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Abstract

The first stage of the Pitch estimation for a short time
speech signal analysis consists of an exhaustive search
of all integer Pitch periods in the harmonic model. For
each Pitch period the cost function is calculated and
then optimized. The general complexity is proportional
to N2 where N is the length of the window in sam-
ples. It is shown in this paper that the cost function can
be approximated with the geometric rate of accuracy
while the complexity of the algorithm remains around
N log, N. The trade-off between accuracy and com-
plexity is discussed.
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1 Introduction

Speech is the main instrument of communication
between people. In everyday understanding human
speech is the sound wave emitted by the human mouth
and audible to the human ear. Such wave is called a
speech signal.

There is complex physical process behind human
speech production (Fry, 1979; Erath, Zafartu, Stew-
art, Plesniak, Sommer and Peterson, 2013; Erath et al.,
2013; Encina, Yuz, Zanartu and Galindo, 2015).

One of the basic physical parameters of speech is the
fundamental frequency (or pitch). This frequency fy
defined as the inverse of the fundamental period. Fun-
damental period for periodic signal defined as:

To = min[T > 0|Vt : z(t) = z(t + T)]. (1)
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and fo = 1/Tp. Also, fundamental frequency may be
defined by other definition:

fo =max[f > 0|Fay, Iy
z(t) = Yooy ar sin(2mk ft + ¢p)]. 2)

These two definitions are mathematically equivalent
but carry a significantly different meanings. The first
property describes the signal in the time domain, while
the second describes the signal in the frequency do-
main. The basic principle for the determination of (1)
is the periodicity of the signal z:(¢) = z(t + T'). And
to determine the (2) — existence of the multiple fre-
quency decomposition.

Precise estimation of the Fundamental frequency is
necessary for correct calculation of harmonic ampli-
tudes especially for the high frequency formants. An
estimation error causes a multiple error for the high fre-
quency harmonics. Pitch estimation error of 1 sample
can completely reject harmonics in the estimated model
at the frequency band near 2 kHz.

The Least Squares approach is successfully imple-
mented for estimation of the complex amplitudes of
the harmonic polynomial model of a voiced signal
(Stylianou, 1996; De Cheveigné and Kawahara, 2002).
But the Pitch estimation problem remains highly non-
linear with several local minima that can cause a stan-
dard multiple frequency error.

A general complexity of the estimation algorithms is
proportional to N2 where N is the window length.
Such exhaustive search of admissible Pitch values is
too expensive.

The unbiased criterion” for Pitch estimation was pro-
posed in (Griffin and Lim, 1988). Its complexity is pro-
portional to N log, N where N is the frame window
length. This criterion is also independent of the addi-
tive white noise.
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Accurate speech signal parameters estimation can be
useful for physical models synthesis of the human vo-
cal system. Also it may be useful for vocal tract physi-
cal parameters estimation (Kobayashi, Nisimura, Irino
and Kawahara, 2013).

In our previous work (Barabanov, Melnikov,
Magerkin and Vikulov, 2015) the unbiased criterion
from (Griffin and Lim, 1988) for Pitch estimation was
generalized to short time intervals. We proposed fast
algorithm called Noise Variance Minimization (NVM)
for precise estimation of the Fundamental frequency
on a short time interval. The new algorithm gives an
approximate solution with a complexity of N log, N
operations.

In this work detailed proofs of our results is presented.

2 Problem Statement
Let s = (St)N/Q ! be a voiced signal of the length
N. The stationary model of the signal is

M

2mi
E age N Fkt—i—vt,

~N/2<t<N/2-1,

where P is the Pitch period of the model, M =
[(P—1)/2] is the number of harmonics, ay, are the com-
plex amplitudes and ay, = a_j, for all k. v, — white
noise with o2 variance. The Pitch period P corre-
sponds to the Fundamental frequency F' = N/P cal-
culated in periods per frame.

The full set of the model parameter contains the value
of P and the vector A = (aj)?_,,. All these values
can be arbitrary. Accuracy of the model can be mea-
sured by the squared norm of the windowed estimation
error

L N
J(AP) =+ D lwilse =3P,
t=—N/2

where w; = [1 + cos(27t/N)]/2 is the Hanning win-
dow. The estimation problem is then reduced to mini-
mization of the function J by all variables.

It is numerically effective to make a successive mini-
mization:

Jmin(P) = mjn J(A, P), Jmin(P) — mgn.

The first minimization problem is to be solved for all
P, and the last minimization in one variable P is made
by a constrained search.

As shown in (Barabanov et al., 2015) the function
Jmin (F') can be presented in explicit form (i.e. for the
class of stationary models):

N/2—1 P—

Jmin(F) _ % Z Z |ym|

t=—N/2 m=0
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where
[N/2;17m]7
ym(P): Z ngran OSmSP*L
_(=N/2-m
n—[ P ]+
[N/Q—lfm,]i
8 < 9
Com(P) = 55 > whi.p 0<m<P-1,
n:[—N/PQ—WL]
5t = w?sy, ||+ means round up and []_ — round
down

The minimal admissible value of P in this case corre-
sponds to F' = 1.6. If the number of signal periods in
the frame window is less than 1.6 then a signal cannot
be distinguished from the white noise.

The expectation of the minimal cost function is equal
to

3 o heo (F)
EJmin(P) = 37 (1 I )

On interval F' € [1.6, 3.0] function h,(F') can be ap-
proximate by

~ —1.2635 + 3.0399 - F — 0.9621 - 2
+0.1018- F3, 1.6 < F < 3.

heo (F)

If F > 3 a good approximation is h2_(F) = 1.9444.

The function Jy,i, (P) cannot be taken for the final
decision of the Pitch estimate. The unbiased criterion
Eup(P) derived in (Barabanov et al., 2015) corrects
the two standard errors: the multiple frequency error
and influence of the white noise.

The unbiased criterion in this problem coincides with
the Maximum Likelihood criterion: to minimize the
unbiased estimate of the noise variance o2

Jmin(P)
_ heo(F)
F

Eup(P) =

Due to high nonlinearity of £y g(P) with many local
minima, it is necessary to perform exhaustive search of
global minimum. Search process is divided into two
stages. In the first stage, integer pitch candidates are
obtained from Eyp(P) for all pitch candidates from
desired range. Next, integer pitch candidate is refined
over all continuous values.

Thus, at the first stage, it is required to calculate the
function (right part for the Jy,in (P) formulation).

P—

,_.

lym (P2
Cn(P)

m=0

for all integer P from the admissible interval
[Prmins Pmax] Where Py, is a fixed small integer and
Pax ~ 5N/8.
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Values of C,,, (P) can be considered as tabulated.

To calculate the value of ¢(P) by definition it’s re-
quired to fold N/ P values foreachm =0,..., P — 1.
This step requires about N operations. Also P squar-
ing, divisions and additions are needed. The complex-
ity of the calculation is proportional to N. The number
of different values of P, for which it is required to cal-
culate ¢(P) is also proportional to N. Therefore, the
complexity of ¢(P) calculation for all admissible P is
proportional to N2. It is required to reduce this com-
plexity.

3 Multipliers Factorization

Associate rate ' = N/P with the length of the win-
dow N and period P, which expresses the number of
periods in the window. Subsequently, the variables P
and F' are always related by the equation PF' = N.
Quality score ¢(P) is to be calculated only for F' >
1.6.

Introduce the auxiliary function 7(t) = cos*(¢/2) on
the interval || < 7, extended by zero outside the inter-
val [—, 7] as well as its inverse Fourier transform

~ [ ;
n(z) = o [m n(t) e dt, z €R,
and the normalized function 7jo(¢) = 57(t).

Theorem 1. I. Forany F' > 0
Cn(P) =dp(z5), 0<m<P-1,

27i

where zp = e~ P and dp is the Laurent series

2. The function 7o (x) can be represented as

N B 4sin(mx)
o(w) = rx(z? —1)(22 —4)’

for all x except singular points where

N N 2 =R 1
M0(0) =1, Mo(£1) = 3 no(£2) = 5

This is a continuous function and 1o(x) = O(z~?)
with x — o0.

3. For all F > 1.6 the function dp(z) can be approx-
imated as follows:

dp(z) — 1 —apz[’| €001, |2 =1,
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where
Kr = 3 (VIT200() + VI~ 2i(F))
or = %f?
Proof. 1. By definition of function 7 square of Han-

ning function on interval [N/2, N/2 — 1] is equal to

) o t N_,_N_|
wi = - - o
t=\FP) g ='=79 &

and coefficients Cy,,(P) can be represented by their
definition in form

8 27 27
k=—oc0

Express these coefficients through an inverse Fourier
transform of 7)(¢). To do this, apply the equality of gen-
eralized functions

o0

Z 5(t—27rk):% Z e,

k=—o00 n=-—o00

to function (7 + t/F') for any 7. After the change of
variable in the integral we get that

o0

> n<¢+2%k)

k=—o0

P (™

_ 2_ Z / ean(sf‘r) 77(5) ds
T~ )
F = foy —inFT

~ LS Gtepyer

3F —iFT
= ?dp(e F )

By definition the function dp takes only real positive
values, since any number on the unit circle can be rep-
resented in the form z=e"'" with some 7. By taking
T = 2mm/N we get

Cm(P)=d(zF), 0<m<P-1,

that proves assertion 1 of the theorem.

The function dp(z) depends only on the number F'
of signal periods in window, and does not depend on
the sampling frequency. The set of points 275 on the
unit circle is completely determined by the value of P
which is proportional to the sampling frequency and
does not depend on the window length N.
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Figure 1. Normalized function 7o (w) = %ﬁ(m)

2. Assertion 2 is proved by direct summation of geo-
metric progressions.

3. The function 7jp(z) is even and equals to product
of sin(7x) with the monotonically decreasing function
proportional to z~°. When |z| > 3 function is less than
0.005. For |z| > 4 — less than 0.001.

Sequence (7p(nF))22 _ . is the coefficients of the
Laurent series for d(z). By assumption, F' > 1.6. Thus
|[nF| > 3.2 forn > 2 and hence

[fo(nF)| <0.005, |n|>2, F>16.

The first-order approximation admits a factorization

> fo(nF)z" = he(2)hp(z7"),

n=-—1

hF(Z) = KF(l — CYFZ),

where the coefficients are determined from the factor-
ization equation:

Kp = 3 (VIT250(0) + VI~ 2i(F))
ap — ()

This proves assertion 3 and completes the proof of the
theorem. O

Plot of the function 7 is shown at fig. 1.

Plot of the functions Kr and ap with F' > 1.6 are
shown at fig. 2 and 3. As expected, when ' > 3
admissible approximation are K ~ 1 and ar ~ 0.

According to statements 1 and 3 of the theorem 1 the
relative approximation error of values Cy,, (P) on the
ray F' > 1.6 is less than 0.01. Thus,

1
Cu(P) ™ |Kp[?

1 o0
_ _ k _k
gp(z) = T 7370041:2 .

lgp (B,
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Figure 2. Multiplier K p.
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Figure 3. First order filter coefficient .

Replace the original function ¢(P) with appropriate
approximation:

1
[Kr|?

P-1
$o(P) =Y lgr(zF)yml*.
m=0

4 Approximation Of ¢,(P) By Smoothing Func-
tion
This section highlights the intermediate statements,
which then take final form in the section 11.
Introduce the notation

<t<— 1.

N
vp(t) = Stwfgp(zfg), D)

N
2

Lemma 1. Ler P — integer;, 1 < P < N/2. Then 1.
Function ¢y can be calculated by the formula

[N/ P]

¢o(P) =rp(0) +2 Y rp(kP),

k=1

where rp(t) — correlation function of the signal vp (t),
filled with zeros on [t| > N/2.
2. Vector (rp(k))~__ v is the inverse DFT of the vec-

tor (|Qp(n)|?)N=1, where

n=—

N/2—-1 _
Qp(n) = Z vp(t)efgflrvlm, —N<n<N-L1.
t——N/2
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Proof. Define values 5; = s,w? with zeros on |t| >
N/2. By definition of the values y,,, and vp (t):

oo
gP(ZP)ym* Z gP(e %m)ngrnP:

n=-—o00

oo

27r7.

Z gr(e” (m+nP))S +nP =
n=-—oo

oo

Z vp(m + nP).
n=—oo

Thus,

P-1 2

i vp(m + nP)

n=—oo

m=0

b

—1 00

Z Z vp(m + nP)vp(m + LP)

n=—00 f=—o0

b
HOM

oo oo

Z Z vp(m + nP)vp(m+ (n+ k)P)

m=0n=—00 k=—oc0

> we(tyup(t+kP)

k=—o0t=—00
0o [N/ P]

= > rpkP)=rp(0)+2 Y rp(kP),

k=—o0 k=1

since the function rp is even and rp(t) = 0 fort > N.
This proves assertion 1 of the lemma.

The 2 statement of the lemma is a standard expression
of the correlation function in terms of the DFT of the
vector with length equal to 2/N. O

Thus the problem of fast calculation ¢(P) is reduced
to a fast calculation @) p for all desired P.

5 Smoothing Function
Introduce the notation for the spectrum of the speech
signal, multiplied by the Hanning window,

N/2—1
=—N/2

and for the normalized DFT of the product of the fre-
quency of the harmonic f on the Hanning window

hereinafter referred to as «bell».
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Lemma 2. Let1 < P < N/2and F = N/P — har-
monic frequency with a period P. Then

Qp(n) ZaF Z SmBn(n —m + 2kF),
k=0 m=—N

—N<n<N-1,

where values of ar is defined in theorem 1.

Proof. Define values

N2 2mi
Gp(n)= Y. wigp(zple 2N,
t=—N/2
—-N<n<N-1.

Let a; = wyse and by = weg(zh) for —N/2 < t <
N/2 — 1. Define the function as zero for —N < t <
—N/2 and for N/2 < t < N. Extend the functions a,
and b; periodically on the set of all integers with period
2N.

By the property of periodic functions, DFT of the
product on the period is equal to the circular convo-
lution of the DFT:

N/2-1
Qp(n) = Z agbe” N =

t=—N

1 N-—1 <N—1 )

27rztm

JR— Z ate 2N
2N m=—N \t=—N

N-—1

btegmt(nm)>
t=—N
1 N-1

=— S(m)Gp(n —m)

2N N

by definition of the S and Gp.
On the other hand, by the definition of gp and from
the condition |ap|<1 is follows that

& .
gp(zp) = Z em NIk
1—apzh apzp
Thus,
Gp(n—m) =
N/2—1
ZQF Z wye 7ﬁ n— m)ef%Fkt
t=—N/2
00 N/2—1
_ ZQF Z wye 7ﬁ n—m+2kF)
k=0 —N/2

N
=3 Za’;BN(nf m + 2kF).
k=0
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Substitution of this equation into the formula for
Q@ p(n) leads to the assertion of the lemma. O

The first series in the lemma 2 converges as a geo-
metric progression because |ap| < 0.4 for F > 1.6.
Fast algorithm for approximate calculation Q p(n) for
all P and n is based on the method of calculating the
convolution

N-1
Z SmBN(n —

m=—N

m — 2kF),

where (S,,) — input signal spectrum multiplied by a
window, and By — bell. The properties of bells are
studied in the next section.

6 Bell Calculation

Function By (f) is called «bell». This function is real,
even, with period 2/N. Therefore, it is completely de-
termined by its values on the interval 0 < f < N.

Lemma 3.
By(f) =

a1 sin(%f) coa(sz) 2(%)
Nsin(ﬁf) Sin(QN(f 2)) (ﬁ(

with the definition at the singular points:
By(0)=1, Bn(+2)==

Limit value of the function By by N is

8 sin ”f
By = lim B =2
(f) [Nares N (f) f(f2—4)
Proof. Because of
LR JETPR Gy
wy = 5 46 46 ,
then
1[e % —e%/f
B = —
N(f) N —2miy ) +
67%()‘.72) — *(f72) 1 677(f+2) —e 5 (f+2)

1

2 o E(f-2) _q t3 —ZE(f+2) _
Numerators of the three fractions in brackets are
equal, respectively, —2i sin(rwf/2), 2isin(wf/2) and
2isin(mf/2). Reduce this amount to a common de-
nominator. The common denominator is

D= (e 3 —1)(e =2 _1)(e~ 2 (F+2) _ 1)
37i -2 2
= e_d_Nfz sin ﬁ sin (f ) sin 7T(f+ )

2N 2N 2N
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Figure 4. Limiting bell Boo

For the calculation of the numerator introduce the no-
tation x = —nf/N. Numerator without the factor
isin(wf/2)/N is equal to

M = —2(e & —1) (e F — 1)+
(eiz _1)(61'95—2]{,1' — 1)+ (eiz . 1)( i+ 28 1) =
2mi

€U[—24 e + e )

27i

¥ [~2 4+ eF e T+

3, x 2T
= e2'"2 — (2 — =2
e cos 5 ( cos >

—3mi 7Tf . ™
= —8e¢ 28 T cos —— sin? —.
2 N

After substitution we get that

By(f) = %zsm (gf) D

1 sin 75 cos 737 sin” &
TN G 7L i TT2) o 7GE2)

o Sl =5

which coincides with the conclusion of the lemma.

Limiting transition for N — oo and for a fixed f is
satisfied trivially by the replacement of the sine by ar-
gument. O

Plot of the function B is show on fig. 4. The func-
tion decreases rapidly: | Boo (f)| < 0.001 for | f| > 5.6.

Approximation error |Byx(f) — Boo(f)| decreases
rapidly with increasing N. For N = 128 the maxi-
mum of this error on the interval f € [—6,6] is less
than 2 - 1078,

7 Bells Approximation

Suppose that for each integer m on the interval [m —
1/2, m+ 1/2] function By expanded in a rapidly con-
verging series of the same functions system on the in-
terval € [—0.5,0.5]. Due to the smoothness of Ay a
function system can be polynomial:

m € Z.

Zijx x €|

N(z+m) —0.5,0.5],

For each j sequence C,, ; has period of 2N. In prac-
tice, we can assume that C), ; ~ 0, starting from small
|m| < N/2.



CYBERNETICS AND PHYSICS, VOL. 5, NO. 1

Expand the limiting bell in a series. Represent sin T

2

and cos T as series:

sin W—; = Z Czinx”,
n=0
where
. w2l (=1 g
Cbln — (_) , CSII] — 0.
2n+1 2 (27’L+ 1)| 2n
and
COS et Z Ccos n
where
cos cos T\ 2" (71)71
C5tn =0, C57 = (3) 2n)!
Lemma 4. Let
8sin ”f
Boolf) = == p
=250

and f = m + x, where m — integer,

oo (X +m) ZCmnac

where
Com, i = E CF™ . Copnty
k
§ cos A
C2m+1,k: - Cl . 02m+1,k717

=0

- (_1)n+m+1

02777/ n = °

)

™

2 1 1
{ 2t + (2m — 2)n+1 + (2m + 2)n+1] ’

(71)n+m+1

C’2m+1,n -
™

2 1

C (2m 4 1)+t i (2m +1 —2)n+1 i

1
2m+1+ 2)"+1]

27

In singular points

Co,kz Zlfl-i-g csin COk I
=0

1 k
} A
Cop = —Cpiy + > i Coge,

1
Coap = —Ciify + qum Cop.

=0

Proof. Decompose Bo,(f) into partial fractions:

1 7rf< 2 1 1 >
——sin—> -S4+ ——+ ——
™

Bo(f) = 2\ f f-2 ' f+2

Let f = m + x, where m — integer, || < 0.5, then

1
Bool ) = L sin T

2 1 1
- + +
< r+m x+m-—2 x+m+2)

First, consider the case where m # [—2,0, 2]. Because
|z| < 0.5, then

0o
§ nflxn

n=0

T+ m— z4+m-—2

1 oo
———— =) () (m+2)" "
r+m-—+2 =

S )

r+m oy
Thus,
Boo(x +m) =
L + 1)
——sin @ +m) 5 m) ;(—1)” .

2 1 . .
— T
mrtl - (m —2)ntl T (m 4 2)ntL

1 ( T m™m n T . ﬂ'm)
= —— (sin — — —sin — | -
- S 5 cos 5 cos 5 S 5
> (1"

n=0

2 1 .
— T
mrtl - (m —2)rtl o (m 4 2)ntL
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or Now consider the case m = [—2,0, 2].
Letm = 0:
= — 1 2 1 1
Boo(x 4 2m) = sin — ZCQW na" Boo(z) = g (2 =
n=0 m 2 r -2 x+2

. T

sin — -
2

2 & (1)t { 1 1 ]
> ~ . + n+1 + n :rn =
Boo(z +2m + 1) = cos % Z Com41n2" (mg ,;0 ™ —2n* 2ntt

n=0

9 [o%S) %S 0o
;x—l § C:'lmxn + § szxn . 2 Co,nJ?" —
n=0 n=0 n=0

where ~ o o o
=3 2o+ Y ogran S Coat =
a ( 1)n+m+1 n:()Tr n=0 n=0
2m,n —

T omntl + (2m — 2)n+! + (2m + 2)n+1

i . _ > k
{ 2 1 1 ] = Cokz
, k=0

where
N _1\n+m+1 sm sin A
Comt1,n = (1)? : Cok k+1 + Z - Co k-t
2 n 1 n 1
@2m+ 1)t (2m — 1)ntl - (2m 4 )t | Letm =
According to the rule of the Cauchy for product of Boo(w +2) =
power series: sin % .
1, ”(—1)"[—2 1 }
-+ + x| =
B x + 2m Z Csm n Z CQm nx <7T 7; T on+1 gn+1
1 e3¢} ) e3¢} ) ©
. _xflzczlnwn_i_zcimxn _Zc2mxn —
= Z Cgm,kl' g n=0 n=0 n=0
k=0 00
-3 Cuuat
where k=0
where
k o~
Com, i = Z i - Com k—1-
=0 C ]2111 + chm CQ,k—l
Similarly,
Letm = -2
Boo(z+2m+1) =Y €™ - Comprna” = Boo(z —2) =
n=0 n=0 . T
sin —
C k 2
- kz—o B 1 D[ -2 1 n| _
- T ;) el s e R
where _ lzfl i Csingn 4 i Csingn i O o o™ —
- T n n —-2,n -
n=0 n=0 n=0
k )
Com+1,k = Z Cr® - Comt1,k—1- = C_gpa”

=0 k=0
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where

C_op = ;T1+ E C¥m . Clg .

8 (Qp(n) Representation
Substitute the expansion of By (more precisely, to its
limit function B) into the expression for Q p(n):

N-1

Qp(n ZaF > SwBy(n—m+2kF) =

k: 0 m=—N

SmBn([n —m+lkp] + zkp) =

Z—Z%

Sm § Cn- m-l-lkFaJ‘rkF

m=—N 7=0

Introduce notation for normalized convolution se-
quences S and C for fixed j:

Z SmCrm.js

n e’z

4>|>~

For each j this is a periodic sequence of period 2./V.
Let k£ > 0 and round 2k F" for closest integer value:

2kF = lpp + xip, |$kF| <0.5, flpp el

Theorem 2. The correlation function of the sequence
vp(t) equal to

=3 abap
k=0m=0
[SSINe'S)

i . — i pt
ZZ‘T}@F‘rmF it lmp — lgkp) € N

i=0 j=0

where the notation for the inverse DFT is

pi;i(t,7) Fin

2NZ

n+T i€ 2

Proof. Values of D, ; are calculated using DFT. Let

N-1
27\'itn
Ctj = E Chn,je2N
n=—N

29

then

N/2—1

_2mi
g Wi S0y j€ an i

t=—N/2

Dnj =7

In this notation,

oo oo
_ k J .
= E O‘FE Ty p Dntigp,j-
k=0  j=0

By definition, rp (k) is inverse DFT of |Qp(n)|?

oo
k 2ni i,
2 E E O‘FE :sz ntlep,j| €2V
n=—N

oo

oo
k j }
E ap Ty p Dnttyp,j -

n=—N k=0 j=0

. = 2mi

m 7 tn
E CYFE Top Dntiypi - €2V
m=0 =0

Introduce notation:

1 N-1

- 2mi g
N E Dypyrij+ Dngryyi- €287
n=—N

pi,j (t; T1, 7_2) -

1 N-1

- D 2miy
- 2N ZN D(n+7'1)7j ’ D("+T1)+7-27-,—11i .e2N T —
n=—

1 N-1
27i — 27i
— tT1 tn
= e 2N C— E Dn"Dn+T—7—i'e2N =
2N sJ 2 1
n=—N

27i
_ —=tT .
= WMt —T)
where
N-1
1

E— 27mi
— E Dy, iDpyr €28
2N J ’
n=—N

pij(t,T) =

In this notation,

0o oo

— k _m

=2 > akap-
k=0 m=0

oo oo

i J — it
E E TypTy,p Pig(t lmr — lkp) €7 N

i=0 j=0

It leads to the theorem conclusion. O
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9 Partial Sums Accuracy
Write down an estimation for p:

1
i (67| < 51Dl 1Dl =

1

Tells” el - lls® el <
1

< 7alls” 117 Hleall - lle-s11
2N

= Tg I8 I NICall - 1€ 411

Write down the error term and the error estimation:
oo

o0
k=K+1m=K+1
o0 o0

i J .
E E Tppx) g Pi (e — lkp) €7 N R
i=J+1j=J+1

2N w2 = = k m
< 25 sl o> larfflap™

k=K+1m=K+1

oo oo
S0 kel emelIC|

i=J+1j=J+1

ON | . > > )
=g lIs ||2< Yo lar® Y |zerl ICA,1|>-
i=J+1

k=K+1

1.4

oo oo

> lar[™ > w0
m=K+1 j=J+1

N .
= oI I M (F)

where

Mg (F)y= > lorl* > |l Call =

k=K +1 i=J+1
5 nc.,z-n( 5 IOeFI’“kaFIi>-
i=J+1 k=K1

Thus,
Lemma 5.

[Tp(t) —rp(t)] <

ON
< E”S [& Z M; ;

i€{0,K},5€{0,J3\{0,0}

10 Properties Of The p, ;(t,7)
To reduce the computations one may use the following
properties of the function p;_; (¢, 7):

Statement 1. Let 7 # 0, then

pij(t,7) = pij(t,—T),
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where i and j with the same parity and

Pij (ta T) = —Pij (ta _T)7

where i and j with the different parity. For T = 0 and
foranyi # j:

pi.j(t,0) = pji(=t,0).

11 ¢ (P) Approximation By Laurent Series

This section provides the final form of the approxima-
tion function ¢ (P) and their accuracy estimation.

By definition, rp(7) is a correlation function of se-
quence vp(t) = s;wigp(zh):

N/2—1

Y wp()op(t+7)" =
t=—N/2
N/2—1

rp(T) =

D swisewiigp(2p)gr(z5T)"
t=—N/2

In calculation of ¢y (P) values of rp(t) is involved only
fort = qP (by lemma 1). If 7 = ¢P for integer ¢, then
zp =1, thus

gp(2p)gp(Z5T)" = gp(2p)gp(2p)* =
1
t 2
— N B — 4P
|gP(ZP)| |1_an11§:)|25 T qr,

and this expression is independent of 7. It can be at-
tached to the factors, depend of the ¢, and further ap-
proximate the one geometric progression, instead of
two.

Introduce signal notations

51 = sqwy, he = Silgp(t)* = sewi |gp (1),

and corresponding DFT’s
N/2-1

= j: ~ _2mi
Sn: Ste 2Ntn7

t=—N/2

—-N<n<N-1

)

Since the DFT preserves the scalar product of up to a
factor 2V, then

| N2
-~ 27i
rp(T) = IN Z Sy H,e2n ™",
n=—N
T=¢qP, |T]<N.
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Generally, §n do not depends of P and P enters into
H,, only in |gp(2%)]?. One need to approximate this
function.

12 Geometric Progression Decomposition
Lemma 6.

N-1

1 1
R D S 2 2N‘rn
re(r) 1704%{2]\7 2 1SalPeT T+

N-1

+2ReZaF2§V Z S* nGn k€

2N ‘rn:|

where
N/2—1
Gn i = g §tz§§te S in,
t=—N/2

Proof. On the unit circle gp(2)* = gp(2~1). Expand
the analytic function gp(2)gp(2~1) in Laurent series
on the unit circle:

1
2 _
|gP(Z)| - (1 — QFZ)(l —apz 1)
Lo o
k| Kk
= OéF z
1—a% W
Thus
1 =k
an 1-@2 O“F‘Gn,k;
F p=—0o
N/2—1 _
Gk = Z 5,5,21@56_%‘5".
t=—N/2

for —N < n < N — 1. Substitution in the formula for
the correlation function rp(7) for 7 = ¢P gives

2mi
n k;eQN 7'77/.

rp(T) = ‘k‘i

Simplify the resulting expression. Obviously, G, 0 =
Sp. For k > 1 from the definitions

an = S;;, Gim,k = Gnk

Therefore

N—1 *

= 2mi ~ 2mi
> SiGa ke N = > SrGa et
n=—N
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Hence, for the formula for function rp(7) it is possi-
ble to use only positive indices k:

N-1

Z |§n|2e%‘m +

(7) = 1 [1
P T T Tz laN

. N
+2ReZa FoN :Z nkewm}.

13 The Exponent Decomposition
Lemma 7. Fort = qP

1 1 N—-1 ~ )
v el DN A s

n=—N

+ QRGZO‘FZ

rp(T) =

7TZ$2Fk/2

Pegpk,j(f)}-

Proof. Let k > 1. In power of function

_2mi
ot o~ 3 2Fkt

select the whole and fractional parts with respect to
DFT of 2N:

2Fk = lypy, + 22Fk, |zopi| < 1/2.

The factor with a fractional part expanded in a Taylor
series at zero, which gives

N/2—1
G = Z Sizle W =

t=—N/2
N/2—1 j
Z gte_g?\;t(n-l-b}?k)z ( ﬂ.lthFk) =
t=—N/2
S~ Crivare/2) N/il - (%) i tnttar)
Jj=0 j! t=—N/2 N

Introduce the following notations:

N/2—-1 N v
Fn,j = Z gt (N) ef%m,
t=—N/2
—-N<n<N-1,j>0.
1 N—-1
a* 2mi
pej(T) = IN > SiFge e
=—N
Jj=0, £>0,
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moreover I, ; periodically continues by 7, so the con-
volution is circular. It follows from the definition that
Fn,O = Sn is DFT of gt'

Thus, for 7 = ¢P

1 1 N-1
Tp(’]')zi{ Z |S eNT 4
1 2N M
> R > (77T’L':L'2Fk/2)j
2Re) afp Y i ey (7) |-
k=1 j=0 J:

Note that |mizopy /2| < 7/4 < 0.8, so the terms are
rapidly decreasing on j. O

14 Final Approximation

Approximation of the correlation function rp is based
on the selection of a set of pairs of non-negative indices
M = {(¢,7)} for pg ;(7) calculation:

Theorem 3.
Poar(r) = ——— [00(r) +
r T) = T
P,M 1- a2 Po,0
—Fimgpk 2 J
+2Re Z Q%Mpb}?kd‘@-) )

il
(k,3):(bapk,g)EM J:

where F' — frequency with relation to N: F' = N/P,

2Fk = lapk + z2Fk, |z2rk| < 1/2.
and the total number of Fourier transformations re-

quired for computation of the approximation is equal
to

Nﬂt = |M| +Jmax+ 1)

Proof. Expression for 7p a(7) is based on previous
lemma. 2N DFT are computed for each element of
(¢, j) from set M to compute py ;(-). And for each j <
Jmax When calculating I ;. Here Jy,ax — maximum
value of j in set M. Thus, overall number of DFT’s are

Nﬁt = |M| +Jmax+ 15

where | M | — number of elements in the set M. O

To improve the quality of approximation, it makes
sense to include in the set M all pairs (¢,5) with
0 < j < J{) — 1 for fixed first component ¢. We
assume that this condition is satisfied.

In particular, the condition J(¢) = 0 means that no
pair of the form (¢, j) are included in set M. It’s obvi-
ous that

|M[=" ()
£=0
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The initial task of searching pitch period P has been
reduced by Lemma 1 to calculation of the ¢ (P) for
correlation function 7p (7).

These approximation for function rp make it possible
to calculate the following approximations of the ob-
jective functions ¢ (P). Let P — integer and F' =
N/P > 1. Then

LF)
1
= 1_ 22 {PO,O(O) + QZPO,O(qP) +

F q=1

> apere[EEEREE, o)

(k,3):(b2Fk,j)EM

LY

(k,3):(Lari,g)EM

ok 4Re-

( 7TZ$2Fk/2

i L)
Zplzpk i(qP) }

15 Accuracy Estimation

The maximum number of ¢ for which (¢,0) € M is
denoted by L. Let P — integer and F' = N/P. Maxi-
mum integer k, for which 2F'k < L 4 0.5, denoted by
K (P). Obviously,

K(P) = {P(2L+ 1)J

4N

The next result gives an estimation of error for approx-
imation from theorem 3:

Theorem 4. Approximation accuracy for ¢q is:

|60(P) — ¢o(P)| <
N/2-1 l6+5]
S @l [ Fl+2 Y Bl |
tsz/Q qg=1
where
K(P) 7rt J(larr)
vp(t) = [Z |04F|k Egp I ToFk

1+ |«
+|QF|K(P)+1J}

1+ apzp?)
Proof. Estimation error

rp(T) = TP (T) = 0a(T) + 65(7)
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consists of the truncation error and geometric error of
Taylor polynomial:

0a(T) = 75

where for 7 = ¢ P

N/2—1
~ 27i
Gni = E Szile NN =
t=—N/2
N/2—1
E Se” ’[\?t(nJrlek)e*%Iszt’
t=—N/2
Gn,k =
N/2—-1 J(lapr)—1 .
~ 7mt(n+l ) 1 mit J
E sie” 2N 2w = | =7 T2Fk
; J! N
t=—N/2 j=0

Truncation error of geometric progression collapses as
a geometric progression again:

1 Nt 1
604(7-) = mQRe Z Oélli—'ﬁ .
F k=K (P)+1
N-1 - N/2-1 _
Z SresnTn Z Siaie 3N
n=—N tsz/Q
K(P)+1
:LQRQ_
lfan 2N
N-1 |  N/2-1 LEEPHDE .
O S
iy /2 1—apzp

DFT preserves the scalar product with a constant

factor and (S,e~ 3% )N=1 s DFT on the vector
N —
(5t—7); /2N1/2 Thus
P+ N/2-1 S E(P)+1)E
_9r < =P
alr) = gz 2Re D Berhig
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For brevity kK = K(P) + 1. Then

a
§ — F
o(7) 1—a%
NoL o o e
Z St—r5t |:1 —ardt 1 —apat
t=—N/2 F<p F=p
N
ak 2 _2Re(2U TV — apatt)
T2 Z St—r5t 11— apzb]?
Fi=_Ny2
Hence,
N/2-1 _
6,(1)| < Horl" 07 B0 | 32|
T 1 ar 1 —apzp*

t=—N/2

Taylor polynomial accuracy for exponent with pure
imaginary index has the form

—1 . .
gz _ nz: (i) | _ |l
i |
=0/ "

For 1 < k < K(P) apply this inequality to function
e~ 3N 2rkt_ This leads to the upper bound

K(P)

D larl"

a?
Fop=1

()] € Ty

N/2-1

S Bl il
J(lap)!

t=—N/2

ot J(lark)

~FL2Fk
N

As aresult, when g > 0

N/2—-1
rp(gP) = Fram(@P) < > [Si—gp| [Selvp(t)
——N/2

where

2
vp(t) = 1o

[Z ot

+|a |K(P)+1

Tt J(2Fk)

362Fk

sz )

1+ |ar| }
1+ apzpl?]”

and this expression is independent of ¢.
The approximation error of a function ¢q is estimated
from above as follows:

60(P) — ¢o(P)| <

N/2-1 L5+5]

S @] | Bl +2 Y [Figrl
t=—N/2 q=1
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16 Guaranteed Estimation

Estimation accuracy of ¢g is compared with the vec-
N/2—1
t=—N/2"
Sw W = spw?, where (wt)i\gzj_vlp — Hanning win-
dow.

Find the minimum number A > 0, for which

tor norm Sy, = (Suw,t) By definition, 5; =

N/2-1 l6+5]
Z Yp(t)[se| | 8¢ +2 Z 5t—qp]
t=—N/2+1 q=1
< AMlswll®

for any input signal s. The left hand side is a quadratic
form, denote it f(s,,). The required number of A is the
norm of the matrix of the quadratic form.

Form f(s,,) has a number of features that facilitate its
study. The sum can be rearranged in such a way that in
each term were the product of signals with the indices
of the same equivalence class by modulo P. Perform
this conversion.

For each residue £ = 0,1,..., P — 1 the minimal
number from —N/2+ 1 < t < N/2 — 1, compara-
ble with &, denote by 9. Amount of comparable to
numbers from this interval denote by Ni. Then

P—1Np—1

f(Sw) = Z Z ’YP(tg +nP)§t2+nP'

k=0 n=0

<§t2+nP +2 Z gthr(nq)P) .

q=1

Hence we see that the initial problem of guaranteed es-
timation falls into P independent subtasks:

Ne—1
Z ’YP(tg + np)gt[,iJrnP )

n=0

q=1
Ni—1

§ 2
< )\k Sw,t2+nP’

n=0

0<kE<P-1

Next as a common factor A the great of \j, can be cho-
sen. On practice A can be selected as weighted average
values of \;, with taking into account the signal inten-
sities.

Each particular problem is solved with the help of the
following lemma, which is substituted z,, = S0 4, p,

Cn = Wi0 1 nps d, = ’)/p(tg +nP), N =Ny — 1.
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Lemma 8. Suppose positive numbers (c,)N_, and
(dn)N_, are given. Minimum value of \, for which

AN

3
1=
n|8

3

=1

N n
Zo dnn (l’n +2 3 xn_q> <\
n= q

Vo= (fEn)sz:Ov

coincides with the norm of the self-adjoint matrix A =
(aij) ;=0 with elements

Qij = CiCjldmax{i j}> 0<14,j<N.
Proof. The left side of the inequality in the lemma is

N n
Z dnTn <xn +2 Z znq> =
n=0 q=1

*

T do dy --- dn To
T1 dy dy --- dn Z1
TN dv dy -+ dn TN

Perform the change of variable z,, = ¢,y,. Then the
inequality in the lemma is equivalent to the:

y* Ay < A|lylI*.

Matrix A is self-adjoint by construction, therefore, the
minimum value A coincides with || A|. O

If P > N/3, then N;, < 2 for all k and P. Thus,
lemma 8 must be applied for N = 0, N = 1 and
N = 2. In the first two cases, the problem can be
solved analytically. In the last case, a cubic equation,
for which one can pick up an analytical approximate
solution.

Finally, it is possible to obtain an accuracy estimation
depending only on signal energy:

Theorem 5. For all P € [Puin, Pmax]

|60(P) — do(P)] < Allswll?,
where

A= max >\k; )\k = ||A||7

0<k<P—1

Q4,5 = Cicjdmax{i,j}v 0< 7’5] < Ni — 17

and

Cn = wthran d, = ’)/P(tg + TLP)
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17 Conclusion

In this work the main statements and results for NVM
algorithm is presented. Previous work (Barabanov
et al., 2015) only describes a part of this method, with-
out any statements proof.
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