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Abstract

In the present paper and to improve the results in [8], we consider
a class of fractional impulsive wave equations. Using a new topological
approach, we prove the existence of classical solutions with a com-
plex arguments caused by impulsive perturbations. To the best of our
knowledge, There is a severe lack of results related to such impulsive
equations.
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1 Introduction

The theory of nonlinear waves is still a young sciences, although research in
this direction was carried out even in the 19*” century, mainly in connection
with the problems of gas and hydrodynamics. For example, the works of J.
Scott Russell [12] who was the first to observe solutions on the surfaces of
a liquid, date back to 1830-1840. Nonlinear wave pgenomena have been the
subject of research by such outstanding scientists as Poison, Stokes, Airy,
Rayleigh, Boussinesq, Riemann. However, as a unified science, the theory
of nonlinear waves developed in the late 1960s and early 1970s, which were
the years of its rapid development.



This type of problem appears in several mathematical models which describe
wave phenomena in areas such as fluid dynamics and electromagnetism.
Many authors such as H. Brésiz, J. Mawhin, K. C. Chang and others, have
developed topological tools, index theory and variational methods to obtain
a classical existence results for the one-dimensional problem with various
non-linearities. One can review the associated results in [2, 3, 4, 5] and the
references therein.

A fractional derivative is a non-local characteristic of a function: it depends
not only on the behavior of the function in the vicinity of the point  under
consideration, but also on the values it takes over the entire interval (a,z).
This non-locality means that the change in the particle flux density depends
not only on its values in the vicinity of the point under consideration, but
also on its values at distant points in space. We mention some related
results on the impulsive equation in [8, 9] and these models have not been
sufficiently studies, despite their versability and practical importance.

To beginwith, we consider the following problem

cpfo+u—Au = ft,zuunug), teJ=1[0,1], t#ty, ke{l,...,n},

x € R™,
ug(tp+, ) = w(ty—, z) + I(te, z,u(ty, z)), ze€R", Eke{l,...,n},
u(ty+, ) = wu(tp—,x) + Lg(ty, z,u(ty,x)), xzeR™ ke{l,...,n},
u(0, z) = hi(z,u(0,z)), u(l,x)=he(x,u(l,x)), =x€cR"

(1.1)

where

(H1) CDQM is the Caputo fractional derivative with respect to ¢, 8 € (1,2],
0=t <t1 <...<tp <itpn+1 =1, Jo = [O,tl], J1 = (tl,tQ], ceay
Jn1 = (tnl, 1}, n; € N.

(H2) I, Ly, € C([0,T] x R™1),

|Ik(tk,$,U(tk,[L‘))| < alk’(tkvx”u(tkvx”smv

|Li(ti, x,u(ty, z))| < aok(ti,x)|u(ty, x)|®*, zeR" ke{l,...,n},

arg, agg € C(J X R™), 0 < ayp, a9 < Bon J xR ke {l,...,n}, for
some positive constant B, six, sor > 0, k € {1,...,n1}.



(H3) hi,ho € CQ(RnJrl),
|h1($,’u,(0,l’))‘ < bll(x)’u(07x)‘817

lho(z,u(1,2))] < big(a)|u(l,z)?, xR
bi1, biz € C(R™), 0 < b1y, bi2 < B on R™, 51,59 > 0.
(H4) f€C(J xR" x R x R x R"),
) <3 ( (bl + by D+ 3 e ) |wz|’"ﬂ>
Jj=1 i=1

(t,z) € J xR" u,v € R, w € R”, aj,bj,cjZ € C(J xR, 0 <
aj,bj,cji < BonJxR" pjq;,r;i >0,je{l,....r},ie{l,...,n},

r € N.
Here uy = (Ugyy ..., Uy, ), ut(ty—, x) = tkgl ug(t, z), up(tp+, x) = tEg;m(t,x),
- =1l t =1 t eR™ kedl,..., .
u(ty—,x) tggcl_ u(t, x), u(ty+,x) t_ig;ru( ,T), T , { ni}

For [,s € NU {0}, define
PC(J) = PC°J)

= {9:J =R, geC(\{t;}]h),
Jg(tj+), g(t;—) and g(t;—) = g()),
je{l,...,n1}},
PCY(J) = {g:J—=R, gePC7'(J), gel(I\{t}L)),
39V (t;—-), g (t+) and gV (t;—) = gV(t)),

jed{l,...,n1}}
and

PCYJ,C*(R™) = {u:u(-,z) € PC'(J), zcR",

u(t,) € C*(R"™), teJ}.



In PC?(J,C%(R"™)), we define the norm

|lu| = max{ max sup lu(t, )],
je{O,l,...,n1} (t,x)e[tj ,tj+1]><R”

max swp  fult ),
Je{0717"'7n1} (t7$)e[t],t]+1} xR™

 max sup  fun(t,a),
jG{O,L...,?’U} (t,x)e[t]-,t]-+1} xR™

~ max sup lug, (t, )|,
JEL0. 1, na} (tz) et tj 1] xR

~ max sup | Uz, (E, )], i€{l,...,n}},
Jj€{0,1,....,n1} (t,x)€lty,tjr1] xR

as long as it exists. Here PC?(J,C?(R™)) is a Banach space.
We state now our main results.

Theorem 1.1. Suppose (H1)-(H4). Then the problem (1.1) has a solution
in PC?(J,C*(R™)).

Theorem 1.2. Suppose (H1)-(H4). Then the problem (1.1) has at least
two solutions in PC?(J,C*(R™)).
2 Preliminary

Here, we introduce some preliminary results which will be used to prove the
main results. The following fixed point theorem for sum of two operators
will be used to prove the existence of at least one solution to the problem
(1.1).

Theorem 2.1. Let e € (0,1), B > 0, E be a Banach space and X = {x €
E : ||z|| < B}. Let also, Tx = —ex, x € X, S : X — E is continuous,
(I — S)(X) resides in a compact subset of E and

{reE:x=XI-9S)z, |z|=B}=0 (2.1)
for any X\ € (O7 %) Then there exists a x* € X so that
Tz* 4+ Sz* = z*.

Here pX ={pzx :xz € X} for any p € R.



Proof. Define
1 —Lz if 2| < Be
, (—x) -
€ ﬁ if ||lz|| > Be.

Then r (—2(I — 5)) : X — X is continuous and compact. Then, owing to
the Schauder fixed point theorem, there exists x* € X such that

. (-1(1 - S)x*) _ 2,

where —2(I — S)z* ¢ X. Thus

B 1

> Be, —————— < =
(1= S)z*|| e

H(I— S)x*

and
. B

o = g S =7 (-1(1 _ sm*)

and hence, ||z*|| = B. This contradicts with (2.1). Therefore —1(I—S)z* €
X and

o= (—1(1 - S)x*) = (-5

or
—ex* 4+ Sz* = 1%,
or
Tz* 4+ Sz* = z*.
The proof is now completed. O

Let X be a real Banach space.

Definition 2.2. A mapping K : X — X is said to be completely continuous
if it is continuous and maps bounded sets into relatively compact sets.

The concept of contraction of the set [ is linked to that of the Kuratowski
measure of non-compactness which we recall for completeness.

Definition 2.3. Let Qx be the class of all bounded sets of X. The Kura-
towski measure of noncompactness o : Qx — [0,00) is defined by

a(Y) = inf 5>0:Y:UYj and diam(Y;) <90, je{l,...,m} »,
j=1

where diam(Y;) = sup{|lx — yl|x : =,y € Y;} is the diameter of Y;, j €
{1,...,m}.



For more detail on the properties for measure of noncompactness, we
refer to [1].

Definition 2.4. A mapping K : X — X is said to be [-set contraction if it
is continuous, bounded and there exists a constant | > 0 such that

a(K(Y)) <la(Y),

for any bounded set Y C X. The mapping K is said to be a strict set
contraction if | < 1.

Obviously, if K : X — X is a completely continuous mapping, then K
is 0-set contraction(see [7]).

Definition 2.5. Let X andY be real Banach spaces. A mapping K : X =Y
1s said to be expansive if there exists a constant h > 1 such that

Kz — Kylly > hllz - yllx
for any x,y € X.
Definition 2.6. A closed, convex set P in X is said to be cone if
1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.
Denote P* = P\{0}.

Lemma 2.7. Let X be a closed convex subset of a Banach space E and
U C X a bounded open subset with 0 € U. Assume there exists € > 0 small
enough and that K : U — X is a strict k-set contraction that satisfies the
boundary condition:

Kz & {x, \x} forall x € OU and A > 1+e¢.
Then i (K,U,X) = 1.

Proof. Consider the homotopic deformation H : [0,1] x U — X defined by

H(t,z) = tKzx.

e+1

The operator H is continuous and uniformly continuous in ¢ for each z, and
the mapping H(t,.) is a strict set contraction for each t € [0, 1].In addition,
H(t,.) has no fixed point on OU. On the contrary,



o If t = 0, there exists some xg € QU such that xg = 0, contradicting g € U.
o If t € (0, 1], there exists some xg € PN IU such that 5% tKxy = xo; then
Kxg = %ﬁxo with % > 1+ ¢, contradicting the assumption. From the
invariance under homotopy and the normalization properties of the index,
we deduce

1

j KUX)=1 X)=1.

i K.U.X) =i(0,U.X)

New, we show that
(K, U, X) =1 K, U X).
(KLU X) = i (5 K.ULX)
We have .
K : 2.2

Y x#x, Vo e dU (2.2)

Then there exists v > 0 such that
T T Y, VI € ouU.
1 =)

In other hand, we have H_%Kﬂ: — Kz as e — 0, for z € U. So for ¢ small
enough

1
|Ke — —— Ka| < L, Vo € 0U.
e+1 2

Define the convex deformation G : [0,1] x U — X by

Gt 7) = K+ (1 — t)— K

€+
The operator GG is continuous and uniformly continuous in t for each =z,
and the mapping G(t,.) is a strict set contraction for each ¢t € [0, 1] (since
t+ w%(l —t) <t+1—t=1).In addition, G(¢,.) has no fixed point on OU.
In fact, for all x € OU, we have

[z — G(t, =) lo — tKz — (1 —t) 7 Ka|

> o — 2 Ko — Ko — Ko
> y—3>71

Then our claim follows from the invariance property by homotopy of the
index.

O]



Proposition 2.8. Let P be a cone in a Banach space E. Let also, U be a
bounded open subset of P with 0 € U. Assume that T : Q C P — E is an
expansive mapping with constant h > 1, S : U — FE is a l-set contraction

with 0 <l <h—1, and S(U) C (I —T)(R). If there exists € > 0 such that
Se#{(I—-T)x), (I-T)Ax)} forallx €dUNQ and X\ >1+e¢,
then the fized point index i, (T + S,UNQ,P) = 1.

Proof. The mapping (I —T)~'S : U — P is a strict set contraction and it
is readily seen that the following condition is satisfied

(I-T) 'Sz ¢ {x, x} for all z€dU and A>1+e

Our claim then follows from the definition of ¢, and the following Lemma
2.7. O

The following result will be used to prove existence of at least two non-
negative solutions to the problem (1.1).

Theorem 2.9. Let P be a cone of a Banach space E;  a subset of P and
Ui, Uy and Us three open bounded subsets of P such that Uy C Uy C Us and
0 € Uy. Assume that T : Q@ — P is an expansive mapping with constant
h>1,8:Us— E is a k-set contraction with 0 < k < h —1 and S(U3) C
(I —T)(R2). Suppose that (Us \ U1)NQ # 0, (Us\ Uz) NQ # 0, and there
exists ug € P* such that the following conditions hold:

(i) Sz # (I —T)(x — Aug), for all A >0 and z € OU; N (Q + Aug),

(ii) there exists € > 0 such that Sx # (I —T)(Ax), forall X>1+¢ x€
OUs and Ax € QQ,

(iii) Sz # (I —T)(x — Aug), for all A >0 and x € U3 N (2 4 Auy).
Then T + S has at least two non-zero fived points x1,x9 € P such that
z1 € 0Us N and x9 € (Ug\Ug)ﬂQ

or
x| € (UQ\Ul) NQ and z9 € (Ug \Uz) N Q.

Proof. If Sx = (I — T)x for x € Uz N Q, then we get a fixed point z; €
0Uy N Q of the operator T' 4+ S. Suppose that Sz # (I — T)x for any
x € AUs N Q. Without loss of generality, assume that Tz + Sz % z on 0U1 N



Q and Tx + Sz # x on 0U3 N ), otherwise the conclusion has been proved.
By [6, Proposition 2.11 and Proposition 2.16] and Proposition 2.8, we have

ix (T+S,U1NQ,P) =1 (T+S,UsNQ,P) =0 and i, (T+S,U2NQ,P) = 1.
The additivity property of the index yields
i (T+ S, (U2 \U1)NQ,P)=1and i, (T + S, (Us \Uz) NQ,P) = —1.

Consequently, by the existence property of the index, 7'+ S has at least two
fixed points z E(UQ\Ul)ﬂQ and xgE(Ug\UQ)ﬂQ. L]

In [13], it is proved that the problem
‘Dio,ult) = fi(t), teld, t#t, ke{l,...,m},
Utt) = Wt—)+ L(ulty), te€ (0,1), ke{l,... ni},
ultp+) = ultp—)+ Le(u(ty)), te€(0,1), ke{l,...,ni},
w(©0) = hi(u(0)), u(l)=ha(u(l)),
where f1 € C(J), hi, hs € C(R), has a solution of the form
cr(t,u(t))t + b (u(t)) + iy Jo (t = ) fi(s)ds, ¢ € Jo,

cr(t,u(t))t + b (u(t)) + iy Ji. (¢ = )7L fi(s)ds

3 el i 4= 9P sl + - )T ()
j= 7=

k . ) k-
+J;%ft§_l(tj - 5)5—2fl(s)ds—|—]§1 Li(u(ty), teJy, ke{l,...,ni},

9



where

ni+1 1 ¢ -
it ut) = ha(®) =m0 = 3 / - A
_7L1~u n1 1—tj J _862 s
2 Li) =3 55 /tjl@j 82, (5)d
_i(l —t tedJ
j=1

3 Proof of Theorem 1.1

For convenience, we set X = PC?(J,C%(R")). For u € X, define the operator

p

—u(t,z) + c(t, 2, u(t, 2)) + by (2, u(0, 7))
+1037 Jo (t = )71 (f (s, u(s, @), wi(s,2), wa (s, @) + Aus, z)) ds,
(t,z) € J x R™,

—u(t, z) + e(t, 2, u(t, 2)) + b (z,u(0, 7))

—|—ﬁ fti(t — )37 (f(s, 2, u(s, o), us(s, ), uz(s, ) + Au(s, x)) ds

Srult, ) = ft (t; — 8)P L (f(s,z,u(s, ), ue(s, ), up(s, ) + Au(s, z)) ds
k

=3 (0= ) (40t 2)
j=

+ Zk: rl(tﬁtn ft $)PE(f(s, 2, u(s, @), u(s, o), ug(s, ) + Au(s, z)) ds
7j=1

+ Zk:Lj(tj,.T,u(tj,.%)), tedy, ke {1,...,?7,1},
j=1

10



where

c(t,z,u(t,z)) = hao(z,u(l,z)) — hi(z,u(0,z))

- ! v L g)Pt s,x,u(s,x), ur(s,z), ug(s, u(s,x s
> | =9 () wls ) 0) + Suls ) d

j=1 tj—1

ni
- Z Lj(tjv T, u(tjv z))
j=1

ni

_ 1_7753 t = )P (F(s,muls, ), up (s, 1), ug (s, T wls. ) ds
;F(ﬁ_l)/tjl(tj ) (f(? ) (7 )v t(a )7 a:(a ))'i‘A(, ))d

ni
=Y (L= t)I(tj,z,ulty,x), (t,x) € J xR™.
j=1

Note, that if u € X satisfies the equation
Siu(t,x) =0, (t,x)e€ JxR",

then w is a solution to the problem (1.1). Set

m—1
B, = B+2B'™ +231+s2+2z (B1+S1j+Bl+82j)
j=1

m+3  nm+1\ [ .
+ + > | B¥T 4+ BUT +) Bt +nB
<F(ﬁ+1) F(ﬁ)) < ) !

j=1 i=1
Lemma 3.1. Suppose (H1)-(H4). Foru € X, ||u|| < B, we have
|S1u(t,x)| < By, (t,z) € JxR"™
Proof. We have

|Au(t,z)| =

n
Z Ugjz; (t,x)
j=1

n
S Z|uxjxj(t,$)|
7=1
< nB, (t,z)eJxR"

11



and
n

‘f(tv z, u(tvx)7ut(t7$)7uw(t7m))‘ < <aj(tﬂ x)‘u(tax”pj + bj(tax”u(t?x)’qj
j=1

3 cutnlus (1)

=1

T n
< Z <Bpj+1+BQj+1 +ZBTji+l>7

=1 i=1
(t,x) € J x R, and

| (t, oo u(te, )| < arp(ty, ©)|u(ty, z)|**

< B g eR™ ke{l,...,n},
and
|Li(ti, x,u(ty, )| <  aok(ty,z)|u(ty, x)|**
< BYts . g eR" ke{l,...,m},
and
iz, u(0,2))] < bu(z)|u(0, )
< Bt gz eR",
and

|ha(z, u(l, @) < bia(@)|u(l, 2)[*
< Bl+82, xr e Rn,

12



and

le(t,z,u(t, z))] = |ho(z,u(l,z)) — hi(z,u(0,))

ni+1 1 t o
_ j; ) /tjl(tj — )P (f(s,x,uls, ), u(s, z), uzp(s,x)) + Au(s,z)) ds

ny
7j=1

ni

_ 11—t tj = )P (fls,zyuls, @), u(s, ), ug (s, x uls. 2)) ds
;P(ﬁ_l)/tjl(t] ) (f(s, 2, u(s, ), ue(s, ), uz (s, 7)) + Au(s, z)) d

—Zl—t i(t, z,u(t;, x))

< ho(z, u(1, )] + |hy (2, u(0,z)))|

wel
! ; (8) /tjl(tj — )7L (| £ (s, uls, @), ue(5, ), ua(s, 2))| + | Au(s, )]) ds
£ e ulty. )
=
ffﬁ_”l[:t—@5%uwstmumxww@mn+mmmmms

+Z )L (45, 2, ulty, )|

m—1
< Bl+81 + Bl+82 + Z (Bl+81j + Bl+82j)
j=1
ny+1 n a =
1 1 i+1 i+1 rii+1
+< > <Bpa+ +BUT 4y "B >+nB :
T(5+1) ~ P

13



(t,z) € J x R™. Hence,

|S1u(t, z)| = ‘ —u(t,x) + c(t,z,u(t,x)) + hi(z,u(0,z))

IN

—FI{20/£(t-—S)B_l(f(s,x,u(sgrhzu(s,x),ux(S,x))‘FZX“(S’x))dS

IA

lu(t, )| + |c(t, z,u(t, x))| + |h1(z,u(0,2))|

L t — )1 s,x,u(s,x), u(s, x), up(s, u(s, x s
+F(,8)/O(t )7 (f (s, @, u(s, @), we(s, @), ua(s, @) + [Au(s, x)|) d

ny +1 ni - i+l i+l - rji+l
B+<F(ﬁ+1)+r(ﬂ)> (Z (BH rEVT D B +>+HB)

j=1 i=1

IN

ny
+Bl+51 + pBlts2 + Z (B1+51j 4 Bl+82j) + Bltst
j=1

j=1 i=1

1 T n
——— [ D [ B+ BUt 4> B! B
JrF(,B 1) ( < + + +n

-1
B+2B'"tst 4 pite2 4 N " (BlFsu 4 plts)
=1

(G ) (B o ) o)

j=1 i=1

3

<
Il

Bl>

14



(t,x) € Jo x R", and

[Siu(t,x)] = ’ —u(t,x) + c(t,z,u(t,x)) + hy(z,u(0,z))

)/(t—s)ﬁ Y(f(s, 2, uls, ), us(s, ), ug(s, ) + Au(s, x)) ds

IE
k "
Z /t — 8P (f (s, u(s, o), ug(s, o), up (s, ) + Auls, x)) ds
k

+Z (t—t;)1;(t), z,u(t;, x))
7j=1

+Z L= /t (t; — 8)P "L (f(s,2,u(s, @), ue(s, ), uz (s, ) + Auls, z)) ds
2TG-1 )y,
k
Z i(tj, z,u(ty, o))

< fult @) + [e(t, @, ult, 2))] + [ha (2, u(0, )|

L t—S’Bil S, T, U(S, T ), Ut\S,. ), Up\S, T uls, r S
+r<5>/tk“ VS G52y us, @), uils, @), ua (s, 2))] + [Au(s, 2) ) d

i v — )t s,x,u(s,x), us(s, x), uy(s, x u(s, x s
Pw)/t“(tj VPTHf (5, u(s, @), ua(s, @), ua (s, 2)| + |Au(s, 2)]) d

(t =)L),z ulty, )|

<
Il
-

- +
M- 10

' /tj (t; = 8)77 1 (1 (s, u(s, 2), (s, @), ua (s, )| + | Au(s, 2)]) ds

j—1

+
M-
=

—~| =«
N
|| -
NS

<
I
—_

+
-

|Li(tj, z,u(t;, z))|

7j=1
m—1
< B+231+s1 +Bl+52 + Z (Bl+slj +Bl+52j)
j=1

15



ny + 2 n : . , = -
+ <F(;+ ot F@) Z (BPJ“ +B%T 43" B ﬂ“) +nB

1 T n
to— pritt 4 putt N " pritl ) 4 o B
EESY Z( 2

=1

T

n
+F(118) Z (Bpj+1 +qu+1+ZBTj¢+1> +nB

j=1 i=1

k k
D ILICES LS
i=1 j=1

m—

= B+2B'"1 4 2B2 4 2% " (B9 4 Bltea)

Jj=1

+ < mA3 | mA 1) S (BPJ+1 + BUHL 4 iB’“ﬂ'i“) +nB
e+ 1) )\ & <

—_

= By, (t,ZL‘) € Jp x R,
k€ {1,...,n1}. The proof is now completed. O

Let us suppose that A € RS and g to be continuous function on R",
where

(H5) g >0 on R™\ {UiL{z; = 0}},
9(0,29,...,2p) = ... =g(x1,...,2,-1,0) =0, z; €R, je{l,...,n}

and
n

2-8”H(1+|:cj|+:c§)
J=1

T 1 Tn
/ :/ / , dy=dyy,...dy.
0 0 0

16

/0 g(y)dy’ <A,

x € R™, where



We define for u € X, the operator
t z N
Souta) = [ (=57 [ Tl =) a(w)Sru(s.v)dyds.
j=1

(t,x) € J x R™,

Lemma 3.2. Suppose (H1)-(H5). If u € X satisfies the equation
Sou(t,z) =0, (t,x)e€ JxR", (3.1)

then u satisfies the problem (1.1).

Proof. Differentiating three times in ¢ and three times in zi, ..., x, the
equation (3.1), we get

g(z)Siu(t,z) =0, (t,x)e Jx (R”\ {U{xz = 0}}) ,

i=1
whereupon
Siu(t,x) =0, (t,x) € Jx (R"\ {O{xl = O}}> .
=1

Since S1u € C(J x R™), we have

0 = Slu(t,O,mQ,...,xn)
= lim Stu(t,x1,x9,...,2n),
:plao
0 = Slu(t,xl,xg,...,O)
= lim Syu(t,z1,2z2,...,2,), =1,...,2, €ER, t€J
Tn—0
Therefore

Siu(t,x) =0, (t,x) € JxR".

Hence, we then conclude that u satisfies (1.1). The proof is now completed.
O
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Lemma 3.3. Suppose (H1)-(H5). If u € X and ||u|]| < B, then
|| Sou|| < AB;.
Proof. We have

|52’Lb(t,$)‘ = t—S j_ ) (tl, )Slu(tl, )dsdt1
< / /H(t—s)g(mj— 2t 9)|Syult, s)|ds|dt:
0 o
< 2g(ty, s)ds|dty
< 314"1—[33 g(t1, s)ds|dt,
n t T
< 2B18nH(1+|xj|+x]2)/ ‘/ g(t1, s)ds|dt;
=1 o 1Jo
< ABy, (t,:ZI)EJX]Rn,
and
B t rx N
S Syultx)| = '2// TL(t = ) — 5;)2(t1, 5)Sruts, )dsdty
0 Jo ;o

< 2/; /jf[(t—s)(mj— 2g(t1, )| Svults, 9)lds|dty
< 2B xj— Sj) (tl, s)ds|dt;

< 2314”1_[95 g(t1, s)ds|dt,

< 2318”1_[( + |zj| + 23) /‘/ (t1,s)ds|dt

< ABy, (t,x) e JxR",
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Sou(t, x)

_ '// = )2g(t1, 8)Svulty, s)dsdty

(tl, )|Slu(t1, )‘dS

2
i

IN

dtq

IN

2B, (tl, )dS dtq

IN

2B,4" H 72

g(t1, s)ds|dt;

IN

dty

2318”H(1+|:L‘]|—|—:U /‘/ (t1,s)ds

ABi, (t, l‘) e J xR,

IN

and
0
5y, o2ult,2)) = (t — s)*(x; — 55)%(zp — sp)g(t1, s)Su(ty, s)dsdty
Tk J=1,j#k
< 2 / / T (6= )2 — 5)2lan — silg(tr, )| Svu(tr, 5)lds dty
0 10 o jzk
< 2B xj — 55)%|xg — silg(t1, s)ds|dt;
Jj= 1J75k
n t T
< B14”Hx?|xk|/ '/ g(tl,s)ds dty
< 318NH(1+’$]‘+1' /’/ tl, ds dt1
< ABy, (t,z) e JxR" ke{l,...,n},
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and

2

a Sgu(t a;) = t—S)Z({L'j ) (tl, )Slu(tl, )dsdt1
7 j= lj;ék
< (t—s)? $;)%g(t1, 5)[S1u(ty, s)|ds|dty
J=1j#k
t T n
S 2B1/ / H (acj — S]) (tl, )dS dtl
0 170 j=1j#k
< B! Hx g(t1, s)ds|dt;
< 318711_[(1-"-’3?]‘4—% / ‘/ tl, dS dt1
< AB;, (t,x)e JxR" ke{l,...,n}.
Thus,
|1Sou|| < AB;.
The proof is now completed. O

Below, suppose

(H6) ¢ € (0,1), A and B satisfy the inequalities eB1(1 + A) < 1 and
ABl < 1.

Let Y denote the set of all equi-continuous families in X with respect to the

norm || - ||. Let also, ¥ = Y be the closure of Y, Y =Y U {hq, ho},
Y ={ueY :|ul| <B}.
Note that Y is a compact set in X. For u € X, define the operators
Tu(t,x) = —eu(t,x),
Su(t,z) = wu(t,z)+ eu(t,z) + eSou(t,z), (t,x) € J xR".
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For u € Y, using Lemma 3.3, we have

(I =Shul = [lew— eSaull
< ellull + €| Saul|
< €B1 +€AB;
= eBi(1+A)
< B

Thus, S : Y — E is continuous and (I — S)(Y) resides in a compact subset
of E. Now, suppose that there is a u € E so that ||u|| = B and

u=AI—-S)u

or )
—u = (I —S)u=—eu— eSru,

A
l+ = —€S.
3 €)u=—eSou

for some A\ € (0,1). Hence, ||Soul| < AB; < B,
€

or

1 1
eB < <)\ _|_6> B = ()\ +e> lu|l = €||S2u| < eB,

which is a contradiction. Hence and Theorem 2.1, it follows that the operator
T + S has a fixed point u* € Y. Therefore

u (t,z) = Tu*(t,z) + Su*(t,x)

= —eu*(t,x) +u*(t,x) + eu”(t, x) + eSou*(t,z), (t,x) € J xR",

whereupon
0= Su*(t,x), (t,z)e JxR"

From here and from Lemma 3.2, it follows that w is a solution to the BVP
(1.1). The proof is now completed.
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4 Proof of Theorem 1.2

Let X be the space used in the previous section. Suppose

(H7) Let m > 0 be large enough and A, B, r, L, Ry be positive constants
that satisfy the following conditions

2
r<L<Ry, €>0, R1>(+1>L,
om

L

Let B
P={ueX:u>0 on JxR"}

With P we will denote the set of all equi-continuous families in P. For
v € X, define the operators

Tio(t) = (14 meo(t) — eon,
Syo(t) = —eSQU(t)—mev(t)—e%,

t € [0,00). Note that any fixed point v € X of the operator T} + S3 is a
solution to the BVP (1.1). Define

Ur = Pr={veP:|v]<r}
Uy = Pr={veP:|v| <L}

Us = Pgr, ={veP:|v| <R},

A L
Ry = Ri+ —By+ —,
m om
Q = Pgr,={veP:|v] <R}
1. For vy, vs € 2, we have

[T1v1 — Thve|| = (1 + me)|lvr — vz,

whereupon 77 : 2 — X is an expansive operator with a constant
h=14+me>1.
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2. For v € Pg,, we get

L
1530l = ellSavll + meljvll + e 45

IN

L
AB R+ — .
5( 1+ mi + 1 O)
Therefore S3(Pg,) is uniformly bounded. Since S3 : Pgr, — X is
continuous, we have that S3(Pg,) is equi-continuous. Consequently
S5 :Pr, — X is a O-set contraction.

3. Let vy € Pg,. Set

1 L
vy = v + —Syv; + —.
m om

Note that Syv; + % >0on J xR"™ We have v9 >0 on J x R"” and

1 L
< —||.S —
Jva]] < (o]l + mH v + -

L
< Ri+—B1+—
om
= R,.
Therefore vy € ) and
EMvy = —EMU1 E0oU1 810 610
or
(I —Ty)va = —emua+e—

10

= 837)1.
Consequently S3(Pr,) C (I —T1)().

4. Assume that for any ug € P* there exist A > 0 and x € 0P, N(Q+ Aup)
or x € dPgr, N (24 Aug) such that

53.% = (I - Tl)(x - )\uo).

Then I
—€eSox — mex — 0= —me(x — Aug) + 10
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or

L
—Sox = Amug + 5

Hence,

||Sox|| = H)xmuo + 3

> —.
This is a contradiction.

. Suppose that for any ¢; > 0 small enough there exist a 1 € 9P, and
A1 > 1+ € such that \jz; € Pg, and

531’1 = (I — Tl)()\ll’l). (4.1)

In particular, for e; > %, we have z1 € aPL,jxlxl S le, AM>146
and (4.1) holds. Since z1 € 0P, and A\ix; € Pg,, it follows that

2
( N 1) L <ML = M|z < R
5m

Moreover,
L L
—eSox1 — mexy — GE = —A\imex1 + eﬁ,
or
L
Sox1 + g = ()\1 — 1)771.271.
From here,
L L
23 > ‘ Soxy + 5” = (A1 — D)m|x1]| = (M — 1)mL
and
2
-— + 1 2 >\17
om

which is a contradiction.

Therefore all conditions of Theorem 1.2 hold. Hence, the BVP (1.1) has at
least two solutions u; and wus so that

Jurl] = L < [Jug|| < Ry

r < |ul < L < |Juz]) < Ry.
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5 An Example
Below, we will illustrate our main results. Let m =2, n =1,

s1=s52=0, syp=sn=2 ke{l,2}, pp=3 @=0, r1=0,

1 1

Ri=B=10, L= =4 =10, A=_—"— R —
! ’ TS ’ 108, 7~ 5Bi(1+ A)

1
ABy= 15 <B, eBi(1+4)<1,

i.e., (H6) holds. Next,
2 L
r<L<Ry, €>0, Ry> %-ﬁ-l L, ABI<5.

i.e., (H7) holds. Take

1+ s11y/2 4 522 s11\/2

h(s) =1 gl ERTOY; ST I(s) :arctanw, seR, s#+l1.
Then
W(s) = 22\@510(1 — 522) ,
(1 — s11y/2 + 522)(1 + s114/2 4 522)
I'(s) = Hﬂfli(;;_ 820), seR, s#=+l.
Therefore

—o0 < lim (14 s+ s%)h(s) < oo,

s—+oo

—oo < lim (1+ s+ s%)I(s) < oo.

s—+oo

Hence, there exists a positive constant C; so that

1 | 1+311ﬂ+322+ 1 sty/2
o S Ve
44~/2 81— s1\/2 4+ 522 224/2 1—s22

(1+s+52)3<
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s € R. Note that lirilll(s) = 7 and by [11] (pp. 707, Integral 79), we have
s—

/ dz = 1 log1+zﬁ+Z2+ 1 arctan Z\/i.
L+24 42 T 1—2v2422 202 1—22
Let 10
s
W =Ty <%
and

g(z)=Q(x1)...Q(x,), x€R"
Then there exists a constant C > 0 such that

n

2-8" [T (14 Jay] +5) / a(y)dy| <C, (t,z) e JxR"
i=1 0
Let
(@)= Agi(2), zeRr?
g - Cgl )
Then

<A, xeR"

2. S”H (L+ |z5] + 23) ’/0 g(y)dy
1

j=

i.e., (H7) holds. Therefore for the problem

CD§0+u—um e, tel0,1], zeR,
u(t], ) = wu(ty,z) + (ul(fﬁ;f%)Q, r €R,
u(ty, ) = u(te,x) + (ul(ff:;ﬁF, r eR,
ue(tf, ) = w(ty, ) + %%tﬁgz, z €R,
ue(t5, ) = w(te, ) + “ﬁjﬁ%z, z €R,
u(0, ) = ﬁ, z € R,

u(1,x) = ﬁ, z € R,

are fulfilled all conditions of Theorem 1.1 and Theorem 1.2.
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