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Abstract

In [Irtegov and Burlakova, 2017], the algorithms
for the qualitative analysis of conservative systems
have been presented. These are based on the Routh-
Lyapunov method [Lyapunov, 1954] and some its mod-
ifications [Irtegov and Titorenko, 2009] as well as com-
puter algebra methods [Cox, Little, and O’Shea, 1997].
In the paper proposed, the application of the algorithms
is demonstrated by analysing a conservative system,
the study of which is also of interest. We conduct qual-
itative analysis for the differential equations describ-
ing the rotational motion of a rigid body with a fixed
point in two constant force fields. Similar problems
arise, e.g., in space dynamics [Sarychev and Gutnik,
2015], quantum mechanics [Adler, Marikhin, and Sha-
bat, 2012], [Smirnov, 2008]. In the phase space of the
problem, we isolate the invariant manifolds of maximal
dimension and study the equations of motion on them.
For these equations, solutions (and their families) cor-
responding in the original phase space of the problem
to permanent rotations and pendulum-like oscillations
of the body as well as the invariant manifolds of 2nd-
level, which these solutions belong to, have been found
and their Lyapunov’s stability has been investigated.
The possibility of stabilization for the motions of con-
servative systems, whose stability conditions have the
form of some constraints on the constants of first inte-
grals, was discussed.
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1 Introduction
Let us consider the differential equations

2p=qr+0bd3, g3 =79~ "2p;

2¢ = woy3 —pr, 01 = 021 — 03¢,

7= —=bdy — w2, 02 =03p— 017, (H
Y1 ="Yer — 3¢, 03 =019 — d2p

Y2 = V3P — N7

describing the rotational motion of a rigid body around
a fixed point in two constant force fields. Here
p, q, r are the projections of the angular velocity vector
onto the coordinate axes rigidly attached to the body;
vi, 0; (i = 1,2, 3) are the components of the direction
vectors of the 1st and 2nd force fields, respectively;
xg, b are the components of the radius vectors of the
1st and 2nd force centers. The distribution of mass
in the body corresponds to the Kowalewski integrable
case [Kowalewski, 1889].
Egs. (1) admit the following first integrals:

2H =2(p* + ¢*) + 12 + 2(woy1 — bd2) = 2h,
Vi= (" —¢ —zom —bd&)* + (2pg — w072
+o0)? =c1, Vo= +B+¥ =1,

Vs=107+05+03=1,

Vi = 101 + 7202 + 7363 = ca,

Vs = z3(p11 + a2 + 573) + 02 (pé1 + qd2  (2)
+ 503)% — 2obr[(7203 — Y302)p
+(1301 — 71193)q + 5 (7102 — 7201)]
+20b2y1 (62 4 62 + 62) — 22003 (12 + 42
+93) — bao (061 — y220) (0171 + S22
+0373) = 3,

where V5 is the additional first integral obtained
in [Reiman and Semenov-Tyan-Shanskii, 1988],
[Bobenko, Reyman, and Semenov-Tian-Shansky,
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1989]. Thus, the system under consideration is com-
pletely integrable.

When b = 0, Egs. (1) correspond to the Kowalewski
integrable case of motion of the top in gravitational
force field.

There exists a series of works devoted to the topologi-
cal analysis of system (1) (see, e.g., [Ryabov PE. et al.,
2012], [Kharlamov and Ryabov, 2017] and the bibliog-
raphy therein). The analysis was made on the basis of
the methods and approaches described in [Bolsinov and
Fomenko, 1999]. In the work presented, we used the
Routh-Lyapunov method and some its modifications in
combination with computer algebra methods to anal-
yse Egs. (1) that enabled us to obtain new results in the
problem under consideration.

As is well-known, the problem of qualitative analy-
sis of differential equations is to find special solutions
(equilibria, periodic motions) of these equations and to
investigate their stability and bifurcations. In the case
of conservative systems, the variety of the special so-
lutions is expanded through stationary sets. By these
sets, we mean sets of any finite dimension on which the
problem’s first integrals (or their combinations) take
a stationary value. Zero-dimensional sets having this
property are traditionally called stationary solutions.
By analogy, we call positive dimensional sets the sta-
tionary invariant manifolds (IMs) [Irtegov, 1986]. In
the phase space of system (1), such sets were studied
in [Irtegov and Titorenko, 2016]. In order to obtain the
complete phase portrait of this system, it is necessary
to construct phase portraits on its special IMs, i.e. to
find the special solutions of the equations of motion on
the IMs and to analyse their qualitative properties. The
present paper solves this problem.

The paper is organized as follows. In section 2, we
find the special IMs of maximal dimension for system
(1) on the basis of the Routh-Lyapunov method. In ad-
dition to previously known IMs, new IM has been ob-
tained. Section 3 is devoted to finding the special solu-
tions on these IMs. In section 4, the Lyapunov stability
of the found solutions is investigated. In section 5, the
possibility of stabilization for the motions of conserva-
tive systems is discussed. Finally, we give a conclusion
in section 6.

2 On the Special IMs of Equations of Motion
in the Original Phase Space of the Problem
We shall seek the IMs of maximal dimension for Egs.
(1). Since the problem’s first integrals are IMs of codi-
mension 1, let us begin with IMs of codimension 2.
According to the Routh—Lyapunov method, the sta-
tionary sets of the differential equations under study
can be obtained from the necessary extremum condi-
tions for the elements of the algebra of the problem’s
first integrals. Following this method, we construct
the complete linear combination from the first integrals
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(the family of the integrals):

2K =20 H — M V1 — AoV — A3V — 204 V)

VA (D

Other combinations of the integrals also are acceptable,
including nonlinear ones. Here \; (j = 0,...,5) are
the parameters of the family of the integrals K.

Then, we write the necessary conditions for the fam-
ily K to have an extremum with respect to the phase
variables:

0K /0p=0, 0K/0q =0, 0K /or =0,

OK o = 0, 0K )96, =0 (i=1,2,3). @

The solutions of system (2) allow one to define the
IMs (or their families) for differential equations (1)
which correspond to the family of the first integrals K.
So, the problem of finding the IMs of Eqgs. (1) by the
Routh-Lyapunov method is reduced to solving the sys-
tem of algebraic equations (2). It is the system of 9
cubic equations with the parameters \;, b, . To sim-
plify further computations, it is convenient to use the
variables of the kind [Ryabov PE. et al., 2012]:

r] = —(.730’}/1 + b(Sg) — i(afo’}/Q - bél),

To = 7($0"}/1 + b52) + Z'(Zlio’)/g — b51),

y1 = —(zom1 — bd2) — i(zoy2 + bd1), 3)
Y2 = —(woy1 — bd2) + i(xoV2 + bd1),

21 = —Xo73 + ib 63, 29 = —X0o7Y3 — b (537

w1 = p+iq, wy =p —iq, w3 =T,

where i = /—1.

Their use allowed us to avoid cumbersome computa-
tions in the problem under consideration as well as to
represent the obtained results in more compact form
than when the original variables were employed (see
[Irtegov and Titorenko, 2016]).

In variables (3), Eqs. (1) and first integrals (2) can be
written as

2y = —i(wiws + 21), J1 = (w122 — w3y1),
2wy = i(wows + 22), Y2 = i(ways — we21),
23 = i(y2 — Y1), 2% = i(woxy — wiy2), (4)
i( )

j,‘l = i(w121 — ngl), 22:’2 = 1\w2Yy1 —w1r2),
o = i(w3Ty — wazs),

and
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2H = 2wywy +wi —y —y2 = h,

Vi = (wi +a1) (w3 + 22) = &1,

Yz = (z14+y1)(z2+y2) + (21 + 22)2 =1,

Vs = (21 —yi)(@2 —y2) — (21— 22)° = 1,

‘~/4 :xlyg—xgyl—kz% —z% = Co, (5)

Vs = 2151 (2w3 + 22) + z2y2(2w] + x1)
—y1y2(y1 + y2) + 2wi (waz1 T2 + Wal1 Y2
+2w3z221) =+ 410211)3.%122 — 2(y1 + yg)
X 2122 + 2(222% + 123) + wi (Y12
+2z129 — 1172) = C3,

respectively.
The stationary conditions for the integral K in new
variables take the form:

Aows — Awy (ws + x2) — As[wa(x122 + Yy1y2)
+2xo(wrys + wsz1)] =0,

Aowr — Mwz(wi + x1) — As[wi (z122 + Y1y2)
+221 (wayr + wz22)] = 0,

Aows + As[wz(z122 — Y1y2) — 2wi12221
—2z9(waxy + wsz1)] =0, (6)

A (w3 + x2) + Aa(@2 + y2) —A3(y2 — z2)
+2M1y2 — As[wize — 2wa (w12 + Wway1)
—22(y1 + y2) — 222(2waws + 22)] = 0,

Al(w% + -%'1) + )\2(.%’1 + y1) — )\3(y1 — .7;1)
—2My1 — As[wizy — 2wy (waxy + wiy2)

—Jﬁl(yl —+ yg) — 221(211)1103 + 2’1)] =0,

Ao = 2422 + Aa(22 + y2) — A3(22 — ¥2)

+ s [21 (2w3 + 22) + Y2 (2(w1we — Y1)
+w3 — ) — 22122) = 0,

Ao+ 2Mz1 + Ao(21 +y1) — sz — 1)
+A5[T2 (203 4+ 1) + Y1 (2(wiwa — Yo)
+w? —y1) + 22122] =0,

2)\421 + )\2(21 + Zz)—Ag(Zl — 22) -+ )\5[2’(1)1
Xw3Ts + 22221 + (W5 — y1 — Y2)22] = 0,

2X420 — )\2(2’1 + 2’2) — )\3(21 — 2’2) — /\5[2’(1)2
Xwary + 2w122 + (W3 —y1 — y2)z1] = 0.

We shall seek the IMs of codimension 2 for differ-
ential equations (4) as solutions of system (6). For
this purpose, the Grobner basis method [Cox, Little,
and O’Shea, 1997] will be applied. Software codes of
this method are included in many widespread computer
algebra systems, e.g. Mathematica [Wolfram, 2003],
Maple [Char, Geddes et al., 1992]. We shall employ
the Mathematica program GroebnerBasis based on the
Buchberger algorithm [Buchberger, 1976]. In order to
compute a Grobner basis for a polynomial system the
program uses the system and its variables as input data.
A resulting system is equivalent to the initial one, but
has other form.
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In our work, to obtain the desired IMs, we construct
a lexicographical Grobner basis for the polynomials of
system (6) with respect to part of the phase variables
and parameters A;. In this case, a resulting system is
not, generally speaking, equivalent to the initial one. It
has the special structure: one part of its equations de-
fine the sought IM, and the other part enables to obtain
the first integrals for the equations of motion on this
IM.

Let us take, e.g., Ag, A1, A2, A3, A5,y1,y2 as un-
knowns. Here the number of the phase variables de-
termines the codimension of the desired IM. Next, we
compute a lexicographical basis for system (6) with re-
spect to the above variables. A resulting system can be
split up into two subsystems.

The first subsystem has the form:

A=A = A5 =0,
()\4 — )\3) zZ1 + ()\3 + )\4) zZ9 = 0, (7)
(M —A2) 22 — (A2 + Ag) 21 =0,

To2z1 — Y222 =0, 1129 — 9121 = 0. ®)

It is easy to verify by IM definition that Eqs. (8) de-
termine the IM of codimension 2 of differential equa-
tions (4): the derivative of expressions (8) calculated
by virtue of Eqgs. (4) vanishes on the given expressions.

The motions on IM (8) are described by the equations:

2wy = —i(wiws + 21), 2wy = i(waws + 22),
(172 ©)

2wz = —i(
&y = i(wr21 —w3xy), T2 = i(wzxs — wa2a),

Z1 22

W1T9221

221 = i(WQl‘l - ),
22
229 = —i(wiTy — W1 22

).

21

They are derived by elimination of the variables y1, 2
from Eqgs. (4) with the use of (8).

Each of the latter two Eqs. (7) defines the family of
IMs of codimension 1 for differential equations (9). It
is easy verify by IM definition. Let us resolve these
equations with respect to Ag, A3:

2A4Zl

)\ o )\4(21 —+ 22)
s N3 — .
21+ 29

Z1 — 22

Ao =Xy —

(10)

Having computed the derivatives of the right-hand
sides of relations (10) in virtue of Egs. (9), we find that
they are identically equal to zero. So, one can conclude
that these expressions are the first integrals of differen-
tial equations (9).
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The 2nd subsystem has the analogous structure:

filwi, wa, w3, 1,22, 21, 22, Ao, A1, Az, As, an
A, X5) =0 (i=1,...,5)
wiwawsyr + w1z (wiws + 21) + [wary
+w3(w1w3 + Zl)} z9 = 0,
—W1WaW3Y2 — w%w?ﬁl — (w12 + w322) 21
—wo(w3zy + T129) = 0.

(12)

Egs. (12) define the IM of codimension 2 for differen-
tial equations (4), and each of the relations f; = 0 (i =
1,...,5) determines the IM of codimension 1 for the
equations of motion on this IM. Besides, they allow
one to obtain the first integrals of the given equations.

In the original variables, Eqgs. (8) can be written as:

F+iG =0, F—iG =0, where
F = 372 — 923, G = 6371 — 13-

It is easy to verify by IM definition that the equations
F=0,G=0 (13)

define the IM of codimension 2 of system (1).
After analogous transformations, Egs. (12) become

(2071 + 2q72 + ry3) (p7 — T0y3) + 20p (7203
_’7362) = 07
(2pd1 + 2qd2 + 1rd3)(q 7T + bd3) + 220G (7103
—v301) =0

(14)

and determine the IM of codimension 2 of differential
equations (1).

Having constructed a lexicographical basis for the
polynomials of system (6) with respect to, e.g., Ag, A1,
A2, A3, A4, X1, T2, we have found two IMs of codimen-
sion 2 of differential equations (4). One of them coin-
cides with IM (12). The 2nd differs from the above IMs
and is given by the equations

o [w3(wiys + 27) + wiz1 (w3 — y1 + y2)]
—waz2 (Wi + 27) — wiz1[wa(wayr + w322)
+22(waws + 22)] = 0,

x1 [ws(wiyr + 23) + waze (W3 + y1 — y2)]
—woza(wiys + 23) — w1 21 [wa(wayy + w322)
+22(wows + 22)] = 0.

5)

In the original variables, Egs. (15) can be written as

b383 (261 (62p — 01q) + J3(62r — 2839)]

+ b [03 (61p + 02q) % + (46182p q + 67 (P —¢?)
=05 (p* — ¢*) — 205 (P> + %)) r
263 (01p + 029) (p* + ¢°)]

+ 2373 [272(72p — 119) +73(273P — Mi7)]

+ 23 [v3 (yp + 120) r* + (dnvep a+93 (P> —4?)
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-5 (P* = %) = 275 (P* + ¢*))r
=273 (71p + 729) (P* + ¢°)]
—bxo (2(p° + ¢°) +72) [p (9372 — d273)
—q (5371q - 5173)]
+ b%20 [03F1 — 261 (73 (61p + 629)
=03 (mp — 737))]
—bxd [y3P1 — 205 (y2 (1P + 7129)
=73 (13g — 727))] = 0, (16)
b3F26153 — b2F2 (52]9 - 51(]) r
+ 23 Pov2ys — 23P2 (vop — M1q)r
+ bz [v3 (61p + d2q) — 03 (1P + Y29)] r?
+ b2z [05 (202 (y2q + Y37) — d3727)
4201 (73(02p — 619) + d3719)]
+ b [v3 (2p (0171 + S272) — G1737)
—203 (72 (720 — 719) — M1y37)] = 0.

and determine the IM of codimension 2 for the equa-
tions of motion (1). Here F; = 2p (d2y2 + d37y3) +
03717, 1 = 2q (6171 + 272) + day3r Fo = 2(d1p +
62q) + 037, P2 = 2(71p + V29) + V37

For the polynomials of system (6) there were con-
structed lexicographical bases with respect to other
similar combinations of the parameters )\; and phase
variables, but they did not give new results.

IMs (14), (16) have been obtained earlier in [Irte-
gov and Titorenko, 2016]. When zy = £1,b = F1,
Egs. (14), (16) are equivalent to Egs. (3.3) and (3.5)
[Ryabov P.E. et al., 2012], respectively. IM (13) is new.

Another IM of codimension 2 in this problem has been
found in [Bogoyavlenskii, 1984]. When the constant ¢y
of integral V; (2) is zero, the equations

p? —¢* — o1 — bds =0,

17
2pq — x9y2 + b6, =0 a7

define the IM of codimension 2 of system (1).

Qualitative analysis of the equations of motion on IM
(17) was made in [Irtegov and Titorenko, 2015], [Irte-
gov and Burlakova, 2017]. In the present work, the
equations of motion on IMs (13), (14), (16) are stud-
ied.
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3 Finding the Special Solutions of the Equations
of Motion on the IMs

3.1 OnIM (13)
The equations of motion on IM (13) can be written as:

. . rd
2p = qr + bds, ’71:'73(572_‘]>7
3
9 — o P o273
q=ToY3 —PT, Y3 =471 — 53 ,
700" b
7,4:_(3“0 273 4 371>’ (18)
03 V3
) ) 5
52253(10—@)7 63:(1371_1752,
3 73

They have the following first integrals:

2H = 2(p* + ¢*) + r® + 2(zoy1 — bd2) = 2h,
Vi=(p®—¢* —xon — bda)?

Gy byds?
+(2pq7$o’Y3 L gk 3) =&,
d3 V3
. 52
=at+a3 (F+1) =1,
3
A~ 72
1@:5§+5§(7—§+1):1, (19)
3

N 03 _
Vi= 207 4ah) + B2 =g,
V3 o3
N x2y2 + b2 52 2
Vs = W <2p7153 + 27302 + T7353>
303

— &

Egs. (18) and integrals (19) are derived by the elim-
ination of the variables 41,72 from Egs. (1) and inte-
grals (2), respectively, with the use of (13).

Finding the IMs of 2nd-level

Consider the problem of finding the special IMs for
Egs. (18). Such IMs we call the IMs of 2nd-level. In
order to obtain them, the technique of section 2 is ap-
plied.

First, we solve the stated problem for differential
equations (9) on IM (8). The first integrals of these
equations are derived by the elimination of the vari-
ables y1, y» from expressions (5) with the use of (8):

X221 X122

2H:2w1w2+w§— —7:71,
22 21
Vi = (wf +a1)(wh + 22) = &1,
— ToZ Tz
VQ:(21+22)2+((E2+ zl)(l'1+ ;2):1,
2 1

‘73 = (SCQ — T221 I122) - (Zl — 22)2 = ].7

)1 —

22 21
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¥ (21 — 23) (w12 + 2122)  _

Vy= = C2, (20)
zZ122
= (w1221 + woxr122 + 11)32122)2 _
Vs = = C3.
2122

We take independent integrals from the above ones
(e.g., H,V1, Vs, V4, V), and construct the linear com-
bination

2K = 2uoH — mf/l - ug‘_/z — M4V4 - M5‘75 2n

from them and write the stationary conditions
for the integral K with respect to the variables
w1, W2, W3, T1,T2, 21, 22!

8K/8w1 = 0, 8K/8w2 = 0, 6K/8w3 = 07

0K Jdx; = 0, OK /02 =0 (i=1,2). 2

Here p; (i = 0,...,5) are the parameters of the family
of the integrals K.

Then, we compute a lexicographical basis for the
left-handed part of system (22) with respect to
1oy 1, b2, fha, T1, T2 and, as a result, obtain the IM of
codimension 2 of differential equations (9). Its equa-
tions are given by

2
wsa(wiws + 21) — waze(2wiws + 21) — w125 =0,
w2w§x1 — 2wiwowszzy — wng + w3x129

—Wi12129 = 0.

In the original variables, these equations take the form

62 [(p? + ¢*)r? — 2xoprys + 2373 + b263
+2bq ’1”53} — 253((]7" + b53)[(p2 + q2)7‘
—xopys + bgds] = 0,

2v3(pr — wov3) [(p* + ¢*)r — opys + bgds)
—ry1 [(p% + ¢*)r? — 2xoprys + 2573 + b203
+2bq 7"53] = O

(23)

and define the IM of codimension 2 of differential
equations (18).

Finding the stationary solutions.

Now, we shall seek the stationary solutions of Egs.
(18). As mentioned before, stationary solutions are
usually found by the Routh-Lyapunov method from
the necessary conditions of stationarity for a family of
problem’s first integrals. In the problem under consid-
eration, this approach leads to solving a system of 7
polynomial equations of 5-8 degrees. To simplify com-
putations, we apply the technique described in [Irtegov
and Titorenko, 2015]. First, we find solutions of differ-
ential equations (18) under zero derivatives, and then,
obtain the families of the integrals which take station-
ary values on these solutions.
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Equate the right-hand sides of differential equations
(18) to zero and add relations V5 = 1, V3 = 1 (19) to
them:

qr+ bdz =0, %(7’52*(153) =0,

1)
zoys —pr =0, 51 (q%53 —p7352) =0,
%(m:a - ml) 0, (q5371 maéz) =0,
07302 + 57153> =0, (24)
-1 =0,

? (85 (7} +13) + 3 (05 — 1)] =0.
3

1
735 (
1
52 [ (85 + 03) + 65(77

For the subsystem

qr+ b3 =0, rdy — qd3 = 0,
roy3 —pr =0, qyd3—py3d2 =0,
py3 —171 =0, @d371 —py302 =0,
T V302 +by103 =0,
V3 (85 +03) +03(7 —1) =0,
83 (77 +13) +13(03 —1) =0,

of system (24), construct a lexicographical basis with
respect to part of the phase variables, e.g., q,7,71,
3, 02,03. A resulting system is split up into several
subsystems. Let us consider two of them.

The 1st subsystem:

bp — 20q =0, (b + x) p* + g (p?r® — 2f) =0,
pr+xod3 =0, zoy3 —pr =0, (25)
bp? + 2302 = 0, p* — xoy1 = 0.

The 2nd subsystem:

bp + xoq = 0, (0% + ) p* + a5 (p*r® — a3) = 0,
xgd3 —pr =0, zgy3 —pr =0, (26)
bp® + @302 = 0, p* — zo71 = 0.

It is easy to verify by IM definition that Egs. (25), (26)
define two one-dimensional IMs of differential equa-
tions (18). The vector field on each of the IMs is de-
scribed by the equation p = 0 which has the following
family of solutions:

P = po = const. 27

Egs. (25), (26) together with (27) determine 4 families
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of solutions of differential equations (18):
2
D « D
P =Po, 9= 77“::':7 _707
PoZxo Zo
« bp? «
B=t—, f=——"G=F—;  (28)
Zo Zo
bp 5
pP=po,q=———,r=Ft— 7 =2,
Zo DPoTo Zo
! bp3 !
Y3=t—,0=———,03=%— (29)
Zo

Here py is the parameter of the family, o =
(zd — (b* + 22) p3)*/2. On substituting the above ex-
pressions into Egs. (18) they are satisfied.

We are interest of the real solutions which correspond
in the original phase space of the problem to motions
of the top. Solutions (28), (29) are real when py #
0, (PR +z0<0orzy>pi)and (—oc <b<0or0<
b < o), where o = xm/ac(%po_4 —1.

All the above solutions can be “lifted up” into the
phase space of system (1). To this end, it is sufficient to
add the equations of IM (13) to that of IMs (23), (25),
(26). In the case of the families of solutions, the values
of the variables -5, §;, obtained from Eqs. (13) under
the corresponding values of the rest of the variables, it
is necessary to add to relations (28), (29).

In order to find out the direction of the force fields
corresponding to solutions (28), (29), we substitute the
solutions into integral V, (19). It becomes identically
“—1"and “+ 1”, respectively. So, with mechanical
viewpoint, the elements of the families of solutions un-
der study in the original phase space correspond to the
permanent rotations of the top in the opposite in direc-
tion (or parallel) force fields.

Resolve Eqs. (25) and (26) with respect to q, 7,71,
73, d2, 03 and, then, substitute the resulting expressions
into (23). The latter equations turn into identities.
Whence, one can conclude that the IMs defined by Eqgs.
(25), (26) are submanifolds of IM (23).

Now, let us obtain the integrals taking stationary val-
ues on solutions (28), (29). For this purpose, we con-
struct the linear combination from integrals (19)

2K = QMQH - LL1V1 - H2‘72 - M3‘73 - M4V4 (30)
—usVs (pi = const)

and write the necessary conditions for the integral K
to have an extremum with respect to the variables

b,q,T, 71773762a 63:

OK /0p =0, 0K /8q =0, 0K /dr = 0 1)
OK/9v; =0 (i =1,3), K/35; =0 (j = 2,3).
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From Egs. (31), we find the constraints on y; under
which solutions (28) satisfy these equations:

1 HoTh 1 pob®zd
p2 = 5k ng)’ s =5 (pa D2 )
__Quoxé
B="ph"

From now and further, we use the following denota-
tions: D = b?> + 2%, D = Dp} + x$, D = b — 23.
On substituting the latter expressions into (30), one
obtains:

2K, = Ko — pa (Va + Vs + 2V3), where (32)
- x2 (b2V3 + 72 ‘72) 2x4‘75 N
Ko = po |H + =2 072) 200 .
0 Ho + 2l)p8 DD H1Vva

As one can see from (32), the family of the integrals
K, is divided into 3 subfamilies corresponding to the
coefficients of pg, p1, pt4. Both the family itself and
each of its subfamilies takes a stationary value on the
elements of the family of solutions (28). It is easy to
verify by direct computations.

Similarly, we have the family of integrals 2K, =
KO + 1y (VQ + Vg, — 2174). Both this family and its
subfamilies (the coefficients of pg, 1, p14) takes a sta-
tionary value on the elements of families (29).

With the above technique, we establish that the inte-
grals Vi, Vo + Vs + 2V, take stationary values on IMs
(25), (26), i.e. these IMs are stationary.

3.2 OnIM (14)
The equations of motion on IM (14) have the form:

2p = qr + b3, 24 = xoy3 — P,

2r = %[b((2q52 +103)(qr + bd3) + 220(g7103

—P302)) + zo(2py1 +ry3)(pr — 2073)];
N=—qyst o [(22771 +7ry3) (203 —p 1) +2bpy382],
Ys=qn+ p[(QP’Yl +7y3) (P —2073) —2b PY32], (33)
8o =pla+ % [(2¢62+703)(qT+bd3) +220q V103],

O3 =—pday— % [(2¢02+703)(q7+b d3) 4220971 03]

They are derived by the elimination of the variables
01,72 from Egs. (1) with the use of (14).

Analogously, the first integrals of Eqs. (33) are de-
rived by the elimination of the variables 61,2 from
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expressions (2) with the use of (14):

2H = 2(p* + ¢%) + r? + 2(woy1 — bd2) = 2h,

Vi =~ ¢* —zom — b5)?
+b61)? = ¢,

Vo= +35+73 =1 Va=0{ +05+05 =1,

Vi = 7101 + 202 + 7303 = é2,

Vs = 23 (py1 + @2 + 573) + b2 (pd1 + b2
+%53)2 — zobr[(F203 — v392)p
+(7361 — 1103)q + 5 (7162 — ¥261)] + 2ob® 11
X (0F + 85 +03) — xob52(’71 +95 +3)
—bao(bd1 — o¥2) (8171 + G292 + 0373) = &5

+ (2pq — x0%2

(34)

Here p = bpds + q(pr — xo73),
Y2 = =[(2py1+773) (pr—zov3) —2bpy362]/(2p),
01 = —[(2q02 +703)(qr +bd3) +2x0q103]/(2p)-
Finding the stationary solutions

For Egs. (33), by the technique of section 3.1, we
have found 2 one-dimensional IMs and 4 families of
solutions, which belong to them.

The equations of the 1st IM are given by

bp — zoq = 0, Dp* + 23(p?r? — 22) = 0,
pr+x003 =0, zgy3 —pr =0, (35)
bp® + 2362 = 0, p* — zoy1 = 0.

The family of solutions belonging to IM (35):

/4 « b
pP=po,q=-—,r=Ft— =2,
PoZo o
o bp? !
V3 =+t—, 52:*?»53:4:* (36)
0

The equations of the 2nd IM are written as:

bp + z0q = 0, Dp* + 23 (p*r? — 23) =0,
2903 —pr =0, xoy3 —pr =0, 37)
bp? + 362 = 0, p* — xoy1 = 0.

The family of solutions belonging to IM (37):

bpo I
bP=Po,4q=—"—,T —i77’7 70
Zo PoZTo xo

b2
STREITLLAN NI N (38)
Zo o o

Here pg is the parameter of the families,
(x5 — (b +23) pg) /2.

With the use of the technique of section 3.1, the above
solutions can be “lifted up” into the phase space of sys-
tem (1).

o =
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On substituting solutions (36), (38) into integral vy
(34) it becomes identically “ — 1” and “ + 17, respec-
tively. So, with mechanical viewpoint, the elements
of the given families of solutions in the original phase
space correspond to the permanent rotations of the top
in the opposite in direction (or parallel) force fields.

As one can see from (35)-(38), the solutions formally
coincide with solutions (25), (26), (28), (29) of section
3.1. It is not difficult to show that in the original phase
space of the problem the same IM corresponds to, e.g.,
IM (25) and IM (35).

In order to obtain in the phase space of system (1) the
equations of the IM corresponding to IM (25) on IM
(13), it is sufficient to add Eqgs. (13) to Egs. (25):

bp — zoq = 0, Dp* + z§(p°r® — x3) = 0,
—(pr+x003) =0, 2973 —pr =0,

bp? + 2252 =0, p> — 2071 =0,

53’72 - 52’}/3 = O, 5371 — 51")/3 =0.

Analogously, in the original phase space we find the
equations of the IM corresponding to IM (35) on IM
(14):

bp — zoq = 0, Dp* + 23 (p*r® — 23) =0,
pr+xods =0, zgys —pr =0, bp® + 23d2 = 0,
p? — 2071 =0, 2bp (1362 — 7203) — (2p71 + 2972
+7ry3)(pr — woy3) = 0, (2pd1 + 2qd2 + 763)

X (qr 4 bd3) + 2x0q (7103 — v361) = 0.

Next, construct a lexicographical basis with respect
to the variables ¢, 7, v1, Y2, 3, 01, 02, 03 for each of the
above systems. As a result, we have the same equa-
tions:

bp — xoq = 0, Dp* + 23(p?r? — 23) = 0,

r =+ x9d3 =0, zgy3 —pr =0,
p , 02 3 02’73 p (39)
bp® + 2502 =0, p* — zo11 =0,
p® + 2001 =0, bp? — xdy, = 0.

They determine the one-dimensional IM of differential
equations (1).

Similarly, one can establish that in the original phase
space the following families of solutions correspond to
the families of solutions (28) on IM (13) and (36) on
M (14):

2 2
P o P bp
P = Do, 4 ) =+ ) :707 2 = 207
Pox Zo xg
bp? @
73_:|:7751:_p7075 __p0763: -
0 ) xo

They belong to IM (39).
Resolve Egs. (39) with respect to ¢,7,7;,0; (i =
1,2,3) and, then, substitute the resulting expressions
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into Egs. (13), (14). They become identities. Whence,
one can conclude that IM (39) belongs to both IM (13)
and IM (14), i.e. it lies at their intersection.

Analogously, we find that in the phase space of system
(1) the same IM corresponds to IM (26) on IM (13)
and IM (37) on IM (14) as well as the same families of
solutions correspond to the families of solutions (29)
on IM (13) and (38) on IM (14).

Using the technique of section 3.1, we have obtained
the families of integrals the elements of which take
stationary values on the elements of families (36) and
(38), respectively:

P [2(p%DH:F VagVa) I%Z%Vs}
Hz Da? SY>%)
2PV 2(p2D H F x3Vy)
—nV [Ofk Yy A T T ]40
wiVi+ps 5D D 3 22D (40)

The integrals Vl, Vg + Vg + 2V4 take stationary values
on IMs (35), (37), i.e. these IMs are stationary.

On special solutions corresponding to pendulum-like
motions

In the problem under study, the solutions, for which
p=r=0o0rq=r =0, correspond to the oscillations
and rotations of the top in a plane around one of its
principal axes. Consider the following solutions of Egs.
(33):

p=1r=203=0,0 ==%1 41

and
qg=r=v3=0,7m==*L (42)

It is easy to verify by IM definition that Egs. (41), (42)
define four IMs of codimension 4 of Egs. (33).
The equations of motion on IM (41) have the form:

24 = ToY3, 71 = —q7V3, Y3 = q71.

In the original phase space of the problem, with me-
chanical viewpoint, IMs (41) correspond to pendulum-
like oscillations of the body around its immobile prin-
cipal axis Oy.

The equations of motion on IM (42) can be written as:

2p = bds, by = pds, b3 = —pda.

In the original phase space, IMs (42) correspond to
pendulum-like oscillations of the body around its im-
mobile principal axis Ox.

On substituting IMs (41), (42) into integral v, (34) it
is identically equal to zero. So, with mechanical view-
point, in the original phase space of the problem the



138

IMs correspond to the pendulum-like oscillations of the
top in orthogonal force fields.

By direct computations, one can verify that the inte-
grals K1 = H? — Vi + 2b[(H + b)V3 + V,*/?] and
Koy=H?-V,—2b[(H—b)Vs— V11/2] take stationary
values on corresponding IMs (41). Analogously, the in-
tegrals Ks 4 = H2 — Vi + 20 [(xo F H)Va + V,'/?]
take stationary values on IMs (42). Thus, these IMs are
stationary.

Finding the IMs of 2nd-level

Now, for differential equations (33), we shall seek the
IMs of maximal dimension, which the above solutions
belong to. First, we solve this problem for the equa-
tions of motion on IM (12):

2’(1-}1 = 711’11}111)3 —+ 21, 2’102 = iw2w3 —+ Z2,
. { 2
2’LU3 = 7[101;1:2 — 1U2(’LU2I1 + wgzl)
wiwW2

+wiwszze)], (43)

.’bl = i(wlzl — wgl'l), i-Eg = ’i(’lUg!EQ — ’wQZQ),

: 2 2
22 = (2wiwswy + waw3z1 + w1221
Waws3
+wary 22 + w321 22),
222 = — [w1x2(2w1w3 + 21) + ZQ(’U)QiEl

w1Ws
“+ws (’U)fLUg + Zl))]

They are derived by the elimination of the variables
Y1, yo from Eqgs. (4) with the use of (12).
Consider some of explicitly written relations (11),

e.g.,

As [(wiwawe + (w2 — 21) 21 — wiwza?) (wiwo
+w322) — wg(wgzl (wgl‘l — wlzl) + 1‘1(501

—9) 22 + wiws23)] + 2X4 (w1221 + Wory 22
+wsz122) =0, (44)
M wiwaws [(wiwsrs + (2 — 1) 21 — wWiws

xa3) w1y + wsza) — wa(wsz) (wsz) — wiz1)
+ZE1(1‘1 — 1‘2)22 + wlwgzg)] + 4/\4(1011‘22’1
+wox122 + w32122)2 =0.

They define the IMs of codimension 1 for Egs. (43).
In the original variables, expressions (44) are:

)\4F1 + i)\5G1 = O, )\4F2 + Z‘AlGQ = 0, where

Fi = 2(py103 + q7302) + 17303,

G1 = 7103 (qr 4 bds3) + 2(x0qyids — bpy3d3)
+1y302(pr — Tov3) + 2m02((p* + ¢°)r
—xopy3 + bgds) —27303(q (pr—2073) + bpd3),

Fy = 2bxoF, Gy = [bpds + q(pr — w073)] G1,
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respectively.
Each of the equations

MFL 4+ A5Gy =0, MFo + X\G2 =0 45)

determines the family of IMs of codimension 1 for Egs.
(33). Here A1, A4, A5 are the parameters of the family.

The invariance of IMs (44), (45) is verified by direct
computations by IM definition.

From Eqgs. (45), one can obtain the constraints on
A1, A5 under which solutions (36) satisfy these equa-
tions:

Ay D? A D

Al =—7—=%—, As =
bripg

 2badp?

Having substituted the latter expressions into (45), we
have the equations for the families of IMs of codimen-
sion 1, which solutions (36) belong to:

Ay 3 9 ~
Sl {2bx0pOF1 - DGl} —0,
4

it [bxgpé Fy— D? Gg} —0. (46)
Here py is the parameter of the families.

Thus, solutions (36) lie at intersection of the families
of IMs defined by Eqgs. (46).

Let us consider the expressions in the square brack-
ets (46) as the polynomials of py. To eliminate pg
from one of them, we compute the resultant of these
polynomials. It has the form: Res = P; P, P3, where
P; (i = 1,2, 3) are the polynomials of p, g, 7, y1, V3, 02,
3.

It is easy to verify by IM definition that each of the
equations P; = 0(¢ = 1,2,3) determines the IM of
codimension 1 for differential equations (33). Both so-
lutions (36) and one-dimensional IM (35) belong to one
of these IMs. Its equation is written as:

2 {(7353 +1)[q(pr — 2073) + bpds] — 7162
x[(p* + ¢*) r — zopys + bgds] + bm?,é%} — g7 03
-7 |:"}/153(q1" —+ b53) —+ ")/352([)7’ — $073)i| = O

Similarly, we find the IM of codimension 1, which
solutions (38) and one-dimensional IM (37) belong to.
This IM is given by the equation:

2 [(7353 —1)[q (pr — zo73) + bpds] — 1162

x[(p? + ¢*) r — Topys + bads) + bp%%} — Toqy303
—r [’}/1(53((]’1“ + bd3) + y3d2(pr — LC()’Yg)} =0.

The equation of the IM, which solutions (41), (42) be-

long to, is derived from Eqgs. (45) when Ay = 0. Itis
given by G; = 0.
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3.3 OnIM (16)

The equations of motion on IM (16) are rather bulky.
It is more convenient to analyse these equations in vari-
ables (3), i.e. the equations of motion on IM (15). They
are derived by the elimination of the variables 1, x5
from Eqgs. (4) with the use of (15):

2 = —i(wyws + 21), 2y = i(wews + 22),
23 = —i(y1 — y2),
v =i(wiz2 —wsy1), Y2 = i(wsys — waz1),
Wao O

ws (wiy1 + 23) + waza (w3 + y1 — y2)

2z’1=z’[

—wiye) *7)
[ w1 o

i
ws (Wiys + 22) + w21 (w

23y = —
2—y14y2)

_w2y1}7

where 0 = woza(wiys + 22) + wizi(wiy; +
2wowzze + 23).

As one can see from Egs. (47), they have no solutions
corresponding to equilibria of the body, i.e. for which
wy = wy = ws = 0. In this case, the equations have
a singularity. For the same reason, we could not obtain
the solutions corresponding to the permanent rotations
and pendulum-like motions of the top. However, Egs.
(47) can be integrated on one of their IMs.

Consider the first integral of these equations:

_2X5 [wayiz1 + 22(wiye + w3z

=\
waz1 + wr (Waws + 22)

Here A1, A5 are some constants. This integral has been
obtained from stationary equations (6) together with
IM (15) in section 2.

Having eliminated the variable zo from Egs. (47) with
the use of the integral, one obtains:

2 = —i(w1w3 + 2’1),
. ( A (wiws + 21) + 259121 )
—1Wo —ws |/,
Awy + 2A5(w1y2 + w3z1)
23 = —i(y1 — Y2),
i = _i(w1w2 A1 (wiws + 21) + 2A59121]
! Arwy + 2A5 (w1y2 + ws2)

2wy =

+w3y1>, U2 = i(wsys — waz1), (48)
25 — (’wg [)\101 wy —|—2)\r0'2 21 +4)\1)\rw1w3z1}
! )\2 + 4)\ 5Y1Y2 — 2/\1/\5(103 — Y1 — yg)
+w1y2)7

where o1 = )\1 + 2)\5y2, 09 = )\1 + 2)\5y1.
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It is easy to verify by IM definition, the equations
w2:0, w3:0, yli]., y2:17 Zlﬂ:wl =0. (49)

define two one-dimensional IMs of differential equa-
tions (48).

The motions on these IMs are described by the equa-
tions

211:)1 = :Fiwla

respectively. They can be integrated in the elementary
functions: w; (t) = C expTit/2 where C} is a con-
stant of integration.

4 On Stability of the Stationary Solutions
41 OnIM (13)

Let us investigate the stability of the families of solu-
tions (28) on IM (13) on the basis of Lyapunov’s lin-
ear stability theorems [Lyapunov, 1992]. As is well-
known, they provide necessary stability conditions.

We introduce the deviations

Y1 =02 — 89, y2 = 03 — 09, y3 = 71 — 7,
Yo =73 =8, Y5 =P —po, Yo =4 — ¢°, yr=r —1°
from the elements of the family under study, where
P0,q°,7°,89,69,99,~% are the values of the variables
in unperturbed solution (28).

Next, we write the equations of first approximation in
the vicinity of the elements of the family:

iiy:s — PoYa F 23/5 + o
Pox xr
. bpd Do
Y2 = —poy1 + Fo(yz +ya) — ;O(by:s + Poys)

bpg .
+720y5a Ys =
)

«
5 (Toy1 + Poys)
Lo

bp . bp3
‘*‘?20(330112 + poyr), Ya = poy1r F 70(3/2 + v4)
0

p bpd
*(by?) + PoYs) — = —ys, 205 = bys £ —— 2y
Zo DPoZo
bp . 5
+—0y7, 296 = Toys F 2 DoY7, (50)
Zo PoZo
. 2bpix
Jr = Toy1 F —— 0 (y2 + ya) + bys.

From now and further, ~the denotations ofi section 3 are
us;:d’ D = b22+ 23, D = Dp§ + x3, D = b* — 23,
@ (w5 — (b* +28) pp)-

Taking into account the conditions for solutions (28)
to be real, the characteristic equation of system (50)

NpgaiA? + o] [4pgiA* 4+ x5 — 3Dpj] = 0
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has only zero and pure imaginary roots under the fol-
lowing constraints on the parameters b, zq, po:

po # 0, (\/gpg—l-mo < 0orzg >\/§p%)
and(—a§b<00r0<b§0), (51)

where o = zo+/23 (3pg) ! — 1.

The above-represented inequalities provide the neces-
sary conditions of the stability for solutions (28). We
derive the sufficient stability conditions for these so-
lutions by the Routh-Lyapunov method. This method
uses first integrals and their families taking stationary
values on solutions under study. The problem is to ver-
ify the sign-definiteness conditions for the 2nd varia-
tion of the corresponding family of integrals obtained
in the vicinity of the studied solution on the linear man-
ifold defined by the first variations of “conditional” in-
tegrals.

We shall use the family of integrals Ky (32) taking
stationary values on the elements of the families of so-
lutions (28) under the condition p4 = 0. In this case, it
has the form:

x3 (b2%+x% Y72) B Qxévg,
2D pg DD

KO:MO[H+

The 2nd variation of the integral K, in the vicinity of
the elements of the studied family of solutions in the
deviations y; (¢ = 1,...,7) on the linear manifold

§H = pozo(zoys — byr) + 25 (xoys + bys) £ ayr
=0,

5V = £2 [0 phy2 + apf(zoys — byr)
+ a3 (xg — po) yal = 0,

SV = 42 [(0*pg — x5)y2 £ apt(zoys — by1)
—ppagyal =0,

Vs = —(x + py D) [2bpg D (o1 — poye)
+axo(b*ye — xiys) — 2paxoD(T0Ys3
+poys) F apoDy7] =0

is written as: 252K0 = Oélly% + a12Y1Y2 + a15Y1Ys5 +
Q17y1yr + Qaays + QosYays + Qoaryayr + ssyE +

|-mvi. 52
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2
as7Ysyr + arryy, where

DL " 20D
Q11 = —5 5 5 12 = T7——5~ 011,
2pga bpi D
4pg 2axg
Qs = ——— a1, 7 = F—— «
15 p Q1 ot :FprD 11,
1 2 4/ 2 2 4
99 = —WPQ DL—,U():I()(@ —2b pO):|’
(0% 2 2 2.2
Qo5 = im |:(2b — IEO) L— 2,Ulp05170D} )
1 210124 2(a12 | .2
Qg7 = W pirg [2#1130[217 xo — o (30 + )]
~wD +a) L],
D[4pup§D — pox)] aZo
= — =t—5—
Qass b21~(2) , Q57 pg D ass,

Po
a7y = o~ Qar, L =2u1p3D — poxg,.
To

The conditions for the quadratic form §2 K to be pos-
itive definite are sufficient for the stability of the ele-
ments of the family of solutions (28). In the form of
Sylvester’s inequalities, they are:

D D*L
T2 [4M1P3D — poxp| >0, o >0,

2,22
Lo b*pya;

DL
%?EPM%D@W%w®4%+%ML>Q
0Lo
apd L?
0 Lo

Taking into account the conditions for solutions
(28) to be real, the above inequalities are consis-
tent under the following constraints on the parameters

Moy K1, ba Zo, Po-

[0
Py D
(V3p2 + o < 0 or 29 > V/3p2) (54)
and(—a<b<00r0<b<a).

o < 0and pg # 0 and 2uy < and

As one can see from (54), inequalities (54) are divided
into 2 groups. The first (the constraints on the parame-
ters po, b, xg) provides the sufficient conditions for the
stability of the elements of families (28). The 2nd sep-
arates some subfamily from the family of the integrals
K, the elements of which give us a possibility to de-
rive these conditions.

On comparing inequalities (54) and (51) we conclude
that the conditions (51) are necessary and sufficient for
the stability of the elements of families (28) up to the
boundary of the conditions.
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We have derived the above stability conditions for the
families of solutions (29). The family of integrals K
(52) was used to obtain the sufficient conditions.

42 OnIM (14)

The stability of the stationary solutions on IM (14)
is analyzed also as above. To obtain the sufficient
stability conditions for the elements of families (36)
we use the family of integrals K (40) when Ay =
(b* — 22)(M\1 + 1/(b® + 23)), A3 = 0. Under these

constraints the family of the integrals K becomes:

- 205 5 1 oo
Ky =(MD+1) [x—gH =DV,
1262V, — @ﬂ — AV (55)
4 21’3 1vVi-

The 2nd variation of the integral K 1 obtained in the
vicinity of the elements of the studied family of solu-
tions on the linear manifold

§H =pozo(wols — b&1) + 2pd(zoés + bés) + oy = 0,

§Vo = 2apiad(vols — b&1) + a’poadéy
+2pRad (b2Es — 2384) + D*(ads + piwoér) = 0,
§Vi = dabpdad (b& — xo&s) + a?bpoad (& — &)
+4bpiad(x3és — b2&3) — aD? (b5 + 20és)
f2bD2p0x0§7 =0,
§Vs = 2D? [+ dapizoD(zols — b&1) — poxo (g
—3pyD)(0*Ea — x3€s) £ x4 5py D)
X (205 + b&s) + pgD(a® + 2235) &) =0

is written as: 0° K = £7 + aq56165 + ar6é1&s + 3 +
358385 + a36€38e + 552 + a56E5E6 + ge&3. wWhere

2D? (po z3 )
a5 =— — — —=— ], ags=—ais,
15 op 3D 20 MD 35 16

—2b< 0 70)’
Q36 x% +p(3)D
1

as55 = 57569
a2 b?2plx3D

[(ml +1)[a? (428D
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+a? (0% (py — 25) + 4ag)) — 4ap (pg (Ko — )
+0223)] + o (o + 4pial) + a4l~)2] ,

2
- - D 1 2 2 b2 4 4 4
a3 =y (D + 1) [0 (009} + 42()
~8af) + af (2 — pi)]]
1
= 571 | (DM +1) [@*(a® (bpg + 3z
066 = ooy (DX +1) [0%(? (P + 3a)
—dx§) — 4ot (po + )] + o (g (2 — pp)
—a? (225 + ZN)Q))}, o® = a3 — peD.
Here &; (i = 1,...,7) are the deviations from the ele-

ments of the studied family of solutions (36).

The conditions of positive definiteness for the
quadratic form 62 K, in the form of Sylvester’s inequal-
ities are given by

42 2
%72%) > 0, G > 0, where
a
(DA +1) [Io + oD (D* + 23) + 4170%]

G:

pol’% D

Taking into account the conditions for solutions (36)
to be real, the inequalities are consistent under the fol-
lowing constraints on the parameters A1, pg, b, o:

1
)\1+5<0andp07é0and(p(2)+xo<0

or xg >p(2))and(—(}<b<00r0<b<(}),(56)

Whence, we can con-
clude on the stability of the elements of the family un-
der study.

Likewise as above, the obtained inequalities are di-
vided into 2 groups. The first (the constraints on the pa-
rameters pg, b, x¢) provides the sufficient stability con-
ditions for the elements of families (36). The second
separates some subfamily from the family of the inte-
grals K, the elements of which enable us to derive
these conditions.

The necessary stability conditions for the studied fam-
ily of solutions (36) were obtained from the analysis of
differential equations (33) linearized in the vicinity of
the elements of this family. They are given by

where 0 = zoy/23pyt — 1.

po # 0 and (p + 29 < 0 or 29 > pj)
and(—6§b<00r0<b§6).

Their comparison with conditions (56) shows that they
are necessary and sufficient for the stability of the ele-
ments of the families of solutions (36) up to the bound-
ary of the conditions.
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The above stability conditions have also been derived
for the families of solutions (38). To obtain the suffi-
cient conditions, we used the family of integrals which
is similar to (55).

5 On Stabilization of Motions in
Conservative Systems
Let us consider the following equations:

These define two IMs of codimension 6 for differen-
tial Eqs. (1). The IMs correspond to IMs (41) in the
original phase space.

We investigate the stability of the 1st IM of IMs (57),
using the integral

K=H?—V,+2b[(b+ H)Vs + V}?

for constructing a Lyapunov function.
On the linear manifold

5V3 = 2y6 = 0,

the 2nd variation of the integral K in the vicinity of the
solution under study can be written as:

K = o102 (4(zoy1 +b) y% — x%yg
+2bxoysys + b (01 4 02) y3
+4qy1 (Toys — bya)) + y3 + 2by2],

where y; (¢ = 1,...,5) are the deviations in the unper-
turbed motion, oy = ¢*>+x¢7y1, 02 = (¢*>+1oy1+b) L.
The conditions

2 2 2 b23
0091 S g 20091 g (58

02 g2 g2

for the quadratic form 62K to be negative definite are
sufficient for the stability of the IM under study.

Since the integral of energy on the IM under consider-
ation has the form

H|0=q2+$0’)/1—b:il,

inequalities (58) hold when

B<0and0<b<—g.
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The above presented problem of stability can be con-
sidered as a stabilization problem. When stability con-
ditions for the solution of conservative system have the
form of some constraints on the constants of problem’s
first integrals, as in the above case, one can speak about
the stabilization of this solution by means of these con-
strains. Moreover, in the case discussed, we can speak
about an optimal stabilization, because the correspond-
ing first integral takes an extremum value on this solu-
tion.

6 Conclusion

In this work, with the use of the algorithms presented
in the previous paper, the equations of motion for the
generalized Kowalewski top were studied. We have
made qualitative analysis for the differential equations
obtained as a result of reduction of the initial equations
of motion to their IMs. Some of these IMs are pre-
viously known, and one of them has been obtained in
this work. For the equations of motion on the IMs, the
special solutions and their families have been found.
The linear and nonlinear combinations of the first in-
tegrals taking stationary values on the found solutions
have been constructed. These combinations were used
to analyse the stability of the solutions. For a series of
the solutions, sufficient stability conditions have been
compared with necessary ones. The possibility of sta-
bilization of motions in conservative systems was dis-
cussed.

The obtained results prove the efficiency of the ap-
proach and algorithms which were applied. The al-
gorithms and the results can be used in the qualitative
analysis of conservative systems.
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