ︷︷ ︸

Pss0

+(vsd0∆isd + vsq0∆isq + isd0∆vsd + isq0∆vsq))
(11)

where the values with the 0-subscript are the constant
values corresponding to the steady state operating
point.
To simplify the calculations, it is used to linearize the
system a small variation in the power values.

∆Qss = Qss −Qss0
∆Pss = Pss − Pss0

(12)

Then, the output system described as Y = CX + DU
can be written as follows:

(
∆Qss
∆Pss

)
=

(
vsd0 −vsq0 0 0
vsq0 vsd0 0 0

)
∆isq
∆isd
∆irq
∆ird


+

(
−isd0 isq0
isq0 isd0

)(
∆vsq
∆vsd

) (13)

6 Output controllability and steady output con-
trollability of FSWT

In the following section, it is studied output control-
lability and steady-output controllability of FSWT.

Applying the theorem 2.1 in the linearized system, it
can be computed rank oC. Let S ∈ Gl(n;R) be such
that C1 = SC =

(
I2 0

)
it is easy to prove that

rank oC = rank
(
C1B C1AB C1A

2B C1A
3B D

)
= 2.

Therefore, the system is output controllable.
With respect steady-output controllability, it is com-

puted rank (A B
C 0 ) in order to apply proposition 3.3.

From the parameters of the generator, it can be guar-
antied M2 6= LrLs, thus the matrix B has also full
rank.
Hence,

rank
(
A B
C 0

)
= 6 = n+ min {m, p}

and the system is steady-output controllable.

7 Conclusion
This paper has presented the concepts of output con-

trollability and steady output controllability. Moreover,
by means of two different examples have been demon-
strate the non equivalence of both concepts. Also, a
linear system has been calculated from the nonlinear
equations of the squirrel cage induction generator.
Output controllability and steady output controllability
have been demonstrated using the A,B,C matrices.
Moreover, the demonstration is made with a generic



system. Therefore, it can be ensured not only for an
example.
Due to the output controllability condition, it can be
concluded that any output can be reached regulating the
voltage inputs.
On the other hand, steady output controllability con-
dition can ensure the output controllability on a long
term.
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