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Abstract

The paper addresses the construction of a polyno-
mial approximation of the flow of a dynamical sys-
tem governed by autonomous ordinary differential equa-
tions with polynomial right-hand sides that contain non-
homogeneous (constant) terms, in the case when the ini-
tial state is not close to the origin. The existing matrix
Taylor map construction is restricted to homogeneous
right-hand sides and to initial states in a neighborhood
of zero.

The contribution of the paper is twofold. First, an al-
gorithm for constructing the matrix Taylor map is devel-
oped that combines (i) expansion in deviations from the
actual initial state, Y = X — Xy, and (ii) augmenta-
tion of the phase space by a constant auxiliary variable,
which reduces the non-homogeneous problem to a ho-
mogeneous one; the Taylor map is then obtained from
the matrizant of the associated linear system for phase
moments. Second, the construction is validated numer-
ically on a Van der Pol oscillator with constant bias: a
fifth-order map reproduces the displaced limit cycle over
t € [0,100] with an absolute error of 1074-10~2 after
the transient, and expansion around X remains accurate
in the regime where the expansion around zero degrades.

Unlike numerical integration, the construction yields
an explicit parametric representation of the evolution op-
erator whose coefficients are determined by the physical
parameters of the system, and, unlike purely data-driven
machine learning models, it exploits the governing equa-
tions. Since the coefficients enter linearly and have the
same monomial structure as a dynamic polynomial re-
gression model, the map can serve as a physically in-
formed initial approximation for data-driven refinement;

this application is motivated by prior work and is not
evaluated experimentally here.

Key words

Taylor map, transfer map, polynomial regression, non-
linear dynamical systems, Van der Pol oscillator, Carle-
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1 Introduction

The need to forecast the state of physical and techno-
logical processes over time arises in many fields, includ-
ing vibration dynamics of industrial equipment, electri-
cal oscillatory circuits, and charged particle beams. In
many applications, it is sufficient to predict the process
state at discrete, equally spaced time instants. This paper
considers a dynamic regression model of the form

M : X’U,tk — X’U,tk+17 (1)

where X, ; = (Z14.4,---,Tnws) is the state vector of
the process at time ¢, v is a parameter vector describing
operating conditions, and %, ..., ¢y are equally spaced
time moments, i.e., t;41 — t; = tj41 —t; forall ¢,j =
0,...,N —1.

The objective is to construct a one-step mapping that
predicts the next state from the current one; in what fol-
lows, the current state X, ¢, plays the role of the initial
condition on each prediction step. In physical terms, M
is a discrete-time approximation of the flow (evolution
operator) of the system over one time step.

The problem of constructing dynamic regression mod-
els of the form (1) is well studied. Among existing
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approaches, one should note various machine learn-
ing models, including linear and polynomial regression,
support vector machines, decision trees (e.g., CART),
and neural network architectures such as feedforward
networks (MLP, CNN) and recurrent networks (RNN,
LSTM, GRU) [Jansson and Wahlberg, 1996; Herceg
et al., 2019; Chen and Guestrin, 2016; Hornik et al.,
1989; Rao et al., 1992; Abrevaya et al., 2018]; deep ar-
chitectures have also been applied to the prediction of
chaotic dynamics and extreme events [Gromov et al.,
2024]. Ensemble methods, including random forests
and gradient boosting, are also widely used [Chen and
Guestrin, 2016]. These approaches require a sufficiently
large training set, i.e., a sufficient number of state vec-
tors X, ;, measured under different values of v and ;.
At the same time, apart from the measured trajectories,
no additional information about the modeled process is
required.

An alternative class of methods builds dynamic regres-
sion models on the basis of a differential description of
the process, in particular, systems of ordinary differential
equations [Kaheman et al., 2020; Brunton et al., 2016].
Such approaches typically involve two stages. The first
stage addresses parameter identification, i.e., determin-
ing the coefficients of the differential system from avail-
able data. The second stage constructs the regression
model by solving the identified system, usually by means
of numerical integration.

The two-stage scheme is not the only option. Adap-
tive (on-line) identification methods estimate the param-
eters recursively along the measured trajectory, so that a
separate pre-identification stage is not required. These
include gradient and recursive least-squares estimators
[Ljung, 1999; Ioannou and Sun, 1996], the speed-
gradient approach [Fradkov, 2007], estimators based on
dynamic regressor extension and mixing (DREM) [Ara-
novskiy et al., 2017], and filtering-based recursive iden-
tification schemes [Tsyganov and Tsyganova, 2025];
identification of dynamical models under time-varying
disturbances and errors in variables is considered, e.g., in
[Ivanov et al., 2024]. Adaptive estimators, however, act
on the parameters of the differential model itself: they
require a linearly parameterized model, typically a suffi-
ciently exciting regressor (a condition relaxed, e.g., by
DREM), and forecasting over a finite horizon still re-
quires integration of the identified equations. The rep-
resentation developed in the present paper is comple-
mentary rather than competing. Since the Taylor map
is linear in its coefficients, it provides a linear regression
form to which adaptive estimation laws can be applied
directly, with the ODE-based map serving as the initial
estimate. A quantitative comparison with adaptive esti-
mators is beyond the scope of this paper and is planned
for future work.

Solutions obtained by standard numerical solvers
are not directly adaptable in parametric form: once

computed for a fixed set of parameters, they cannot
be efficiently refined using observed training vectors
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X, +, without repeating the entire numerical integration.
Therefore, to obtain a dynamic regression model that can
be fine-tuned on data, one needs a representation of the
solution that explicitly depends on adjustable parame-
ters.

A natural choice is to represent the solution as a poly-
nomial expansion in powers of the initial state vector X.
This representation offers several important advantages:

the expansion coefficients enter linearly, which al-
lows efficient refinement by standard regression
techniques;

once constructed, the solution for a new initial con-
dition can be evaluated directly, without repeated
numerical integration;

for a wide class of ordinary differential equations,
the solution depends analytically on the initial vec-
tor, which guarantees the existence of such an ex-
pansion;

the low-order terms describe linearized dynamics,
whereas higher-order terms capture nonlinear inter-
actions, yielding a structured representation of the
system behavior.

Constructing the solution as a polynomial expansion
in powers of the initial state vector thus provides a prin-
cipled way to preserve the underlying dynamic struc-
ture while retaining tunable parameters. Such polyno-
mial transfer maps originated in beam physics, where the
motion of particles through accelerator elements is de-
scribed by matrix maps acting on phase moments [Dragt,
2011; Andrianov, 2004]. The matrix formalism was in-
troduced for autonomous homogeneous ODE systems
[Andrianov, 2001; Andrianov, 1993] and later devel-
oped systematically for dynamical system identification
[Golovkina et al., 2021a; Golovkina et al., 2022]. The
corresponding procedure is based on the method of suc-
cessive approximations and, importantly, requires the
initial vector to lie in a neighborhood of the zero vector.

Taken together, the existing approaches leave an im-
portant gap. Machine learning models require large
amounts of training data and do not explicitly exploit
the differential structure of the process. Numerical ODE
solvers, although physically grounded, do not provide
a parametric representation that can be directly refined
on observed trajectories. Finally, the polynomial expan-
sion method based on successive approximations is re-
stricted to homogeneous right-hand sides and to initial
conditions near the origin.

The present study extends this polynomial expan-
sion approach to autonomous systems with non-
homogeneous right-hand sides and removes the require-
ment that the initial vector lie near zero. As a result,
an approximate solution can be constructed for a sub-
stantially broader class of initial conditions and system
structures, while retaining the dynamic interpretation of
the underlying ODE system.

Since the approximate solution is obtained in explicit
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polynomial form, its coefficient matrices have the same
structure as the weight tensors of a dynamic polyno-
mial regression model representing the mapping (1). In
principle, they can therefore be used as a physically in-
formed initial approximation before data-driven refine-
ment. This is practically important because even poly-
nomial models of modest degree and dimension involve
a large number of parameters, and random initialization
combined with limited training data often leads to poor
convergence. [Golovkina et al., 2022] reports that iden-
tifying an approximate ODE-based solution from mea-
sured trajectories and using it to initialize polynomial
regression improves optimization in that setting; [[vanov
et al., 2020] reports a similar benefit for polynomial neu-
ral networks. The present paper focuses on the analyt-
ical construction that makes such initialization possible
for non-homogeneous systems and for initial states away
from the origin; the numerical section validates the qual-
ity of the constructed Taylor map itself, not the subse-
quent training pipeline.

The remainder of the paper is organized as follows.
Section 2 formulates the problem, describes the transi-
tion to deviation variables and the homogenization of
a non-homogeneous polynomial ODE by phase-space
augmentation, and discusses the physical meaning of
these steps. Section 3 presents the algorithm for con-
structing the polynomial approximate solution (Taylor
map). Section 4 reports numerical experiments on a Van
der Pol benchmark with known coefficients. Section 5
concludes the paper.

2 Problem Statement

Consider a dynamic process modeled by a system of
ordinary differential equations with a polynomial right-

hand side
dx m(
E = Z Al X(to) = X(),
(2)

where X (t) is the phase state vector of dimension n;
Xp is the initial vector, which is not assumed to be
close to zero; A1™(t) are coefficient matrices of dimen-
sion n x n™; A!0(t) is a vector of free terms (non-
homogeneity), and X% = 1. Here X" = X x ...« X
m times
is the m-th Kronecker power of X, and * denotes the
Kronecker product of matrices [Andrianov, 2001]. For
generality, the coefficients are allowed to depend on time
in Sections 2 and 3; in the autonomous case, which is the
main subject of the paper and is considered in Section 4,
they are constant.

Full and reduced Kronecker powers. The vector
X"l of dimension n™ contains repeated monomials
(e.g., for m = 3 the monomial 2y appears as rxy, Tyx
and yzx). Therefore, the coefficient matrices in (2) are
not unique: the coefficient of a monomial can be dis-

tributed arbitrarily among its repeated positions without
changing the vector field F/(X). In computations, we

use the reduced Kronecker power, which contains each

t) X [m]
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distinct monomial of degree m exactly once, in lexico-
graphic order, and has dimension ("+2_1). The transi-
tion from the full to the reduced form consists in sum-
ming the columns of a coefficient matrix that correspond
to identical monomials (and, in the equations for higher
moments in Section 3, removing repeated rows). In the
reduced form, the coefficient matrices are unique. The
derivations below are written for full Kronecker powers,
and the same symbols are used for reduced ones.

The standard Taylor map construction [Andrianov,
2001; Golovkina et al., 2022] applies to homogeneous
systems (A'® = 0) and expands the solution in powers
of X/ about the origin, which requires || Xo|| to be small.
Both restrictions are removed below.

2.1 Transition to the Deviation Variable

Let us introduce the variable Y (¢) describing the devi-
ation of the trajectory from the initial point:

Y(t) = X(t) — Xo. 3)

Since X is a constant, dY/dt = dX/dt. To rewrite
the right-hand side of (2) in powers of Y, we use the
Kronecker binomial expansion. By the mixed-product
property of the Kronecker product,

m

(Xo+ V)l Z C™F (X,
“
CmR (X, Z MY s+ % MZ,
UGSm ke
where S, is the set of binary sequences o =
(01,...,0m) containing exactly k ones, M7 = E if
oj = land M7 = Xo if 0; = 0, E is the iden-
tity matrix of order n, and Y[ = 1. For example,
C?(Xg) = Xo * E + E * Xo, C™(Xo) = X™, and
cmm = glm], Substituting (3) and (4) into (2), we ob-
tain a system with respect to the new variable:
¥ _ ZN: P¥ ()Y 4 B(t) Y (to) =0, (5)
dt ) 0 ’
k=1
where
Plk Z Alm ka )
6
-3 A X - P

m=0

In particular, P! = 9F/0X |x—x, is the Jacobian ma-
trix at the initial state. Note that the system (5) is non-
homogeneous whenever X is not an equilibrium, i.e.,
F(Xy) # 0, even if the original system is homogeneous
(A0 = (). Thus, the transition to deviation variables
and the treatment of free terms are two sides of the same
problem, which is solved in the next subsection.
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2.2 System Homogenization (Vector Augmentation)

To reduce the system (5) to a homogeneous form, we
use the method of state space augmentation. Let us
introduce an additional scalar component z satisfying
dz/dt = 0, so that z(t) = z(tg). We set

A =1, )

and represent the free term B(t) as B(t)z. With z = 1
this term coincides with B(t), so no approximation is
introduced; the symbol z is retained only to include the
free term in the general polynomial structure and to track
the order of the terms generated by it. Let us form an
augmented vector X of dimension n + 1:

. (Y
X:(Z). ®)

Differentiating X by virtue of system (5) and the condi-
tion on z, we obtain:

dX (ffif) <z§j_1 Py 4 B(t)z) o)
T dz = ’

dt dz 0

where, by (7), the first n components coincide with the
right-hand side of (5). Now the original problem can be
rewritten as a homogeneous system of differential equa-
tions with respect to the vector X:

dX

= =N P X 10

M=

k=1

where P'%(t) are block coefficient matrices of the aug-
mented system. The matrix P!(¢) is formed from the
matrix P'1(t) and the vector B(t):

o= (078).

Higher-order matrices P*(t) (k > 1) are obtained from
P (t) by inserting zero columns at the positions of the
monomials containing z and appending a zero row cor-
responding to the equation for z. The initial condition
is

X(tg) = Xo = (0”1“) . (1)

Thus, the non-homogeneous Cauchy problem is reduced
to a homogeneous system (10) in a higher-dimensional
space.

2.3 Physical Interpretation

Each step of the construction has a transparent physi-
cal meaning. The vector B = F'(Xj) in (6) is the phase
velocity of the system at the initial state (for a mechan-

ical system written in the first-order form, these are the
velocities and the accelerations produced by the forces

acting at Xj), the matrix P'' describes the linearized
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dynamics about the current state, and the matrices Pk,
k > 2, describe local nonlinear couplings (anharmonic
corrections).

The classical expansion around the origin is, in phys-
ical terms, a theory of small deviations from an equi-
librium located at the origin, and its accuracy is gov-
erned by the amplitude of the motion. Expansion around
the actual state X replaces this global smallness re-
quirement by a local one: only the displacement ¥ =
X (t) — Xo accumulated over the prediction step has to
be small, and to leading order it equals F(Xg)(t — to).
Consequently, large-amplitude regimes, such as relax-
ation oscillations, limit cycles displaced from the origin
by an external bias, and motions far from equilibrium,
become accessible for a fixed expansion order, provided
the time step is small compared with the characteristic
time scale of the motion.

The auxiliary variable z has the meaning of a constant
external action (a DC bias, a constant force or torque,
a constant inflow) promoted to a dynamical variable.
Since dz/dt = 0, z is a first integral of the augmented
system, the augmented phase space is foliated by the in-
variant hyperplanes z = const, and the physical system
corresponds to the hyperplane z = 1. This is analogous
to the extended phase space used in analytical mechanics
to make non-autonomous systems autonomous. Since all
components of X except z vanish, the resulting Taylor
map is a power series in z (see (26) below), i.e., a pertur-
bation expansion in the amplitude of the effective forc-
ing Bz, evaluated at z = 1; this forcing is precisely the
quantity that drives the system away from its initial state.

Finally, the construction yields a polynomial approxi-
mation of the flow of the physical system over the time
step. As noted in the Introduction, such transfer maps
are a standard tool of beam physics [Dragt, 2011; Andri-
anov, 2004], and the embedding of a nonlinear system
into a linear system for phase moments used in Section
3 is the Carleman linearization [Carleman, 1932]. Every
coefficient of the map is determined by the coefficients
of the governing equations (e.g., stiffness, damping,
bias) through the explicit formulas of Section 3, which
makes the model interpretable and allows the physical
parameters to be traced through subsequent data-driven
refinement.

3 Construction of the Polynomial Approximate So-
lution

We now construct an approximate solution of the ho-
mogeneous augmented system (10) obtained in Section
2. In applications where the coefficient matrices P'*(t)
are not known a priori, they can be estimated from mea-
sured trajectories using the reconstruction procedure of
[Golovkina et al., 2022] or the adaptive methods men-
tioned in Section 1; the numerical experiments in Section
4 use analytically specified matrices instead. Through-
out this section, X and P'¥ refer to the augmented sys-
tem (10); the matrices A'™ of the original system (2)
and P'* of the deviation system (5) enter only through
the construction of P* in Section 2.2.
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3.1 Increasing the Dimensionality of the System of
Differential Equations

To construct an approximate solution of the system

(10), let us increase its dimensionality. To do this,

we introduce the vector of phase moments up to order

- - - - T
K: XK = X“],X[z],...,X[K}] and calculate the

derivatives for all vectors X (1 i = 1,K. The deriva-
tive of the first-order vector is represented by the sys-
tem (10). Let us calculate the derivative of the vector of
second-order phase moments:

dX«X) dX - o dX

dXx
dt dt a Tt

(12)
where

P(t) = PV (1) « B+ B« PYFL(t).

Here FE is the identity matrix of the dimension of the vec-
tor X. When reduced Kronecker powers are used (Sec-
tion 2), the columns of P2* corresponding to identical
monomials of X*! are summed and the repeated rows
are removed. By induction, one can show the general
formula for the derivative of a vector of arbitrary order ¢:

dX[Z] N+i—1 . ~
= Y PrexH, (13)
k=i

dt

where
Pik(t) = PYR=H ()« BE-U L B« PUE1(4) . (14)

From the representation (13), it follows that the equa-
tion (10) can be associated with an equation in the space
of phase moments up to order K:

dX¥ .
dt — HKXK+N71, (15)
where
pu p12 p13 . plK
O P22 p23... p2K
PE =
0 0 0 PKK
PLE+1 .. plLE+N-1 (16)
GE — : - :
15K,k+1 ISK,K.-',-N—I
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Here, the matrices ]?”“ (t) are calculated using recurrent
formulas (14), and P”i (t) = Ofor k > N. In particular,
the first block row of PX reproduces the right-hand side
of (10).

3.2 Linearized System of Increased Dimensionality
and Its Solution
Consider the linear part of the system (15), discarding
the terms containing moments of orders higher than K:

dX5 e
—— = PEXK. 17
7 (7
The system (17) is linear in form, so the solution of the
Cauchy problem X ¥ (¢y) = X can be written using a
nonlinear matrizant:

X5 () = RR (¢, t0) X{", (18)

where R¥(tg,tg) = EX. The matrizant R has an
upper-triangular block structure similar to PX:

Rl R12 13 ... RIK
O R?2 R23... R2K
RK =
0 O 0O REK
To find the elements of R, we represent the system
(17) as a cascade of K subsystems:

X . .. -
WX~ Prx 4 PRX

o4 PUE()XIK]

%ﬂ = P2(H)X2 4 ... 4 P2 () XIK]

d)”d;*” _ pK—l,K—l(t>X[K—1] +pK—1,K(t)X[K]

L = PR (1) XK

(19)
For the diagonal elements, consider the linearized first

equation dd);( = P (t)X. Its solution has the form

X(t,to) = R (tlto)Xo, where in the autonomous case
(constant matrix P!) the matrizant is calculated as:

R (¢, tg) = F' (1= 10), (20)
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Raising this solution to Kronecker powers, we obtain the
fundamental property of diagonal blocks:

R (t,to) = (R“(t,tw)[i] : 1)

Non-diagonal elements are found using the backward
substitution method (“bottom-up”). Solving the penulti-
mate subsystem as a linear non-homogeneous one using
Cauchy’s formula, we obtain the coupling matrizant:

t
RKfl,K(t’to) — RKfl,Kfl(tﬂ_)

to

PEVE(r)REE (1t0)dr. (22)

Generalizing by induction, we obtain the final recurrence
relations for the matrices R (¢,ty) necessary to recon-
struct the solution:

RY (1, 10) / RU (1, ) P () RY (7 1o )dr,

(23)

R (t,t0) Z / R(t, )P (1)RY (1, to)dr,
l=i+1
2<i1<j<K.
24
Remark on truncation and uniqueness. Owing to
the upper block-triangular structure of PX | the block
R' depends only on the blocks P¥ with i < j <
k. Hence, discarding the moments of orders higher
than K in (17) does not affect R** for k < K, and
R (t, to)X([) ! coincides with the k-th order term of the
Taylor expansion of the exact flow of (10) in Xo This
term is unique as a polynomial function. When full Kro-
necker powers are used, the matrices R themselves de-
pend on how the coefficients are distributed among iden-
tical monomials, but their action on Kronecker powers
does not; in the reduced form, the matrices are unique.

3.3 Back Substitution and Solution Recovery

After calculating the blocks of the matrizant R (, t,)
(where k = 1, K) using the recurrence relations (23),
(24), it is necessary to perform an inverse transition from
the variables of the augmented phase space to the origi-
nal variables X (t).

Calculation of the deviation vector in the aug-
mented space

From the system of equations (19), we are interested
only in the first equation describing the dynamics of the
vector X (t) (the first moment), since it is the one con-
taining information about the physical variables:

Rt to) Xg (25)

Mx

k=1
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Here, the summation takes into account the contributions
of the terms of all orders up to K to the first-moment
solution.

Structure of the initial vector

Recall the structure of the augmented initial vector X,
defined in (11). Since Y (t9) = 0, the vector has the

form:
v On><1
XO - ( Py ) )

where 0,, 1 1s a zero vector of dimension n and z = 1 by
(7); the symbol z is kept in the formulas below to show
the order of each term. Let us consider the structure of
the Kronecker power X, ,gk]. This is a vector of dimension
(n+1)* (or (”Zk) in the reduced form). Since in the lex-
icographic order the last element of the resulting vector
is formed as the product of the last elements of the orig-
inal vectors, and all other combinations in X o contain at
least one zero, the vector X(g ! turns out to be sparse (in
both the full and the reduced form, because z is the last
variable):

wXo=| . (26)

It contains zeros in all positions except the very last
one. Consequently, in the expression R'¥(t, to)f(([)k], we
are interested only in the last column of the block R'¥,
which significantly reduces the amount of computations.
Projection onto the original space
By construction, the vector X (t) consists of two parts:
the desired deviation Y'(¢) and the auxiliary constant z:

() = (Yf)) .

To extract the upper part of the vector (of dimension n)
and discard the lower scalar part, a projection matrix (se-
lector) S of dimension n X (n + 1) is used:

S = (E On><1) )
where E is the identity matrix of order n. Indeed,

SX(t) = (E Opx1) <Y£t)) = E-Y(t)+0,x1-2 = Y (1).

Final solution formula

Substituting (25) into the expression for X (¢) = Xy +
Y (¢) and applying the selector S, we obtain:
K ~ ~
X(t)~ Xo+ 8> R¥(t )X @)

k=1
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Taking into account property (26), the formula can
be written in a computationally efficient form. Let

{le(t, to)}l denote the last column of the matrix
ast

R Then the final solution is:
K
X(1) ~ X ({let,t } : ’“) . (28
() 0+; ( O) last * 1.n ( )

where the index (...)1., denotes taking the first n ele-
ments (upper part) of the obtained column vector, which
is equivalent to the action of the selector S.

4 Numerical Results

This section validates the proposed construction on a
benchmark with known ODE coefficients. The exper-
iments assess (i) multi-step forecasting accuracy for a
non-homogeneous system and (ii) the effect of centering
the expansion at X rather than at the origin. Coefficient
identification from data and regression training are left
for future work.

As a benchmark, we consider the Van der Pol oscilla-
tor, a classical model of self-sustained oscillations orig-
inally introduced for triode circuits [Cartwright, 1952],
which remains a standard model of self-excited electri-
cal and mechanical systems (see, e.g., [Shriethar, 2025]
for a recent analysis of a mechanical system with Van
der Pol-type dynamics). We consider the oscillator with
a constant external action (bias):

$.=Z/+Cl7 , (29
y=—x+y(l—z%) + co,

where c; and ¢ are constants determining the magni-
tude of the non-homogeneity. Physically, they model a
constant external action, such as a DC bias in the cir-
cuit or a constant external force, which shifts the equi-
librium and the limit cycle away from the origin. This
makes the system a natural test case for both components
of the construction: the constant terms require homoge-
nization, and the displaced limit cycle provides states far
from the origin.

To apply the Taylor map method, the non-
homogeneous system (29) is brought to a homogeneous
form by augmenting the phase space with the auxiliary
variable z, 2 = 0, z(tg) = 1 (Section 2.2):

jf:y+012’7
y=—x+y— a2y + ez, (30)
5=0.

Let us denote the augmented state vector as X, =
(7,y,2)T. Then the right-hand side of the system (30)
can be represented in matrix form up to the third order
of nonlinearity:

dX qug
dt

= P" Xoug + PPXEL + PBXEL (3D

aug’
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where the coefficient matrices P!, P12, P13 are
fully determined by the structure of the equations.
In our computational experiment, the bias parame-
ters were set to ¢; = 0.1 and ¢ = 1.0. The
matrices are written in the reduced form (Section
2): the columns of P'? correspond to the monomi-
als 22, zy, zz, 9%, yz, 2%, and the columns of P'3 cor-
respond to x3, 22y, 222, vy?, wyz, w22, 3, yP 2, y22, 25
The matrix of the linear part P'! has dimensions 3 x 3,
the matrix of quadratic terms P'? of dimensions 3 x 6
is zero in this case, and the matrix of cubic terms P13
of dimensions 3 x 10 contains a single non-zero element

P3% = —1 corresponding to the monomial %y
0 10.1
Pl=[-1110]|, P2 =054
000 32)
00 ...0
P¥=10-1...0
00...0

In the reduced form, this representation is unique. If full
Kronecker powers were used (P2 of dimensions 3 x 27),
the coefficient —1 could be distributed arbitrarily among
the positions of zzy, zyxr and yxx with the total sum
equal to —1. Such a choice changes the entries of the
matrices but neither the vector field nor, by the remark
in Section 3.2, the Taylor map as a function of the initial
state.

Using the matrices P'¥, a fifth-order matrix Taylor
map (a discrete dynamic polynomial model with the
same monomial structure as the regression model (1))
was constructed. In this experiment, the expansion is
performed about the origin of the augmented space, i.e.,
only the augmentation step of Section 2.2 is used, and
the map is a fixed polynomial of (x,y, z). The map was
applied recursively with time step At = 0.01 to emulate
multi-step forecasting of model (1); no parameter fitting
on trajectories was performed. The initial conditions for
the simulation were set as g = —2.0,y9 = 4.0 (re-
spectively, X.,4(0) = (—2.0,4.0,1.0)7). The forecast-
ing was carried out over the time interval ¢ € [0, 100].
To verify the results, numerical integration of the system
(29) was performed in parallel using the standard solver
LSODA [LSODA, 2005].

The simulation results are presented in Fig. 1. As can
be seen from the phase portrait, the constant external ac-
tion shifts the limit cycle relative to the origin. The tra-
jectory generated by the Taylor map visually coincides
with the reference solution over the entire prediction in-
terval.

A quantitative assessment of the accuracy is presented
in Fig. 2. The absolute error plots demonstrate that the
maximum deviation of the predicted trajectory from the
reference one during the transient does not exceed 0.035,
and after reaching the limit cycle, the error stabilizes in
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Figure 1. Comparison of the dynamics of a non-homogeneous Van der Pol oscillator (c; = 0.1, ca = 1.0) obtained using the constructed

Taylor map (TM Flow, blue line) and the reference numerical solution (Reference, dashed line). Left: phase portrait. Right: time sweep of the

coordinates (t) and y(t).

Figure 2. Dynamics of the absolute error |7 — X soda‘ and
|yT M — Yl soda| during multi-step forecasting with a step At =

0.01 and model order equal to 5.

the range from 10~ to 1073, This result confirms that
the phase space augmentation technique reproduces non-
homogeneous dynamics with high accuracy over long
time intervals.

To further investigate the capabilities of the proposed
approach, a second computational experiment was con-
ducted to evaluate the effect of the expansion point on
the accuracy of the Taylor map. This is particularly rele-
vant when the initial state is located far from the origin.

In the standard method of successive approximations
proposed in [Golovkina et al., 2022], the series expan-
sion is performed around the zero point. By introduc-
ing the deviation variable Y = X — X (Section 2.1),
the expansion can instead be centered at the initial point
Xo. As shown by (6), this shift introduces the constant
term B = F(Xj), transforming the system into a non-
homogeneous one, which is resolved by the same phase
space augmentation technique (z = 1) as in the first ex-

periment. Figure 3 illustrates the phase trajectories and
coordinate dynamics for the reference numerical solu-
tion alongside two Taylor maps: the standard one ex-
panded at zero [Golovkina et al., 2022] and the proposed
one expanded at the initial point Xj.

A quantitative comparison of the absolute errors for
both approaches is shown in Fig. 4. When the trajec-
tory starts far from the origin, the expansion around zero
[Golovkina et al., 2022] does not maintain accuracy: the
two maps begin to diverge noticeably at ¢ ~ 7. By
t = 15, the absolute error of the map expanded around
the initial point remains of the order of 103, whereas
the error of the expansion around zero reaches values
between 1 and 2.

This demonstrates that shifting the expansion point to
X significantly improves the accuracy and stability of
the constructed Taylor map when the initial state is far
from the coordinate origin. In physical terms (Section
2.3), the expansion around zero treats the motion as a
deviation from the origin, and its truncation error grows
with the amplitude of the motion, whereas the expansion
around the current state only requires the displacement
over one step to be small.

5 Conclusion

In this paper, we extended the Taylor-map construction
for dynamic polynomial models to autonomous systems
with non-homogeneous polynomial right-hand sides and
to initial conditions away from the origin. The extension
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Comparison of the expansion points for the Van der Pol oscillator: the reference numerical solution (Reference, black dashed line), the

Taylor map expanded around zero [Golovkina et al., 2022] (TM Flow (Zero Point), red line), and the proposed Taylor map expanded around the

initial point (TM Flow (Point X ), blue line). Left: phase portrait. Right: time sweep of the coordinates x(t) and y(t)
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Figure 4. Dynamics of the absolute error of the Taylor map expanded
around zero [Golovkina et al., 2022] and of the proposed Taylor map

expanded around the initial point X (logarithmic scale).

uses expansion in deviations Y = X — X, together with
phase-space augmentation by an auxiliary constant vari-
able, which homogenizes the system while keeping the
expansion centered at the actual initial state.

From the physical point of view, the constructed map
is a polynomial approximation of the flow of the system
over the time step, of the same kind as the transfer maps
used in beam physics. The constant term of the devia-
tion system is the phase velocity at the initial state, its
linear part is the Jacobian at this state, and the auxiliary
variable represents a constant external action as a first
integral of the augmented system. Expansion around the
current state replaces the requirement of small ampli-
tude of motion by the requirement of small displacement
over one step, which makes large-amplitude and biased

regimes accessible for a fixed expansion order.

The algorithm produces an explicit polynomial ap-
proximate solution whose coefficient matrices have the
same monomial structure as a dynamic polynomial re-
gression model (1). This structural correspondence is the
basis for using the construction as a physically informed
initial approximation in data-driven refinement, includ-
ing adaptive (on-line) estimation; prior studies suggest
benefits of such initialization for polynomial regression
and polynomial neural networks, but the present work
does not experimentally test training or identification
from noisy data.

Numerical validation was carried out on a non-
homogeneous Van der Pol oscillator with known coef-
ficients. In the first experiment, a fifth-order Taylor map
reproduced the displaced limit cycle over ¢ € [0, 100]
with At = 0.01; after the initial transient, the absolute
forecasting error stabilized between 10~* and 10~2. In
the second experiment, expansion around X, remained
accurate, while the standard expansion around zero di-
verged when the trajectory started far from the origin.
These results confirm the accuracy of the extended con-
struction for non-homogeneous dynamics and for non-
zero initial states.

The main limitations are that only one benchmark sys-
tem was considered, the ODE coefficients were spec-
ified analytically rather than identified from measure-
ments, and the regression initialization workflow was not
compared with random initialization, purely data-driven
models, or adaptive estimators. Future work will address
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identification from irregular time series, fine-tuning of
the sparse coefficient matrices on noisy experimental
data, comparison with adaptive identification methods,
and application to industrial dynamic processes.
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