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Abstract
The problem of absolute stability is investigated for

a switched positive Persidskii system with infinite de-
lay. With the aid of a special construction of Lyapunov–
Krasovskii functional, sufficient conditions of abso-
lute stability are derived. These conditions are formu-
lated in terms of the existence of a positive solution
for an auxiliary system of linear algebraic inequalities.
It is shown that a similar construction of Lyapunov–
Krasovskii functional can be used for the permanence
analysis for a Lotka–Volterra model of popolation dy-
namics.
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1 Introduction
Stability analysis of time-delay systems is a funda-

mental and challenging research problem. In the past
decades, this problem has attracted considerable atten-
tion of researchers in the systems and control community
(see, e.g., [Fridman, 2014; Khac, Vlasov and Pyrkin,
2022; Mei, Efimov, Ushirobira, and Fridman, 2023;
Ngoc and Anh, 2019; Xu, Liu, Krstic and Feng, 2022]
and references therein). However, most of the existing
results are obtained for the case of bounded delays. At
the same time, in various applications such as population
dynamics, mechanics, social science, networked con-
trol, etc., models with infinity delays are used [Fridman,
2014; Hino, Murakami and Naito, 1993; Kolmanovskii
and Myshkis, 1999; Xu, Liu, Krstic and Feng, 2022].

Some stability conditions for systems with infinite de-
lays were derived in [Kolmanovskii and Myshkis, 1999;
Xu, Liu, and Feng, 2020; Xu, Liu, Krstic and Feng,
2022] on the basis of development of the Lyapunov di-

rect method. In [Fridman, 2014], stability analysis of
linear time-invariant systems with unbounded delay with
application to a problem of traffic control are presented.
Stability of certain types of Lotka–Volterra models of
population dynamics with infinite delays was studied,
e.g., in [Hino, Murakami and Naito, 1993; Ma, Huo and
Liu, 2009; Montes de Oca and Vivas, 2006; Xu, Chap-
lain and Davidson, 2002].

Moreover, it is worth noting that mathematical mod-
els of numerous practical systems should possess the
positivity property (solutions with nonnegative ini-
tial conditions remain nonnegative as time increases)
[Kazkurewicz and Bhaya, 1999; Ngoc and Anh, 2019].
Therefore, an important subclass of time-delay systems
is that of positive time-delay systems. In particular, in
[Naito, Murakami, Shin and Ngoc, 2007; Ngoc and Anh,
2019], positive linear Volterra integro-differential sys-
tems were investigated, and conditions of positivity and
exponential stability were derived. On the other hand,
in various applications, realistic models should take into
account such effects as nonlinearities, parametric uncer-
tainties, switching of operation modes [Fridman, 2014;
Kolmanovskii and Myshkis, 1999; Liberzon, 2003].

In the present contribution, a switched positive Per-
sidskii type system with infinite delay is considered.
Right-hand sides of this system are represented as lin-
ear combinations of separable sector nonlinearities with
switched coefficients. The problem of the absolute sta-
bility of the system is studied. To solve this problem, a
special construction of Lyapunov–Krasovskii functional
is used. It should be noted that in [Aleksandrov, 2024]
absolute stability conditions for positive Persidskii-type
system with constant delay were obtained. The objective
of the present paper is to extend the approach developed
in [Aleksandrov, 2024] to the case of infinite delay.

In addition, we will show that a counterpart of the
proposed construction of Lyapunov–Krasovskii func-
tional can be used to derive permanence conditions for
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a switched Lotka–Volterra model of population dynam-
ics.

2 Statement of the Problem
We use the following notation. R is the field of real

numbers, Rn denotes the n-dimensional Euclidean space
with the associated norm ∥ · ∥ of a vector, Rn×n is the
vector space of n × n matrices. Let Rn

+ be the non-
negative cone of Rn: Rn

+ := {x ∈ Rn | x ≥ 0} and
intRn

+ be the interior of Rn
+. A matrix A ∈ Rn×n is

nonnegative if all of its entries are nonnegative. A matrix
A ∈ Rn×n is called Metzler if all its off-diagonal entries
are nonnegative. For a vector η = (η1, . . . , ηn)

⊤, the no-
tation η ≫ 0 (η ≪ 0) means that ηi > 0 (ηi < 0) for i =
1, . . . , n. Let BC((−∞, 0],Rn) be the space of contin-
uous and bounded functions φ(ξ) : (−∞, 0] 7→ Rn with
the uniform norm ∥φ∥BC = supξ∈(−∞,0] ∥φ(ξ)∥.

Let the switched system

ẋ(t) = Pσf(x(t)) +Qσ

∫ t

−∞
h(t− ξ)f(x(ξ))dξ (1)

be given. Here x(t) ∈ Rn, f(x) is a separable vec-
tor function: f(x) = (f1(x1), . . . , fn(xn))

⊤, where the
functions fi(xi), which are said to be admissible nonlin-
earities, are continuous for |xi| < ∆ (0 < ∆ ≤ +∞)
and satisfy the sector-like constraints xifi(xi) > 0 for
xi ̸= 0, i = 1, . . . , n, scalar kernel h(u) is nonnega-
tive and continuous for u ≥ 0, σ = σ(t) is a piece-
wise constant function defining the switching law, σ(t) :
[0,+∞) 7→ {1, . . . , N}, Ps, Qs are constant matrices,
s = 1, . . . , N .

According to the standard assumption [Liberzon,
2003], we will consider the case where the function σ(t)
admits only finitely many discontinuities on every finite
interval. Such switching laws will be called admissible.

The system (1) belongs to well known class of Per-
sidskii type systems [Kazkurewicz and Bhaya, 1999].
These systems are widely used for modeling automatic
control systems, population dynamics, neural networks,
opinion dynamics, etc. [Kazkurewicz and Bhaya, 1999;
Mei, Efimov, Ushirobira, and Fridman, 2023].

Every solution x(t) = x(t, t0, φ) of (1) is de-
fined by the initial conditions t0 ≥ 0 and φ(ξ) ∈
BC((−∞, 0],Rn). For a solution x(t), xt denotes the
restriction of this solution to the interval (−∞, t], i.e.,
xt : ξ 7→ x(t+ ξ) for ξ ∈ (−∞, 0].

Definition 1. [Ngoc and Anh, 2019] The system (1) is
called positive if, for any t0 ≥ 0 and any nonnegative
for ξ ∈ (−∞, 0] initial function φ(ξ), the corresponding
solution satisfies x(t, t0, φ) ≥ 0 for t ≥ t0.

Assumption 1. The matrices Ps are Metzler and the
matrices Qs are nonnegative, s = 1, . . . , N .

Remark 1. Under Assumption 1, the system (1) is pos-
itive (see [Ngoc and Anh, 2019]).

From the continuity of f(x) and the sector restrictions
it follows that f(0) = 0. Hence, there exists the zero
solution of (1).

Definition 2. The system (1) is called absolutely stable
if its zero solution is asymptotically stable for any admis-
sible nonlinearities and any admissible switching signal.

The objective of the present paper is to obtain the ab-
solute stability conditions for positive system (1). Our
analysis will be based on the use of a special construction
of diagonal Lyapunov–Krasovskii functional. To de-
rive conditions under which the absolute stability can be
proven with the aid of such a functional, we will apply an
approach that was first proposed in [Pastravanu and Mat-
covschi, 2014] and subsequently developed in [Aleksan-
drov, 2021; Aleksandrov, 2024]. In addition, we will
show that a similar functional can be used for the perma-
nence analysis of a switched Lotka–Volterra model with
infinite delay describing interaction of species in a bio-
logical community.

3 Absolute Stability Conditions
Denote H(t) =

∫ +∞
t

h(u)du for t ≥ 0. We will im-
pose the following additional constraints on the kernel in
(1).

Assumption 2. Let H(0) < +∞.

Assumption 3. Let
∫ +∞
0

H(t)dt < +∞.

Remark 2. For instance, the exponential kernel h(u) =
exp(αu) with α < 0 satisfies Assumptions 2 and 3.
Such kernels are widely used in models of control sys-
tems [Fridman, 2014].

Theorem 1. Let Assumptions 1–3 be fulfilled. If there
exist a positive rational number ν with odd numerator
and denominator, vectors θ ≫ 0, η ≫ 0 and numbers
ω1, ω2 such that

νω1 + ω2 < 0, (2)

(Ps +H(0)Qs)θ ≤ ω1θ, s = 1, . . . , N, (3)

(Ps +H(0)Qr)
⊤η ≤ ω2η, s, r = 1, . . . , N, (4)

then the system (1) is absolutely stable.

Proof. For a given value of ν, choose a diagonal
Lyapunov–Krasovskii functional candidate as follows

V (xt) =

n∑
i=1

ai

∫ xi(t)

0

fν
i (u)du
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+

n∑
i=1

bi

∫ t

−∞
H(t− ξ)fν+1

i (xi(ξ))dξ, (5)

where ai > 0, bi ≥ 0 are tuning parameters. Consider
the derivative of this functional along the solutions of
(1). We obtain

V̇ =

n∑
i,j=1

aip
(σ)
ij fν

i (xi(t))fj(xj(t))

+

n∑
i,j=1

aiq
(σ)
ij fν

i (xi(t))

∫ t

−∞
h(t− ξ)fj(xj(ξ))dξ

−
n∑

i=1

bi

∫ t

−∞
h(t− ξ)fν+1

i (xi(ξ))dξ

+

n∑
i=1

biH(0)fν+1
i (xi(t)).

Here p(σ)ij and q
(σ)
ij are entries of the matrices Pσ and Qσ ,

respectively.
Let θi and ηi be components of the vectors θ and η,

ai = ηi/θ
ν
i , zi(t) = fi(xi(t))/θi, i = 1, . . . , n. Then

V̇ =

n∑
i,j=1

ηiθjp
(σ)
ij zνi (t)zj(t)

+

n∑
i,j=1

ηiθjq
(σ)
ij zνi (t)

∫ t

−∞
h(t− ξ)zj(ξ)dξ

−
n∑

i=1

biθ
ν+1
i

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

+

n∑
i=1

biθ
ν+1
i H(0)zν+1

i (t)

≤
n∑

i=1

ηiθip
(σ)
ii zν+1

i (t)

+

n∑
i,j=1, i ̸=j

ηiθjp
(σ)
ij |zi(t)|ν |zj(t)|

+

n∑
i,j=1

ηiθjq
(σ)
ij |zi(t)|ν

∫ t

−∞
h(t− ξ)|zj(ξ)|dξ

−
n∑

i=1

biθ
ν+1
i

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

+

n∑
i=1

biθ
ν+1
i H(0)zν+1

i (t).

Using the Young inequality [Fridman, 2014], we ob-
tain

V̇ ≤
n∑

i=1

ηiθip
(σ)
ii zν+1

i (t)

+
ν

ν + 1

n∑
i,j=1, i ̸=j

ηiθjp
(σ)
ij zν+1

i (t)

+
1

ν + 1

n∑
i,j=1, i ̸=j

ηiθjp
(σ)
ij zν+1

j (t)

+
ν

ν + 1
H(0)

n∑
i,j=1

ηiθjq
(σ)
ij zν+1

i (t)

+
1

ν + 1

n∑
i,j=1

ηiθjq
(σ)
ij

∫ t

−∞
h(t− ξ)zν+1

j (ξ)dξ

−
n∑

i=1

biθ
ν+1
i

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

+

n∑
i=1

biθ
ν+1
i H(0)zν+1

i (t)

=
ν

ν + 1

n∑
i=1

ηiz
ν+1
i (t)

n∑
j=1

(
p
(σ)
ij +H(0)q

(σ)
ij

)
θj

+

n∑
i=1

θiz
ν+1
i (t)

 1

ν + 1

n∑
j=1

ηjp
(σ)
ji + biθ

ν
i H(0)



+
1

ν + 1

n∑
i=1

θi

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

n∑
j=1

ηjq
(σ)
ji
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−
n∑

i=1

biθ
ν+1
i

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

≤ νω1

ν + 1

n∑
i=1

ηiθiz
ν+1
i (t)

+

n∑
i=1

θiz
ν+1
i (t)

 1

ν + 1

n∑
j=1

ηjp
(σ)
ji + biθ

ν
i H(0)



+
1

ν + 1

n∑
i=1

θi

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ

n∑
j=1

ηjq
(σ)
ji

−
n∑

i=1

biθ
ν+1
i

∫ t

−∞
h(t− ξ)zν+1

i (ξ)dξ.

If

biθ
ν
i =

1

ν + 1
max

r=1,...,N

n∑
j=1

ηjq
(r)
ji , i = 1, . . . , n,

then

V̇ ≤ νω1 + ω2

ν + 1

n∑
i=1

ηiθiz
ν+1
i (t).

Hence (see [Kolmanovskii and Myshkis, 1999]), the sys-
tem (1) is absolutely stable. The proof is completed. □

Corollary 1. Let Assumptions 1–3 be valid. If one of the
following conditions is satisfied:

(i) there exists a vector θ ≫ 0 such that

(Ps +H(0)Qs)θ ≪ 0, s = 1, . . . , N,

(ii) there exists a vector η ≫ 0 such that

(Ps +H(0)Qr)
⊤η ≪ 0, s, r = 1, . . . , N,

then the system (1) is absolutely stable.

Indeed, in the case (i) the conditions of Theorem 1 will
be fulfilled for sufficiently large values of ν, whereas in
the case (ii) the conditions of Theorem 1 will be fulfilled
for sufficiently small values of ν.

4 Permanence Analysis for a Lotka–Volterra Model
Next, consider the system

ẋi(t) = xi(t)

c
(σ)
i +

n∑
j=1

p
(σ)
ij fj(xj(t))

+

n∑
j=1

q
(σ)
ij

∫ t

−∞
h(t− ξ)fj(xj(ξ))dξ

 , (6)

i = 1, . . . , n.

This system belongs to well known class of Lotka–
Volterra models describing interaction of species in bio-
logical communities (see [Hofbauer and Sigmund, 1998;
Kazkurewicz and Bhaya, 1999; Pykh, 1983; Romero-
Melendez and Castillo-Fernandez, 2022]). Here xi(t) ∈
R is the population density of the i-th species, the
functions fj(xj) are defined for xj ∈ [0,+∞), h(u)
is nonnegative and continuous for u ≥ 0 scalar
kernel, σ = σ(t) is an admissible switching law,
σ(t) : [0,+∞) 7→ {1, . . . , N}, p

(s)
ij , q

(s)
ij , c

(s)
i are

constant coefficients. The coefficients c
(σ)
i charac-

terise the intrinsic growth rate of the i-th population,
the terms p

(σ)
ii xi(t)fi(xi(t)) and q

(σ)
ii xi(t)

∫ t

−∞ h(t −
ξ)fi(xi(ξ))dξ reflect the self-interaction in the i-th
population, whereas the terms p

(σ)
ij xi(t)fj(xj(t)) and

q
(σ)
ij xi(t)

∫ t

−∞ h(t − ξ)fj(xj(ξ))dξ for j ̸= i describe
the influence of population j on population i.

According to the standard assumptions (see [Pykh,
1983]), we consider the case where functions fi(xi) ad-
mit the following properties:

1) fi(xi) are continuous and locally Lipschitz for xi ≥
0;

2) fi(xi) > 0 for xi > 0, and fi(0) = 0;
3) fi(xi) → +∞ as xi → +∞.
Taking into account the biological meaning of the

model, we will consider the system (6) in intRn
+. Let

initial functions φ(ξ) for solutions of (6) belong to the
space BC((−∞, 0], intRn

+).

Remark 3. From the properties of functions fi(xi) it
follows that intRn

+ is an invariant set for (6) [Pykh,
1983].

Actual problem of population dynamics is that of per-
manence of the investigated models [Hofbauer and Sig-
mund, 1998]. The permanence property means that the
following two conditions are satisfied:

(i) Ultimate boundedness of solutions, i.e., the exis-
tence of a compact domain in the state space of a system
such that each motion enters into it in a finite time and
remains in this domain thereafter.

(ii) The condition that species do not extinct, i.e., no
matter how small initial quantities of species are, starting
from a certain time instant, their quantities will exceed
some fixed positive values.

Some results on permanence of delay-free Lotka–
Volterra systems were obtained in [Aleksandrov, Alek-
sandrova and Platonov, 2013; Chen, 2006; Hofbauer and
Sigmund, 1998]. In [Aleksandrov, 2020; Ma, Huo and
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Liu, 2009; Nakata and Muroya, 2010], the permanence
conditions were studied for certain classes of biologi-
cal models with constant delays. However, it should
be noted that the permanence problem for systems with
switching and infinite delay has not been sufficiently
studied.

For the system (6), the corresponding definition is for-
mulated in the following form.

Definition 3. The system (6) is called permanent if there
exist numbers δ1 and δ2, 0 < δ1 < δ2, and, for any solu-
tion x(t, t0, φ) = (x1(t, t0, φ), . . . , xn(t, t0, φ))

⊤ with
t0 ≥ 0, φ(ξ) ∈ BC((−∞, 0], intRn

+), one can choose
T ≥ t0 such that δ1 ≤ xi(t, t0, φ) ≤ δ2, i = 1, . . . , n,
for t ≥ T .

Definition 4. The system (6) is called absolutely per-
manent if it is permanent for any admissible functions
fi(xi) and any admissible switching law.

To derive conditions of absolute permanence, we will
impose some additional constraints on the right-hand
sides of (6).

Assumption 4. Let H(t) ≤ βh(t) for t ≥ 0, β =
const > 0.

Remark 4. For instance, the exponential kernel consid-
ered in Remark 2 satisfies Assumptions 4.

Assumption 5. Let c(s)i > 0, p(s)ij ≥ 0 for i ̸= j, q(s)ij ≥
0, i, j = 1, . . . , n, s = 1, . . . , N .

Remark 5. From the biological point of view, Assump-
tion 5 means that, for each species, birth rate is greater
than mortality rate, and between any two species in
a community there are interactions of the following
types: “symbiosis”, “compensalism” or “neutralism”
[Hofbauer and Sigmund, 1998].

Denote Ps =
{
p
(s)
ij

}n

i,j=1
, Qs =

{
q
(s)
ij

}n

i,j=1
, s =

1, . . . , N .

Theorem 2. Let Assumptions 2, 4, 5 be fulfilled. If there
exist a positive rational number ν with odd numerator
and denominator, vectors θ ≫ 0, η ≫ 0 and numbers
ω1, ω2 such that the inequalities (2)–(4) hold, then the
system (6) is absolutely permanent.

Proof. For a given value of ν, construct the following
counterpart of the functional (5):

V (xt) =

n∑
i=1

ai

∫ xi(t)

1

fν
i (u)

u
du

+

n∑
i=1

bi

∫ t

−∞
H(t− ξ)fν+1

i (xi(ξ))dξ,

where ai, bi are positive coefficients. Consider the
derivative of this functional along the solutions of (6).
In a similar way as in the proof of Theorem 1, it can be

shown that, for appropriate choice of the coefficients ai
and bi, the estimate

V̇ ≤ −γ

n∑
i=1

(
fν+1
i (xi(t))

+

∫ t

−∞
H(t− ξ)fν+1

i (xi(ξ))dξ

)
+M

is valid, where γ and M are positive constants. Hence,
V̇ < 0 for

n∑
i=1

(
fν+1
i (xi(t)) +

∫ t

−∞
H(t− ξ)fν+1

i (xi(ξ))dξ

)
>

M

γ
.

Taking into account Assumption 5, we obtain

ẋi(t) ≥ xi(t)
(
c
(σ)
i + p

(σ)
ii fi(xi(t))

)
, i = 1, . . . , n.

This implies that ẋi(t) > c̄ for 0 < xi(t) < δ1, i =
1, . . . , n, for some c̄ > 0, δ1 > 0.

Denote

Ω =

{
xt ∈ BC((−∞, 0], intRn

+) :

n∑
i=1

(
fν+1
i (xi(t))

+

∫ t

−∞
H(t− ξ)fν+1

i (xi(ξ))dξ

)
≤ 2M

γ
,

xi(t) ≥ δ1, i = 1, . . . , n

}
,

Ṽ = sup
xt∈Ω

V (xt).

It should be noted that 0 < Ṽ < +∞. Let

Ω̃ =
{
xt ∈ BC((−∞, 0], intRn

+) : V (xt) ≤ Ṽ ,

xi(t) ≥ δ1, i = 1, . . . , n
}
.

Then Ω ⊂ Ω̃ and there exists δ2 > 0 such that xi(t) ≤
δ2, i = 1, . . . , n, for xt ∈ Ω̃.

Consider a solution x(t, t0, φ) = (x1(t, t0, φ), . . . ,
xn(t, t0, φ))

⊤ of the system (6) with t0 ≥ 0, φ(ξ) ∈
BC((−∞, 0], intRn

+). First, one can find T1 ≥ t0 such
that xi(t, t0, φ) ≥ δ1, i = 1, . . . , n, for t ≥ T1. Next,
there exists T2 such that T2 ≥ T1 and xT2

(t0, φ) ∈ Ω.
Hence, xt(t0, φ) ∈ Ω̃ and xi(t, t0, φ) ≤ δ2, i =
1, . . . , n, for t ≥ T2. This completes the proof. □
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5 Example
Consider the system (1) with n = 2, N = 2, h(u) =

exp(−u) for u ≥ 0,

P1 =

(
−5 0
0 −4

)
, P2 =

(
−4 1
0 −3

)
,

Q1 =

(
0 5
3 0

)
, Q2 =

(
0 0
2 0

)
.

It is easy to verify that in this case the inequalities (3)
and (4) admit positive solutions if and only if

ω1 ≥
√
71− 9

2
, ω2 ≥

√
73− 7

2
.

Applying Theorem 1, we obtain that, for any rational
number ν with odd numerator and denominator satisfy-
ing the condition

ν >

√
73− 7

9−
√
71

,

one can construct a Lyapunov–Krasovskii functional of
the form (5) guaranteeing the absolute stability of the
considered system.

6 Conclusion
In the present contribution, a special construction of di-

agonal Lyapunov–Krasovskii functional for a switched
positive Persidskii system with infinity delay is pro-
posed. With the aid of such a functional, new condi-
tions of absolute stability of the considered system are
derived. A similar functional is used for the permanence
analysis of a switched Lotka–Volterra model of popu-
lation dynamics. The proofs of the presented theorems
contain constructive procedures for the verification of
the existence of required functionals and finding their pa-
rameters. An important direction for further research is
an application of the developed approaches in problems
of multiagent systems control.
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