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Abstract
Sufficient conditions are obtained for existing of sta-
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herex = z(t) e E*, t > tg > 7, Aisrealn xn
matrix, ¢ € E", vectorz(t), t € [to — T, to], IS

ble periodic solutions of time delay control systems considered to be known. Quantity > 0 describes

containing hysteresis nonlinearities.
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1 Introduction

The question on existence of periodic modes in non-
linear control systems and problem of exact construc-
tion of such modes are among central problems for au-
tomatic control theory. Special difficulties appear when
dealing with systems containing the so-called essen-
tial nonlinearities, which are nonanalytic functions of
phase (for example, relay nonlinearities). In this article
one system with hysteresis nonlinearity will be consid-
ered. Nonlinearities of this sort, for example, may de-
scribe spatial delay of control mechanism, e.g. autopi-
lot or stabilizer [V.I. Zubov]. Furthermore, study of
physical processes in systems containing springing or
magnetic elements, electrical relays etc. on certain as-
sumptions gives rise to different mathematical models
of hysteresis nonlinearity [Krasnoselsky; Visitin]. Nu-
merous works are devoted to the analysis of problem
of periodic oscillations presence in such systems [As-
trom; S.V. Zubov; Pokrovsky; Nelepin; Kamachlin]. A
wide variety of questions concerned to sliding modes
in nonlinear systems considered in [Utkin].

Some results of [S.V. Zubov] concerning control sys-
tems containing hysteresis nonlinearities will be ex-
trapolated below in case of time delay presence in such
systems.

2 Models under consideration
Let us consider following systems

&= Ax+ cu(t — 1), Q)

time delay of actuator or observer.

Control statement is defined in the following way:
ult—7)=f(o(t="1), olt—71)=~2t-7),

7]l # 0, f describes a nonlinear
element of hysteresis sort and has one of the following

forms:

flo) = {ml’ 7Sl o la, mi<my; (2)
me, O > ll,
or
. f1(0’)=0¢1(0’0,1—0'), 0’<12,
f(U)_ {fQ(U)—CJLQ (0'07270'), O'>l1 (3)
(here|fi(o) — f2(o)| > 0wheno € (I1;12)); or
flo(t) =
[ O'(t) S % +ll,
mq, 11<U(t)—%<lg,
L | f(o(t=0)) =ma,
[ o(t) > 22+ 0
B ma, h<o(t)— "2 <y,
a L | flo(t=0)) =ma,
my < H(O'(t) — ll) < ma,
~o() — ), Flo(t —0)) > m,
my < k(o(t) —l2) < ma,
k(o (t) —l2), ot — 0)) < ma.
4)

Suppose that all nonlinearities introduced above are
walked in counterclockwise direction.



3 Main results

By the analogy with [Kamachkin] following result
may be formulated:

Lemma 1. If ReA < 0, for any eigenvalue\ of ma-
trix A, and

—’y'Ailcml > g, f'y'Aflcmg <,

then system (1), (2) has at least one non-trivial periodic
solution.

Suppose that exists the periodic solution of sys-
tem (1), (2) having two switchig points , € E™ such
asv's; = l1, 7's2 = l». In that case there exists a
pair of pointss; » € E* ("virtual” switching points)
and real constants o, 7; > 7 such as

A(r—3s)

e cma ds,

A(r—3s)

e cmy ds,

—T
sp=eA(Tg, 4 / A2 =T=5) oo ds.
0

Note that hereafter "swithing points” are only points
lying on switching hyperplane, but in fact switching of
control action occurs in virtual switching points.

Let us generalize one of the results cited
in [S.V. Zubov].

Theorem 1.Let

v (Asy +cemg) #0, ' (Asy +cmq) # 0.

Denote
ho (oo Morom) o,
' (Ase + cmq)
A /
Ay = (E _ (Sl+cmm> oA
~' (Asy + cmg)
If

A= ||A2 A1|| < ].,

then concerned periodic mode of system (1),(2) is
asymptotically orbitally stable.

Proof. Since

-
sy = e g —I—/ A=) ey ds+
0
T1
+/ A=) emy ds,
-
-
s1 = e 25y —|—/ eAm2=%) e ds+
0

T2
+/ e emy ds,
T

then
(951 At 881
— =e"?,  — = As; + cmo,
882 872 ! 2
882 A 882
— =", — = Asy+cmy.
381 8’7’1 2+ !
So, as

d (v s1(s2, 12)) =0, (7 s2(s1, 1)) =0,
then

dry = — (7 (As1 + cmg))f1 v'eA™2 dsy,
dri = — (7 (Asz + em1)) ' A/eA™ dsy.

Hence
Asy + cmy) y'ed™
d — A'rgd _ ( _
ST T s emy)
= As dsa,
A ! AT
dsy = e ds; — (Asz +om) v'e dsy =
' (Asy + emy)
= Al dSl,
and
dsi™™ = 4, 4,ds, i=0,1,2, ...

Application of the principle of fixed point completes
the proof. B

Let us pass onto the system (1), (3). Denote
A= A— ey, & =000,

i=1,2.

Lemma 2. If ReA < 0, for any eigenvalue\ of matri-
cesA; », and

—’}/Al_lél > 12, —’y/AQ_léQ < ll,



then system (1), (3) has at least one non-trivial periodic So, as
solution.

Suppose that exists the periodic solution of sys-
tem (1), (3) having two switchig points o € E™ such d(+ s1(s9, 7)) =0, d(v sa(s1, 1)) =0,
asvy'sy = l1, v'so = lo. In that case there exists a
pair of virtual switching points; ; € E™ and real con-

stantsry o, 7; > 7 such as
then

~ T ~
5 =eM27s —|—/ eA2(7=95)g, ds,
0

_ 882 -1 882 882
TI—T o _ / / _
Sy = eA1(T1—T)§1 +/ eAl(Tl_T—S)él dS, d82 - (E <’y 87’1) 87’1 Y 881 dsl
0
. T = Ayds;.
Gy = M7 s, +/ A=z, ds, o
0

R T2 —T N
— ,A2(m2—T) Az(T2—7—8)
s1=e S2 + /O € Ca ds. Similarly, ds; = Asdss, and

Theorem 2. Let , )
dsi™™ = 4, A1ds), i=0,1,2, ...

~' <A182 + é1) #0, o (A281 + éQ) # 0.

Application of the principle of fixed point completes

Denote the proof. B

(121132 n 61) N A o Now let us turn to the system (1), (4). Denote
A= | E- . eAlTlJr(Az*Al)T

Y (A152 + 451)
(121281 + 532) o

04 <A281 + 52)

bl

A=A+krey; ¢ =—-rle, i=1,2.

A2 — | E=- 61427'2+(A1—A2)T_

Lemma 3. If ReA < 0, for any eigenvalue\ of matri-
If cesA, A, and

A= ||A2 A1|| <1,
—7’A710m1 > m + 1o, —’}///17162 > m2 + s,
then concerned periodic mode of system (1),(3) is h N
asymptotically orbitally stable.
Proof. Since

m A m
—7’A710m2 < ?2 + l1, —’Y’Ailél < 71 +l1,

_ eAQ(TrTHAlTSQ 1 eAa(ma=m) then system (1), (4) has at least one non-trivial periodic

S .
! solution.

T N T2

></ eM(m=9)a g +/ 2275 ey ds,
0 X JT X Suppose that exists the periodic solution of sys-
59 = eM (M=) HAeT g 4 oAN(T—T) o tem (1), (4) having four switchig points » 3 4 € E"

T 1 such as
X / eA2(m=s)a, ds + / A=) emy ds,
0 T

then v's1 =li+ma/k, 7'sy=1Il1+mi/k,
v'ss=lo+mi/k, 7'sq=1ls+ma/k.

951 _ phomat(h-do)r - 051 _ 404,
882 87'2
&) — At (Aa—Ay)T &) = Aysy + 1. In that case there exists virtual switching points

0sy Ton 312,34 € E" and real constants 5 3 4, 7; > 7 such



as
.
5 =eVs +/ A% emy ds,
0
T1—
Sy = eA(Tl T)S +/ eA(Tl T—b)cl dS,
0
.
Sy = 759 +/ eAlT—=9)g, ds,
0
T2 —
53 = eM2T)g —|—/ eA2=T=5) o ds
0

>

-
6A(T47‘rfs)

Theorem 3. Let

7 (Asz 1) £0, 7 (Asy +ema) £0,

7' (Asa+ &) £0, 7 (Asy +cma) £0.
Denote
(/132 + 61> ~!

A2 — E - (AS3 + le) ’Y, eAT2+(A7A)T
v (Asz + emy)

p\1 —F— eATlJr(AfA)T

i

’

A84 + éz) ’Y/ R R

As = E — (A 6A73+(A—A)7-’
v! (AS4 + ég)

A4 — E _ (ASl + Cm2),}// eAT4+(A—A)T.

~v' (Asy + cma)

A= HA4 A3 Ag A1|| < 1,

cmo ds.

then

881 _ eAT4+(A7A)7‘

)

954
0
L Asy + cma;
8’7'4
and
881 -1 851 881
dsi= | E— [+ 2= ) 729" | 2=t dss =
51 ( <'Y 87'4) 87'4 " 684 =
= A4d$4.
Similarly,
d8i+1 = Aldsl, 1= 1, 2, 3,
and

d85i+1) = A4 A3 AQ A1 dsgl), 1= 07 1, 2, PN

Applying the principle of fixed point, the proof reachs
theend. B
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