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Abstract
This paper proposes a novel nonlinear feedback con-

trol for multi-machine power systems with unknown pa-
rameters. There is no need for a state observer and
knowledge of the system parameters. The implementa-
tion of the control system is therefore more simple. The
proposed control algorithm maintains the power angle
of each generator within a predetermined restriction for
any time and enhances transient stability simultaneously.
Simulation results illustrate the effectiveness of the pro-
posed algorithm.
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1 Introduction
Power systems are considered as large, complex, and

nonlinear dynamic networks influenced by various ran-
dom disturbances. Ensuring safe and stable operation for
these systems is a critical challenge. Disturbances can
be classified to understand power system stability. Tran-
sient stability is an important issue for current research.
It is defined as the ability of a power system to remain
synchronized during severe disturbances, such as short
circuits in transmission lines [Abbadi et al., 2015; Kun-
dur et al., 2004]. The transient stability of the systems
can be improved by changing the control quality of the
electric generators [Anderson and Fouad, 1977; Furtat et
al., 2022; Guo et al., 2000; Patil et al., 2019; Wang et al.,
1998; Olmi et al., 2021; Fortuna et al., 2012]. A con-
siderable amount of literature has been published on the
excitation control of power system.

In [Guo et al., 2000; Wang et al., 1998], transient sta-
bility is ensured by applying a robust control law to a lin-

earized model of a nonlinear multi-machine power sys-
tem. This approach requires that some of the parameters
of the power system are known and the state vector of
each generator is measurable. In [Furtat, 2011; Furtat et
al., 2019], the robust control strategy that compensates
for disturbances and handles parametric uncertainties in
power systems is proposed. The control law design is
based on the auxiliary loop method. Moreover, an ob-
server is also needed to estimate the mismatch function.
In [Liu et al., 2019], a wide-area nonlinear excitation
controller (WANEC) based on partial feedback lineariza-
tion is proposed for power systems. The optimal control
law is synthesized by selecting an appropriate wide-area
range signal and a voltage regulation objective function
in the output function.

However, most methods require knowledge of the pa-
rameters. Some algorithms require the measurement of
a state vector. In contrast to [Furtat, 2011; Furtat et al.,
2019], the algorithm [Furtat and Gushchin, 2021] do not
require a state observer. This simplifies the implementa-
tion of the control system.

The specific objective of this study is to design a de-
centralized excitation control law to improve transient
stability. It is assumed that parameters of power system
are unknown and that only part of state vector of each
generator is measurable. Nonlinear feedback control is
employed, which provides output within a given set for
the systems. The method works by representing an ini-
tial problem of restriction on output variables as an un-
constrained input-to-state stability analysis problem for
a new system through coordinate transformation. Conse-
quently, a feedback control law for multi-machine power
systems is developed following this approach. This pa-
per demonstrates that the implemented control law en-
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ables the successful synchronization of the power sys-
tems with a precision in both normal and post-fault op-
erating conditions. Finally, the effectiveness of the al-
gorithm is verified by simulating a three-machine power
system.

2 Model of multi-machine power system and prob-
lem formulation

This paper focuses on a power system composed of k
generators Γi, i = 1, . . . , k, which can be described by
the following equations:
Mechanical equations:

δ̇i(t) = ωi(t),

2Hiω̇i(t) = −Diωi(t)− ω0 (Pei(t)− Pmi(t)) ;
(1)

Generator electrical dynamics:

τ ′
d0iĖ

′
qi(t) =− E′

qi(t)−
(
xdi − x′

di

)
Idi(t)

+ kciufi(t),

τ ′
q0iĖ

′
di(t) =− E′

di(t) +
(
xqi − x′

di

)
Iqi(t);

(2)

Electrical equations:

Iqi(t) =GiiE
′
qi(t) +BiiE

′
di(t)

+

k∑
j=1,l ̸=i

[
YG+B (δi(t)− δj(t))E

′
qj(t)

+YB−G (δi(t)− δj(t))E
′
dj(t)

]
,

Idi(t) =GiiE
′
di(t)−BiiE

′
qi(t)

+

k∑
j=1,l ̸=i

[
YG+B (δi(t)− δj(t))E

′
dj(t)

−YB−G (δi(t)− δj(t))E
′
qj(t)

]
,

Vti(t) =

√(
E′

qi(t)− Idi(t)x′
di

)2
+ (Iqi(t)xqi)

2,

Pei(t) =E′
qi(t)Iqi(t) + E′

di(t)Idi(t).

(3)

Here δi(t) is the power angle of the ith generator with
initial value δi(0) (rad), ωi(t) and ω0 are the relative and
synchronous speed (rad/s), Hi is the inertia constant (s),
Di is the damping constant (p.u.), Pei(t) is the active
electrical power delivered by the ith generator, (p.u.),
Pmi(t) is the mechanical input power (p.u.), τ ′d0i

(
τ ′q0i

)
is the direct (quadrature) axis transient short circuit time
constant (s), E′

di(t)
(
E′

qi(t)
)

is the transient EMF in the
direct (quadrature) axis (p.u.), Idi(t) (Iqi(t)) is the direct
(quadrature) axis current (p.u.), xdi (xqi) is the direct
(quadrature) axis reactance (p.u.), x′

di is the direct axis
transient reactance (p.u.), kci is the gain of the excitation
amplifier (p.u.), ufi is the input of the excitation ampli-
fier (p.u.), YG+B (δi − δj) := Gij cos (δi − δj) +
Bij sin (δi − δj) , YB−G (δi − δj) :=
Bij cos (δi − δj) − Gij sin (δi − δj) Gij (Bij) is
the ith row and the jth column of the conductance
(susceptance) matrix of the reduced network (p.u.), Vti

is the generator terminal voltage (p.u.).
Consider system (1) – (3) under the following assump-

tions:

Assumption 1. Unknown parameters
Di, Hi, τ

′
d0i, τ

′
q0i, xdi, xqi, x

′
di, kci, Gij , Bij belong

to known bounded set Ξ.
Assumption 2. The faults are symmetrical 3-phase

short circuit faults occurring on transmission lines.
Assumption 3. In the control system, the measure-

ments of δi(t), i = 1, . . . , k are available.
The objective is to design a continuous control law ufi

that meets these requirements:

g
i
< ∆δi(t) < ḡi for all t,

and |∆δi(t)| < ηi for all t > T,
(4)

for any value parameters of (1)–(3) from Ξ, where ηi > 0
is prespecified sufficiently required accuracy, T > 0 is a
transient time, ∆δi = δi − δ0i, δ0i ∈ (−π/2, π/2) is the
power angle at the operating point of the ith generator,
[rad], g

i
and ḡi are lower and upper boundaries of the

given restrictions accordingly, g
i
= −ḡi are constants

chosen by a designer. The first inequality is a given re-
striction on the value of ∆δi(t), which always lies in the
interval (g

i
, ḡi). The second inequality is the accuracy

of synchronization required for each generator Γi after a
perturbation.

3 Power system model transformation
According to [Furtat et al., 2022], Eqs. (1)-(3) can be

transformed to the input-output form:

Qi(p)∆δi(t) = −Rim(p)ufi(t) + fi(t), (5)

where

Qi(p) :=p

(
p+

Di

2Hi

)
×

[(
p+

1− (xdi − x′
di)Bii

τ ′
d0i

)
×

(
p+

1− (xqi − x′
di)Bii

τ ′
q0i

)
+
(xdi − x′

di)Gii

τ ′
d0i

(xqi − x′
di)Gii

τ ′
q0i

]
,

f̃i(t) =L4
1 adj (pI4 −Aii (ζi(t)))

×

 k∑
j=1,l ̸=i

Aij (ζi(t), ζj(t)) ζj(t)

−
(
L4

2

)⊤
Pmi(t)

]
,

Ri(p, t) :=pGiiL
4
3ζi(t)

+
Gii

τ ′
q0i

([
1−

(
xqi − x′

di

)
Bii

]
L4

3ζi(t)

+
(
xqi − x′

di

)
GiiL

4
4ζi(t)

)
,

Aii (ζi) :=


0 1 0 0

0 − Di
2Hi

GiiL
4
3ζi GiiL

4
4ζi

0 0 − 1−(xdi−x′
di)Bii

τ ′
q0i

− (xdi−x′
di)Gii

τ ′
d0i

0 0
(xqi−x′

di)Gii

τ ′
q0i

− 1−(xqi−x′
di)Bii

τ ′
q0i

 ,
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Aij (ζi, ζj) :=


0 0

L4
3ζi L4

4ζi

0 −xdi−x′
di

τ ′
d0i

xqi−x′
di

τ ′
q0i

0


× T

(
L4

1ζi − L4
1ζj

) [L4
3

L4
4

]
,

T (δi − δj) :=

[
YG+B (δi − δj) YB−G (δi − δj)

−YB−G (δi − δj) YG+B (δi − δj)

]
,

ζi(t) :=
[
δi(t), ωi(t), E

′
qi(t), E

′
di(t)

]⊤
,

Ln
i =

[
0i−1 1 0n−i

]
∈ R1×n, i ∈ [1, n],

Rim(p) is the known linear differential operator of
the first order such that Rim(s) monic Hurwitz poly-
nomial, s is a complex variable, fi(t) := f̃i(t) −[
Ri(p, t)

kci

τ ′
d0i

−Rim(p)
]
ufi(t) is a new disturbance

function representing uncertainties of the ith generator
and the impact of the other generators. Let Qi(s) =
Qim(s) + ∆Qi(s), where Qim(s) is the monic Hurwitz
polynomial of degree 4 (consequently, deg ∆Q(s) = 3).
Find the Laplace transform of (5):

∆δi(s) =− Rim(s)

Qim(s)
ufi(s)−

∆Qi(s)

Qim(s)
∆δi(s)

+
1

Qim(s)
fi(s) + ϵi(s),

(6)

where ϵi(s) depends on nonzero initial conditions of (5)
and ϵi(t) is the exponentially decaying function. Finding
an inverse Laplace transform for (6) and differentiating
∆δi(t), we get:

∆δ̇i(t) =− pRim(p)

Qim(p)
ufi(t)−

p∆Qi(p)

Qim(p)
∆δi(t)

+
p

Qim(p)
fi(t) + ϵ̇i(t).

(7)

4 Change of basis and control law
Let us consider a change of the power angle ∆δ(t) in

the form:

∆δi(t) = Φi(εi(t), t), (8)

where εi(t) ∈ R is the continuously differentiable func-

tion for all t. Let us choose Φi(εi(t), t) =
ḡie

εi+g
i

eεi+1 .
Take the derivative of (8) w.r.t. t and rewrite result
as ∆δ̇i(t) = ∂Φi(εi,t)

∂εi
ε̇i +

∂Φi(εi,t)
∂t . Considering (7),

rewrite the dynamics of εi(t) in the form:

ε̇i =
(eεi + 1)

2(
ḡi − g

i

)
eεi

(
−pRim(p)

Qim(p)
ufi(t) + φi(t)

)
,

(9)
where φi(t) = −p∆Qi(p)

Qim(p) ∆δi(t) +
p

Qim(p)fi(t) + ϵ̇i(t).
Since power angles ∆δi are available for measurement
introduce control laws of the form:

ufi(t) =
Qim(p)

Rim

(
p (µip+ 1)

2
+ aiµi

)Kiεi(t), (10)

where Ki > 0 is constant, chosen by a designer, the
sufficiently small number µi > 0 and ai > 0 are chosen
such that the polynomial s (µis+ 1)

2
+aiµi is Hurwitz.

Theorem 1. Let Assumptions 1-3 hold, power angle
g
i
< ∆δi(0) < ḡi. If for given numbers ci > 0, αi >

0 and κi > 0 there exist Ki > 0 and positive coeffi-
cients τ1i, τ2i such that the following linear inequalities
are feasible [

−Ki + αi + 0.5τ1i 0.5
⋆ −τ2i

]
⪯ 0,

− cτ1i + κ2
i τ2i ≤ 0.

(11)

Then control law (10) ensures the fulfilment of goal (4)
and boundedness of all signals in the closed-loop system.
proof . Following [Fradkov and Furtat, 2013], we con-

sider the power system in the pre- and postfault states.
We also assume g

i
< ∆δi(t) < ḡi and fi(t) are

bounded. Considering (10), rewrite (5) and (9) as fol-
lows:

∆δi(t) =−Ki
1

p (µip+ 1)2 + aiµi

εi(t)

− ∆Qi(t)

Qim(t)
∆δi(t) +

1

Qim(t)
fi(t) + ϵi(t),

(12)

ε̇i =
(eεi + 1)2(
ḡi − g

i

)
eεi

×

(
−Kiεi(t)−Ki

p− p (µip+ 1)2 − aiµi

p (µip+ 1)2 + aiµi

εi(t) + φi(t)

)
.

(13)
Due to fi(t) and ∆δi(t) are bounded, the function

|φi(t)| < κi is bounded. According to [Bauer et al.,
2015; Vasilieva and Butuzov, 1973], let us study (13) for
µ = 0. Rewrite (13) in the form:

˙̄εi =

(
eε̄i + 1

)2(
ḡi − g

i

)
eε̄i

(−Kiε̄i(t) + φi(t)) . (14)

For the ISS analysis of (14) consider Lyapunov func-
tion Vi(t) = 0.5ε̄2i (t). According to [Nguyen and Fur-
tat, 2023] for any given positive numbers αi > 0: V̇i <
−2αiVi,∀ε̄i ∈ R : |ε̄i| ≥

√
2ci, if condition (11) holds.

According to Theorem 2.2 from [Bauer et al., 2015;
Vasilieva and Butuzov, 1973], there exists µ0i, such that
for µi < µ0i the condition |ε̄i(t)−εi(t)| < O(µi) holds,
where limµi→0 O(µi) = 0. As a result, for µi < µ0i the
solution of (13):

|εi(t)| <
√
2ci +O(µi), t > T. (15)

Considering (8) and condition g
i
= −ḡi, we get fol-

lowing inequality:

|∆δi| <
ḡie

√
2ci+O(µi) + g

i

e
√

2ci+O(µi) + 1
. (16)
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Table 1: Control system settings

Ki ai µi ḡi(t)[rad] g
i
(t)[rad]

30 0.1 0.001 1.5 −1.5

30 0.1 0.001 1.5 −1.5

30 0.1 0.001 1.5 −1.5

Figure 1: Scheme of three-machine power system.

Figure 2: Responses of ∆δi.

Figure 3: Responses of ωi over time.

It clearly indicates that by decreasing ci we can guar-

antee that |∆δi(t)| < ηi for all t > T . Due to the
boundedness of fi(t), εi(t) and Hurwitz of Qi(λ) and
p (µip+ 1)

2
+ aiµi, the signal ∆δi(t) is bounded from

(12). Therefore, the control law ufi(t) is bounded from
(10), all signals in the control system are bounded. Let
us define the set Yi =

{
∆δi ∈ R : g

i
< ∆δi(t) < ḡi

}
.

According to Theorem 3.1 from [Furtat and Gushchin,
2021], if there exists the control law ufi(t) such that the
solutions of (9) are bounded, then ∆δi(t) ∈ Yiα ⊂ Yi.
Obviously control low (10) guarantees the boundedness
of εi(t), thus g

i
< ∆δi(t) < ḡi for all t. Theorem 1 is

proved.

5 Simulations
A power system consisting of three electrical genera-

tors Γi, i = 1, 2, 3 (Fig. 1), is used to demonstrate the ef-
fectiveness of the control scheme described in this paper.
The parameters of each generator used in the simulation
are detailed in [Furtat et al., 2022].

Let us apply control system (10) to the power system.
Choose Qmi(p) = (p+1)4 and Rim = p+1, i = 1, 2, 3.
Table 1 shows the parameters of control laws (10). As in
previous work [Furtat et al., 2022], saturations of func-
tion ufi are introduced, such as −40 ≤ ufi ≤ 40 p.u.,
i = 1, 2, 3. Consider the following operating states:

1. The system is in the prefault steady state.
2. At t = 5 seconds, a symmetrical three-phase short

circuit occurs.
3. At t = 5.1 seconds the power system enters the

postfault state.

Fig. 2 illustrates the response curves for ∆δi with the
given restrictions ḡi and g

i
. Figs. 3 and 4 show the re-

sponse curves for the relative speed ωi and the terminal
voltage Vti respectively. The simulation results demon-
strate that under the effect of the proposed control low,
the power angle, relative speed and terminal voltage of
each generator are rapidly approaching the vicinity of the
equilibrium state after a large disturbance occurred in the
system. Meanwhile, it should be noted that the power
angles consistently remain within the specified limits ḡi
and g

i
.

Fig. 5, shows the response curve of ∆δi(t) when we
set Ki = [0.5, 0.2, 0.6]. Comparing Fig. 2 with Fig. 5,
if we enlarge Ki, it increases robustness to parametric
uncertainties and unmoderable dynamics fi(t).

6 Conclusions
In our present study a nonlinear feedback control algo-

rithm for multi-machine power system under parameter
uncertainties is proposed. The algorithm is based on a
special coordinate transformation. The proposed algo-
rithm, unlike [Guo et al., 2000; Wang et al., 1998; Furtat
et al., 2019; Liu et al., 2019], does not require knowledge
of the parameters or a state observer. The implementa-
tion of the control system is therefore more simple. The
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Figure 4: Responses of Vti.

Figure 5: Responses of ∆δi(t).

proposed control scheme guarantees the synchronization
of power systems with a stipulated degree of accuracy
during normal and post-fault modes. Additionally, it
limits the power angle of each generator to a predeter-
mined constraint at any time. The proposed algorithm is
simulated in a power system consisting of three genera-
tors, and the simulation results show the correctness of
our theory.
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