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Abstract— Time-delayed feedback methods can be used to ability, for instance, arbitrary large correlations of dtastic
control unstable periodic orbits as well as unstable steadgtates. gscillations without inducing a bifurcation [25].
We present an application of extended time delay autosyn- In the present paper, we apply the ETDAS control method,

chronization introduced by Socolar et al. to an unstable foas. hich was initially invented to stabilize periodic orbi
This system represents a generic model of an unstable steadyW ICh was initially Inv thize periodi It

state which can be found for instance in a Hopf bifurcation. h ~ @n unstable steady state realized as an unstable focus. This
addition to the original controller design, we investigateeffects can be seen as a system close to, but above, a supercritical
of control loop latency and a bandpass filter on the domain of Hopf bifurcation. As a modification, we consider also an ad-

control. Furthermore, we consider coupling of the control brce  jitional control loop latency, a bandpass filter, and défer
to the system via a rotational coupling matrix parametrized by ' '

a variable phase. We present an analysis of the domain of coup!lngs. . i ] .
control and support our results by numerical calculations. This paper is organlzed as follows: In Sec. I, we introduce
our model equations and develop the analytic tools used
|. INTRODUCTION throughout the paper. Section Il deals with a nondiagonal

coupling implemented by a rotational matrix. In Sec. 1V,
Since the last decade, the stabilization of unstable a% consider |atency time effects, which arise if a time |ag
chaotic systems has been a field of extensive research.eRists between calculation of the control force and reiigec
variety of control schemes have been developed to contrpho the system. Section V introduces a specific modification
periodic orbits as well as steady states [1], [2], [3]. A sienp of ETDAS that includes a bandpass filtering of the control
and efficient scheme, introduced by Pyragas [4], is known &ggnal. This is important if high frequency components are

time delay autosynchronization (TDAS). This control method present in the system. Finally, we conclude with Sec. VI.
generates a feedback from the difference of the currerd stat

of a system to its counterpart some time units the past. Il. EXTENDED TIME-DELAYED FEEDBACK
Thus, the control scheme does not rely on a reference systen¥Ve consider an unstable fixed point of focus type. Without
and has only a small number of control parametérs, loss of generality, the fixed point is located at the origin. In
the feedback gairk and time delayr. It has been shown complex center manifold coordinateshe linearized system
that TDAS can stabilize both unstable periodic orbits,,e.gcan be written ag(t) = (A + iw)z(t), where\ andw are
embedded in a strange attractor [4], [5], and unstable gteatfal numbers corresponding to the damping and oscillation
states [6], [7], [8]. In the first case, TDAS is most efficieht i frequency, respectively. The stability of the steady state
T corresponds to an integer multiple of the minimal periodletermined by the sign of the real part of the complex
of the orbit. In the latter case, the method works best if theigenvalue +iw. Since we consider an unstable focus, e.g.,
time delay is related to an intrinsic characteristic tinssc closely above a Hopf bifurcation, we choose the parameter
given by the imaginary part of the system’s eigenvalue [8]. A0 be positive and nonzero. Separated in real and imaginary
generalization of the original Pyragas scheme, suggested Barts,i.e, z(t) = z(t) + iy(t), the dynamics of the system
Socolar et al. [9], uses multiple time delays. Thigended i given by
time delay autosynchrlonization (ETDAS) i.ntroduces a mem- x(t) = A x(t) — F(t), 1)
ory parametei?, which serves as a weight of states further
in the past. A variety of analytic results about time-dethyeWhere x is the state vector composed of the real and
feedback control are also known [10], [11], [12], [13], forimaginary partz and y of the variablez, the matrix A
instance, in the case of long time delays [14] or the odflenotes the dynamics of the uncontrolled system,
number limitation [15], which was refuted recently [16]. A w

Although there has been strong effort on the research A= ( —w A ) ©)
on the original Pyragas method [17], [18], much less i ndF is the ETDAS control force, which can be written in
known in the case of extended time-delayed feedback [1% ree equivalent forms
[20], [21], [22], [23], [24]. Recently it was shown that the
additional memory parameter introduces a second timescale . n
which leads to a strong improvement of the stabilization ) = KZR x(t —n7) = x(t — (n+1)7)] (3)
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Fig. 1. (Color online) Largest real part of the complex eigdmes A as

a function of r for different values ofR. The red, green, black, blue, and
magenta curves correspond = —0.7, —0.35, 0, 0.35, 0.7, respectively.
The parameters of the unstable focus are choseh as0.1 andw = 7
which yields an intrinsic periodp = 27/w = 2. The feedback gaik is
fixed at KTy = 0.6.

where K andr denote the (real) feedback gain and the tim
delay, respectivelyR € (—1,1) is a memory parameter that
takes into account those states that are delayed by more tt
one time interval. Note thatk = 0 yields the TDAS control
scheme introduced by Pyragas [4].

The control force applied to th&h component of the
system consists only of contributions of the same componel
Thus, this realization is called diagonal coupling. We will
consider a generalization to a nondiagonal coupling scher
in Sec. lll. The first form of the control force, Eq. (3),
indicates the noninvasiveness of the ETDAS method becau
x*(t — ) = x*(t) if the fixed point is stabilized. The third
form, Eq. (5), is suited best for an experimental implemer
tation since it involves states further tharin the past only
recursively.

as A = 0.1 andw = 7. Note that the time delay is given

in units of the intrinsic periody = 27 /w. When no control

is applied to the system,e, = = 0, all curves start at

A which corresponds to the real part of the uncontrolled
eigenvalue. For increasing time delay, the real partAof
decreases and eventually changes sign. Thus, the fixed point
becomes stable. Note that there is a minimumRefA)
indicating strongest stability if the time delay is equal

to half the intrinsic period. For larger values of the real

part increases and becomes positive again. Hence, thersyste
loses its stability. Abover = Ty, the cycle is repeated but
the minimum ofRe(A) is not so deep. The control method

is less effective because the system has already evolved
further away from the fixed point. For vanishing memory
paramete? = 0 (TDAS), the minimum is deepest, however,
the control intervalj.e.,, values ofr with negative real parts

of A, increases for largeR. Therefore the ETDAS control
method is superior in comparison to the Pyragas scheme.

KTy

KTq

Fig. 2. (Color online) Domain of control in the&, 7) plane for different

While the stability of the fixed point in the absence ofvalues off : 0,0.35,0.7, —0.35 in panels (a), (b), (c), and (d), respectively.

control is given by the eigenvalues of mate, i.e., A +iw,

The greyscale (color online) shows only negative valuesheflargest real

part of the complex eigenvalues according to Eq. (6). The parameters of

one has to solve the following characteristic equation & thihe system are as in Fig. 1.

case of an ETDAS control force:
1— efA‘r
At Ko (6)

Due to the presence of the time delaythis characteristic
equation becomes transcendental and possesses an infi
but countable set of complex solutiods In the case of
TDAS, i.e, R = 0, the characteristic equation can be solve
analytically in terms of the Lambert function [26], [27],
[8], [28]. We stress that for nonzero memory parameter
however, such a compact analytic expression is not possib
Thus, one has to solve Eq. (6) numerically.

Figure 1 depicts the dependence of the largest real parts
the eigenvalué\ upon the time delay according to Eq. (6)
for different memory parametetd and fixed feedback gain

=\ tiw.

‘750

Figure 2 shows the domain of control in the plane
parametrized by the feedback gaiki and time delayr

Eﬂgedifferent values ofR : 0,0.35,0.7, —0.35 in panels (a),

, (c), and (d), respectively. The color code indicately on
egative values of the largest real parts of the complex

eigenvalueA. Therefore, Fig. 1 can be understood as a
vertical cut through Fig. 2 for a fixed value &7, = 0.6.

ach panel displays several islands of stability whichrdhri
or larger time delays. Note that no stabilization is possible
7 is equal to an integer multiple of the intrinsic period
. The domains of control become larger if the memory
parameterR is closer tol.

K = 0.3. The red, green, black, blue, and magenta curves In order to obtain some analytic information of the do-

of Re(A) correspond toR -0.7,-0.35,0,0.35,0.7,

main of control, it is helpful to separate the characteristi

respectively. The parameters of the unstable focus areeohogquation (6) into real and imaginary parts. This yields gsin



K(l—e P cosqr) = A—p—Re P
x[(A = p)cosqr £ (w— q)singr] (7) 0°
and c o
Ke PTsingr = +(w—gq)+ Re P7
x[(A — p)singr £ (w—q)cosqr]. (8) _05 |

The boundary of the domain of controls is determined by
vanishing real part of\, i.e., p = 0. With this constraint,

Egs. (7) and (8) can be rewritten as 0 2 4 6 8 K1$ 12 14 16 18 20
o]
K(1—cosqr) = A— R[Acosqr £ (w — q)singr], 9
. . Fig. 3. (Color online) Domain of control in theK, R) plane for different
Ksingr = +(w—q)+ R[Asingr £ (w — q) cos q7]. values ofx. The blue, red, green, and yellow domains correspondlip =

. 0.2,1,5, and 10, respectively, as indicated. The time delay is chosen as
At the threshold of control{ = 0,¢ = w), there is ;=1,/2 andw = .

a certain value of the time delay, which will serve as a
reference in the following Section, given by

(2n+1)= 1 control for \T;, = 0.2, 1,5, and 10, respectively. The other
— = (n-i- 5) To (10)  system parameter is chosen @s= 7. We keep the time

_ o _ _ _ delay constant at = Ty/2. Note that theK interval for
wheren is any nonnegative integer. For this special choicgyccessful control increases for larger valuesiofin fact,

of the time delay, the range of possible feedback gadins \yhile the original Pyragas schemie, R = 0, fails for

in the domain of control becomes largest as can be seen)([ro — 10, the ETDAS method is still able to stabilize the
Fig. 2. Hence, we will refer to this value as optimal time fiyed point. The upper left boundary corresponds to Eq. (11).
delay in the fo_IIowmg. The minimum feedback gain at thisrpe |ower right boundary can be described by a parametric
T can be obtained: representation which can be derived from the characteristi

w

1 i :
Koin(R) = A( 2+R)' (11) equation (6)
AT — dtan (¢9/2
Extracting an expression fatin(¢7) from Eq. (9) and R /\TT&n(ﬁ/;, (14)
inserting it into the equation for the imaginary part leads T+2 an ( 2/ )
after some algebraic manipulation to a general dependence Kr — 0% + (A7) (15)
of K on the imaginary parg of A AT + Y tan (9/2)’
K(q) = (14 R) [A+ (w—q)?] (12) where we used the abbreviation= (¢ — w) 7 for notational
9= 2\ ' convenience. The range af is given byd € [0,7). A

Taking into account the multivalued properties of the aresi linear approximation leads to an analytic dependencé of
function, this yields in turn analytical expressions of tinee ~ an the feedback gaif” given by a function?(X) instead of
delay in dependence an the parametric equations (14) and (15). A Taylor expansion
aroundd = 7 yields

_p2 w—
arcsin (,\2(1_2232()12 J,_I%w)ﬁq)?%)l-‘rR)z) +2nm

= , 13 A2 4 72
m1(4) 7 3 Kpw(R) = ;;” (R+1)+2(R-1).  (16)
. 2X(1—R?)(w—q)
— arcsin — — +@2n+ )7
m(q) = (wl R+ q)2(1+R)2) . Another representation of the superior control ability of
q ETDAS is depicted in Fig. 4. The domain of control is
wheren is a nonnegative integer. Together with Eq. (12)given in the (K, \) plan for different values ofR. The
these formulas describe the boundary of the domain gkllow, red, green, and blue areas refer Ro= —0.35,

control in Fig. 2. Note that two expressioms and» are 0 (TDAS), 0.35, and 0.7, respectively. The time delay is
necessary to capture the complete boundary. The caseabiosen asr = Ty/2. One can see that for increasiig
TDAS control was analyzed in [14] and is included as specidhe ETDAS method can stabilize systems in a larger
choice of R = 0. range. However, the correspondiAginterval for successful

For a better understanding of effects due to the memogontrol can become small. See, for instance, the blue area
parameterR, it is instructive to consider the domain of (R = 0.7) for large A\. A similar behavior was found in the
control in the plane parametrized by and the feedback case of stabilization of an unstable periodic orbit by ETDAS
gain K. The results can be seen in Fig. 3, where the blu¢29]. We stress that, as in the case of periodic orbits, the
red, green, and yellow areas correspond to the domain bbéundaries of the shaded areas can be calculated andjytical
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phase plays an important role in the suppression of coliecti
18 synchrony in a globally coupled oscillator network [38].
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Fig. 4. (Color online) Domain of control in theK, A) plane for different
memory parameter®. The yellow, red, green, and blue areas correspond

to R = —0.35, 0 (TDAS), 0.35, and 0.7, respectively. The time delay is
fixed atT™ = Tp /2.

Fig. 5. (Color online) Largest real part of the eigenvalieas a function of

from the foIIowmg expression. 7 for different phasesp. The black, red, green, and blue curves correspond

(1 _ Rw 1+ R 2 to ¢ =0, /8, w/4, and3x /8, respectively. The other control parameters
Kr = ( / ) ( ) + tan? (0/2) (17) are fixed askR = 0.7 and KTy = 0.6. The parameters of the system are
tan(/2 1-R ’ as in Fig. 1.
0, 1+R
AT = 18
T tan(9/2) <1 — R) ’ (18)

where we used = (¢ — w) 7 with ¢ € [0, 7) as in Egs. (14)
and (15). The maximum value for, which can be stabilized,

is given by the special case= 0: eAr
1+R 2 r
AmazT = 2 ——. 19
TT1-R (19) L

In this Section, we have focussed our discussion to tt
ETDAS method in the simplest realization of diagonal cou
pling. In the following, we will investigate the effects of 24 -
nondiagonal coupling introduced by a variable phase. 5

Ill. PHASE DEPENDENT COUPLING 0 —
-T -n/2 0 /2 T -T/2 0 /2 T

Time-delayed feedback has been widely used in optic:
systems both to study the intrinsic dynamics and to contrc.
the stabilization of, for instance, a laser dEVIC_e [30]'][31. Fig. 6. (Color online) Domain of control in thgp, K') plane for optimal
[32], [33_]1 [34], [35]. In these systems, th? OptIC?.l phqsp ltime delayr = Ty /2. Panels (a), (b), (c), and (d) correspond to a memory
an additional degree of freedom. We consider this additiongarameter® of 0, 0.35, 0.7, and—0.35, respectively. The color code shows
control parameter as a generalization of the ETDAS feedbagle 'argest real part of the complex eigenvalueas given by Eq. (21). The

. - . Plarameters of the system are as in Fig. 1.
scheme using a nondiagonal coupling as opposed to the
diagonal coupling discussed in the previous Section. This

nonc?iagonallcpupling i.s realized by introducing a COUpIingi’eal part of the complex eigenvaluas which are calculated
matrix containing a variable phage as the solutions of the following modified characteristic

(:’c)_(A w)(w) equation:
y —w A Yy A Fip 1— e*AT ( )
o + Ket™¥———— = AL iw. 21
. ( C.OSQD S11 @ > F(t), (20) 1 — Re—AT
St cosy Note that this equation differs from the characteristicaqu
In optical systems like semiconductor lasers with externalon in the diagonal case (see Sec. Il) by an additional
optical feedback [36], [37], this feedback phase can be seemponential term. This is due to the choice of phase de-
as the phase of the electric field. Experimentally, this phapendent coupling by a rotational matrix. We stress that a
of the feedback can be varied by tuning an external Fabrgimilar phase factor has recently been used [16] to overcome
Perot cavity. It has also been demonstrated that a feedbame topological limitation of time-delayed feedback coht

The stability of the fixed point is again given by the largest



Fig. 7. (Color online) Domain of control in thep, K') plane for time delay

7 = 0.17p. Panels (a), (b), (c), and (d) correspond to a memory pasamet

R of 0,0.35, 0.7, and—0.35, respectively. The color code shows the largest -
real part of the complex eigenvaluésas given by Eq. (21). Only negative
values are depicted. The parameters of the system are ag.id.Fi

known asodd number limitation theorem, which refers to the
case of an unstable periodic orbit with an odd number of re

0 2 4 6 8 10 12 14 16 18 20

Floquet multipliers larger than unity. [15], [39] K T
In analogy to Sec. Il a minimum feedback gain can b
calculated: ) . _ . .
A (1 + R) Fig. 8. (Color online) Domain of control in theK, R) plane for different
Koin = ——. (22) values of the feedback phage The blue, green, red, and yellow areas

2cosgp correspond tap = 0, 7/8, 7/4, and3w /8, respectively. Panel (a) displays

Note that the time delay that corresponds to this valu@e domain of control for optimat = Ty /2; panel (b) forr = 0.17p. The

of K,.;n is no longer given by Eq. (10) and is not theParameters of the system are as in Fig. 1.

optimal time delay in the general case of nonzero phase.

Nevertheless, Eq. (22) can be used as a coarse estimate of

the minimum feedback gain for the regime of small value§igenvalues as calculated from Eq. (21). Only negativesglu

of ¢, if the time delay is chosen as Eq. (10). are depictedi.e., those combinations ak” and for which
Figure 5 depicts the dependence of the largest real pdfe control scheme is successful. Note that the dase 0

of the eigenvalues\ on the time delayr for fixed values corresponds to the TDAS control method [37]. Anincrease of

of R = 0.7 and KT, = 0.6, but different values of the the memory parametét leads to a larger domain of control.

phase. The black, red, green, and blue curves corresporden though the system can be stabilized for a larger range

to ¢ = 0, 7/8, w/4, and 37/8, respectively. It can be Of K andy, the system becomes over all less stable, since

observed that the control is overall less effective for éarg the real part ofA is closer to zero. For negative values of

©, as the curves are shifted up towards positive reals parﬁ:, the domain of control shrinks. Note that also in the case

for increasing the phase. The range of possible values éor tRf non-optimal time delay as in Fig. 7 the range of choice

time delay shrinks. The optimal time delay is shifted toveardfor possible feedback gain and phase is enlarged.

smaller values for largep, which can be seen for the case For a better understanding of the effects of the feedback

of ¢ = 37/8, where the optimal time delay is in the rangephase, Fig. 8 depicts the domain of control in 7€, R)

of 7 = 0.1Ty instead of0.57,, which was the optimal time plane. The blue, green, red, and yellow areas correspond

delay fory = 0 according to Eq. (10). to successful control forp = 0, /8, w/4, and 37/8,
The four-dimensional parameter space is now given bgespectively. Panel (a) shows the case of optimal time delay

the feedback gaird(, time delayr, memory parameteR, i.e, 7 = Ty/2; panel (b) displays the caseof= 0.17}. Note

and feedback phase. At first, we consider the domain that an increase gf leads to a smaller domain of control in

of control in the plane parametrized by and ¢. Hence, the case ofr = Ty/2. This effect, however, is reversed for

we keep the other remaining control parametBrsand ¢  non-optimal choices of, where the phase compensates

fixed. Figures 6 and 7 show the domain of control for dor the bad choice of the time delay. Thus, control is possibl

time delay ofT,/2 and0.17y, respectively. In each figure, again, for instance, in the TDAS cas®& & 0). Following

the memory parameteR is chosen askR = 0, 0.35, 0.7, the strategy introduced in Sec. Il, one can derive also in the

and —0.35 in panels (a), (b), (c), and (d), respectively. Thecasep # 0 parametric formulas for the the boundary of the

color code corresponds to the largest real part of the compldomain of control.



We stress that it is possible to derive expressiok@f;)) of § = 0.25T, for instance, control can only be achieved
and 7(q) similar to Egs. (12) and (17) also in the case ofn a narrow range of smait and the second minimum does
¢ # 0. These calculations are lengthy and do not produaeot reach down to negativiee(A) anymore. In addition, the
more insight and thus are omitted here. minima of the real parts are distorted and shifted towards

smaller time delays.
IV. CONTROL LOOP LATENCY

After the investigation of nondiagonal coupling, we con-
sider in this Section an additional control loop latencyisTh
latency is associated with time required for the generatic 5
of the control force and its reinjection into the system &~
In an optical realization, for instance, the latency time i R
given by the propagation time of the light between the lase
and the Fabry-Perot control device. We stress that in tt 0
case of unstable periodic orbits, Just has shown that lonc

T T T

(b) §=0.05T, |

;“

-0.2
latency times reduce the control abilities of the time-ygeth 2 54

feedback of TDAS type [29]. Similar results were found for '50 '
ETDAS [24]. 1 06
-0.8

0 -1

0 2 4 6 0 2 4 8 8
KT, KTo

Fig. 10. (Color online) Domain of control in the-, K) plane for different
values of the latency timé and fixedR = 0.7. Panels (a), (b), (c), and (d)
correspond to values of = 0, 0.05Tp, 0.17p, and0.15T}, respectively,
where the time delay is fixed at = Tp/2. The parameters of the system
are as in Fig. 1.

Re(A) T,

Taking also a varying feedback gaik into account, the
domain of control can be seen in Fig.10. The other control
parameters are fixed at= T,/2 and R = 0.7. Panels (a),
(b), (c), and (d) correspond to values &t 0, 0.17, 0.27,
and 0.37, respectively. As in Figs. 6 and 7 of the previous
Section, the color code corresponds to the largest reabpart
Fig. 9. (Color online) Largest real part of the eigenvaldess a function the complex elgenvalyes which are CaICl_’IIated from Eg. (23)
of = for different latency times). The black, red, green, and blue curves NOte that only negative values are depicted. For increasing
correspond t& = 0, 0.05Tp, 0.15Tp, and0.25Tp, respectively. The other |atency time, the domains of control shrink. Similar to the
control parameters are fixed &= 0.7 and K'Tp = 0.6. The parameters jiscssion in the one-dimensional projection of Fig. 9, the
of the system are as in Fig. 1. . . :

islands are distorted towards smaller time delays.

The latency times acts as an additional time delay in all. Se_paratmg the characterls.tlc equa‘uon (24) into real and
imaginary part, one can derive, in analogy to Sec. Il, an

arguments of the control force of Eq. (3). Using the rec@rsiv . g ;
form of F as given by Eq. (5), this yields expression for the minimum feedback gain

A1+ R)

F = —0)—x(t—0— - 7). _
(t) (x(t —6) —=x(t =6 —7)] + RF(t — 7).(23) Kmin(6) o@D (25)
The characteristic equation (6) is now modified by an addi-
tional exponential factor which is consistent with the TDAS case investigated in [8].
A As another two-dimensional projection of the parameter
Atiw = A+ Ke—AélL' (24) space, Fig. 11 displays the domain of control in tie R)
1 — Re=A" plane for different values of the latency tinde The blue,

In contrast to the previous Section, this exponential tergreen, red, and yellow areas refer to values ef 0, 0.057p,
depends on the eigenvaldeitself. 0.17,, and0.157}, respectively. Similar to Fig. 8, panel (a)
Figure 9 depicts the dependence of the largest real part gfiows the case of optimal choice of the time detay Tj /2
the eigenvalued on the time delay for fixed values ofR = and panel (b) refers to = T,/8. In the first case, the domain

0.7 and KTy = 0.6, but different latency times. The black, of control shrinks considerably for increasingwhereas in
red, green, and blue curves correspondite- 0, 0.1, 0.3, the latter case, this change is less pronounced.

and0.5, respectively. It can be seen that the control scheme We stress that, similar to the previous Sections, it is
is less successful for longer latency times. Thenterval possible to derive a parametric expression for the boundary
with negative real parts oA becomes smaller. In the caseof the domain of control R(¢) and K (¢)].



dimensional:

x(t) = Ax(t) —F(x(1)), (27)
z(t) = () —z(t) — woy(t),
y(t) = v ) —y(t) + wox(t),

where z and ¢ denote the filtered versions of and y,

respectively. Note that the feedback forE¢x(t)) is now
generated from the filtered state veckqt) which consists
of the two filtered variables andy:

F(x(t)) =K R"[&(t—n71)—x(t— (n+1)7)]. (28)
n=0

Equivalently to the additional differential equations in
Eq. (27), the filtering, for instance in the case of a low pass
filter, i.e., wy = 0, can be expressed by convolution integrals,
where the filtered counterparts oft) andy(t) are given as

o follows:
t
() = ~ / z(t)e 7 gy (29)
t
w0 = [ et @)

0 2 4 6 8 10 12 14 16 18 20 ) ) i .
KT, The system of differential equations (27) yields a charac-

teristic equation of the form

Fig. 11. (Color online) Domain of control in thek, R) plane for different +7 [WO ()\ — A) +w (7 + A)] (31)
values of the latency timé. The blue, green, red, and yellow areas refer _Ar

to values of§ = 0, 0.05Tp, 0.17p, and 0.15Tp, respectively. Panel (a) _ l—e
corresponds to an optimal time delay= T, /2, panel (b) tor = Tp/8. =7 1 — Re—At
The parameters of the system are as in Fig. 1.

+wow—(A=A)(y+A).

The minimum feedback gain can be calculated in depen-
dence onwy and~ in similarity to Eq. (11):

2 2wowA
V. BANDPASS FILTERING A(1+R) (wo +w)™ + =022
Kmin(w077) = 9 + D)
(v=X
(32)

Note that at this special value of the feedback g&inthe
,I,iéne delay is no longer given by the intrinsic valne= 7/w,

In the context of semiconductor lasers, it has been shown
both theoretically and experimentally that delayed, basdp
filtered optical feedback is able to suppress the undamping . - 4 : _
of relaxation oscillations [40], [36]. Recently, filterirgf an neither is it the _optlmal time delay In _the gengral case of
optical feedback signal [41] was also investigated for dasd®NZerowo and finite values ofy. Adjusting the time delay
models of Lang-Kobayashi type [42]. In addition, filtereg@ccording to the choice af, and+ leads to boundaries of
feedback has also been proven important in the investigatif)he domain of contr_ol that can o_nly be understooq n the
of a Hopf bifurcation [43], and in the stabilization of uriska scope of a parametric representation of the boundariein th

periodic orbits by ETDAS in semiconductor superlatticeéK’ R)-plane. Such parametric equations can be d_erived in
[44]. In order to model this type of modification of the @"al09y to Eq. (15). However, the resulting equations for

control force, a bandpass filter acting on the feedback fordB€ case of the filtered system are not shown here due to the

is introduced as a Lorentzian in the frequency domain Witﬁomplexny of the terms. . . .
the transfer function Figures 12 and 13 depicts numerical solutions of the

charactistic equation Eqg. (31) for different choices of the

1 parametersy andwq. In Fig. 12 the largest real part of the
T(w) = CEwT=g (26) eigenvalues is shown in dependence on the time delay for
T different values of the filter widthy in dependence on the

time delay. The parametey is fixed to0, which correspnds
where wy denotes the peak of the transfer function and to the case of a low pass filter. The black, red, green,
is half the full width at half maximum of the function. and blue curves correspond tgl;, = 2000, 40, 10, and
To introduce the filter into the system in the time domain2, respectively. The other control parameters are fixed as
one can add two additional differential equations to Eq.(1R = 0.7 and KT, = 0.6. It can be seen, that large values
such that the original two-dimensional system becomes founf v show similar behavior as in the unfiltered system in



Re(A) T,

2 4 6 8 10 12 14 16 18 20
KTo

Fig. 14. (Color online) Domain of control in thek, R) plane for different
values of the filter widthy and fixedwo = 0. The blue, green, red, and

Fig. 12. (Color online) Largest real part of the eigenvaldeas a function ~ yellow areas refer to values oflp = 2000, 40, 10, and2, respectively.
of 7 for different filter widthsy and fixedwo = 0. The black, red, green, The other control parameters are fixed As= 0.7 and 7 = To/2. The
and blue curves correspond 1@ = 2000, 40, 10, and 2, respectively. ~Parameters of the system are as in Fig. 1.

The other control parameters are fixed/as= 0.7 and KTy = 0.6. The

parameters of the system are as in Fig. 1.

red, and yellow areas refer to valuesydf, = 2000, 40, 10,

and 2, respectively. The other control parameters are fixed
0.4 | < asR = 0.7 andT = Ty /2. The domain of control for large
values ofy, here for instanceTy = 2000, looks very similar

to that in the case of the unfiltered system, that is depicted
in Fig. 3. Decreasing the value af, the region of control
shrinks. The lower right boundary is shifted up towardséarg
values ofR. The left boundary, which correspondsiq,;,,

is shifted towards larger values df. This effect is very
small foryT, = 40 and10. For 71, = 2, the effect is much
more pronounced.

Re(M) T,

@To=0 —
"‘)‘?TO 3 | ——
0.6 Wplp =21 1 3 0
‘ ‘ ‘ . WoTo = ATt woe ' (3)vT, = 2000
0 0.5 1 15 2 25 3 w— =
/Ty 2 L 04
E 0.6
Fig. 13. (Color online) Largest real part of the eigenvalideas a function 1 '
of = for different mean values of the filteoy and fixedyTy = 10. The 0.8
black, red, green, and blue curves correspond¢d@y = 0, 7, 27, and 0 0
4, respectively. The other control parameters are fixed?as 0.7 and o ‘(C)I’YTO‘ 10
KTy = 0.6. The parameters of the system are as in Fig. 1. k ar -0.2
toz I | -0.4
. . . ° 1 0.6
Fig. 1. Decreasing flattens the curves and shifts them up 88
towards positive real parts. Therefore, no control is fmesi .
for the case ofyT;, = 2. Additionally, the optimal time delay o 2 4 8 o 2 4 8 8
is shifted to smaller values, which can be seen from the ca KT, KTo

'7T0 = 10.

In Fig. 13 similar curves are shown for fixedly = 10  Fig. 15. (Color online) Domain of control in the-, K) plane for different
and different choices of the filter's mean valug The black, values of the filter widthy and fixedwo = 0. Panels (a), (b), (c), and (d)
red. green, and blue curves correspondid = 0, 7 2r, SISO 8 aes oo = a0t W, 10 ook repeciey, where
and4m, respectively. The other control parameters are flxegg/stem are as in Fig. 1.
asR = 0.7 and KT, = 0.6. It can be observed that the
increase ofvy shifts the curves further upwards to positive Figure 15 shows the domain of control in th&, 7) plane
real parts, leading to a less stable system. The range of tfee different values of the filter widthy and fixedwy = 0.
time delay for successful control shrinks. Panels (a), (b), (c), and (d) correspond to values/'Bf =

The domain of control can also be investigated in the000, 40, 10, and 2, respectively, where the time delay is
(K, R) plane. Results are shown in Fig. 14 for differenfixed at+ = T;/2 and R = 0.7. The case ofyTy = 2000
values of the filter widthy and fixedwy = 0. The blue, green, looks very similar to the case of the unfiltered system, as



shown in Fig. 2. For decreasing valuegfthe tongues shrink

We point out that the results obtained in this paper

in K direction. The minimum value o increases and the are accessible for applications in the context of all-aggdtic
maximum value becomes smaller. Additionally, the tonguesontrol of intensity oscillations of semiconductor lases
are bent down towards smaller values of the time delay investigated in [37].

with decreasingy. This leads to an optimal that is smaller
than in the unfiltered case.

(1]

3 0
-0.2 [2]
52 -0.4
& 06 (3]
-0.8
0 0 [4]
Ty=2 To= 4
7 S (PSSGE | EO
2 -
|:0 | -0.4 [6]
e ~. 06
1L :
-0.8 [7]
0 -1
0 2 4 6 0
KTo KT0 (8]

[9]
Fig. 16. (Color online) Domain of control in the-, K) plane for different
values of the filter's mean valugy and fixedv7Ty = 10. Panels (a), (b),

(c), and (d) correspond to valueswf§Tp = 0, 7, 27, and4r, respectively, [10]
where the time delay is fixed at = Tp/2 and R = 0.7. The parameters
of the system are as in Fig. 1.

[11]

In Fig. 16 the filter width is fixed to/7, = 10, the domain
of control is shown for different values of the filter's mean(12]
valueswy. Panels (a), (b), (c), and (d) correspond to values of
woTo = 0, m, 2w, and4, respectively, where the time delay 13
is fixed atT = T;,/2 and R = 0.7. The size of the domain
of control is only slightly changed with increasing. The
domains are flattened on the upper side for larger values of
wg. The region of optimal control, denoted by yellow color{15]
code, is additionally shifted slightly towards larger \e@duof [16]
the feedback gaid and shrinks inr direction. Overall, the
variation ofw, has very little effect on the domain of control
in the (K, 7)-plane.

[14]

[17]

VI. CONCLUSION

In conclusion, we have shown that extended time-delayétb]
feedback can be used to stabilize unstable steady states of f
cus type. By introduction of an additional memory parametef g
this method is able to control a larger range of unstable fixed
points compared to the original TDAS scheme. However, thi&d
degree of stability, measured by the absolute value of thg
real part of the eigenvalue, is generally decreased. We have
investigated the domain of control in various one- and twd??2]
dimensional projections of the space spanned by the control
parameters. Furthermore, we have discussed also effects of
nondiagonal coupling, nonzero control loop latency, ant3!
bandpass filtering of the control signal, which are relevant
an experimental realization of the ETDAS control method24]
We found that a proper adjustment of the time delay is able }85
compensate for reducing stabilization abilities of thetozin ]
method, for instance, due to latency or feedback phase.
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