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Abstract
Over the recent years, geodetic data, such as GPS

displacements, DInSAR imagery, levelling and EDM
measurements, has highlighted complex deformation
pattern in proximity of active seismogenic structures.
These patterns cannot be simply explained assuming
uniform slip along the fault rupture but they are better
modeled using heterogeneous slip distribution. To this
aim, we developed an automated procedure for geode-
tic data inversion to estimate slip distribution along
the fault ruptures. Finite Element Models are used to
compute synthetic Greens functions for static displace-
ments. FEM-generated synthetic Greens functions are
then combined with inverse methods to estimate slip
distributions that explain the observed ground deforma-
tion.
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1 Introduction
Geodetic measurements have gained an important role

in the monitoring of volcanic activity and in the quan-
titative evaluation of the geophysical processes preced-
ing and accompanying volcanic unrest. During the last
years, the higher spatial resolution of InSAR (Interfer-
ometric Synthetic Aperture Radar) data has been used
to complement the coarse spatial resolution of GPS net-
works to obtain both accurate and fine spatial charac-
terization of ground deformation. The large amount
of available observations has definitely highlighted that
slip along a fault rupture is usually not uniform and can
be better described as a distribution of fault slips [Mas-
terlark, 2003]. The overall displacement at an observa-
tion point is given by the superposition of contributions
(Green’s Functions) from each slip along the fault. The

computation of the Green’s functions is usually based
on a homogeneous elastic half-space model, although
medium heterogeneity and topography are likely to af-
fect the magnitude and pattern of the deformation field
[Currenti et al., 2008; Masterlark, 2003]. To account
for real topography as well as heterogeneous material
properties, we propose an automated procedure where
the Finite Element Method (FEM) is implemented in
inverse models to estimate slip distribution from geode-
tic observations. The procedure is applied to study the
ground deformation observed on Mt Etna before the
2002-2003 eruption.

2 Numerical Procedure
The relationship between slip along a fault and ground

displacements can be described by a linear relationship:

di = Gs (1)

where G is the elastic response of the Earth (Green’s
functions), s is the fault slip and di are displacements
observed at ground surface. Although uniform slip
models can provide a fair fit to geodetic data, hetero-
geneous slip along the fault is expected. Subdividing
the fault surface into M sub-faults (patches hereafter)
leads to the displacement:

di =

n∑
j=1

Gijsi (2)

where the Gij coefficients are the contributions to the
displacement at the i-th observation point due to a uni-



Figure 1. Schematic diagram of the main step in the automated pro-
cedure for InSAR data inversion.

tary dislocation along the j-th patch. Therefore, the in-
verse problem can be formulated as the solution of a
system of N linear equations as:

d = Gs (3)

where s is the M vector of unknown slip values along
the patches, d is the N vector of observed ground dis-
placements, and G is a matrix with elements Gij . Sum-
ming up, the whole procedure can be split into three
main sub-routines (Fig. 1) for: (i) meshing the com-
putational domain and subdividing the fault in a finite
number of patches; (ii) computing the Green’s Func-
tions for static displacements caused by unit slip over
each patch using FEMs; (iii) solving an inversion prob-
lem to determine the slip distribution using a Quadratic
Programming (QP) algorithm [Gill et al., 1981] with
bound constraints on slip values. A description of the
last two points is reported in the following paragraphs.

2.1 Finite Element Modeling
The Green’s functions are computed using the finite-

element method (FEM) to account for topographic ef-
fects as well as a complicated distribution of mate-
rial properties. The numerical model is conducted us-
ing PyLith, a parallel finite element code [Williams,
2006]. The computational domain is a volume cen-
tered on Mt Etna and extending 100x100x50 km to
avoid artifacts in the numerical solution because of the
proximity of the external boundaries. For boundary
conditions, the displacements on the outermost lateral
boundaries and on the bottom are fixed to zero, while
the boundary at the ground surface is free. The ground
surface was generated from a digital elevation model
of Mt Etna from the 90 m Shuttle Radar Topography
Mission (SRTM) data and a bathymetry model from
the GEBCO database (http://www.gebco.net/). Using
LaGriT, a 3 D grid generation code from Los Alamos

National Laboratory (http://lagrit.lanl.gov), the compu-
tational domain was meshed into 744886 isoparamet-
ric, and arbitrarily distorted tetrahedral elements con-
nected by 129253 nodes. The mesh resolution is about
100 m around the seismogenic structures, about 500 m
in the 20 x 20 km area around the summit craters and
decreases to 2 km in the far field.The elastic parameters
were inferred from seismic wave velocities using re-
sults of tomography investigations [Patane et al., 2006].
The subsurface elastic heterogeneities of the medium
were included in the numerical model by assigning to
each element in the meshed domain the value of the
elastic Young’s elastic modulus interpolated at the ele-
ment location. Using a medium density of 2500 kg/m3,
the Young modulus varies in the range from 11.5 GPa
at shallower depth to 133 GPa at greater depth. Slip
along the fault surface is implemented by means of co-
hesive elements [Williams, 2006]. The computation of
the G matrix for the M fault patches requires M x 3 (for
strike-slip, dip-slip and tensile kinematics) model runs.

2.2 Geodetic Inversion
The inverse problem consists in minimizing the dif-

ference between the observed ground deformation and
that calculated using the forward model (eq. 4). Lin-
ear least-squares methods for this problem require to
incorporate regularization techniques in order to stabi-
lize the problem and to reduce the set of likely solution.
The inverse solution can yield irregular slip values on
adjacent patches. Although this slip model may well
fit the data, it is unrealistic. The reduction of the class
of possible solutions to some set on which the solution
is stable lies in the fundamental concept of introduc-
ing a regularizing operator. The inverse problem can
be re-formulated as an optimization problem aimed at
finding the unknown slip values s that minimize a data
misfit φd and a smoothing functional φr defined as:

φ = φd+λφr =
1

2
[(d − dobs)

T (d − dobs)]+λφr (4)

where λ is a regularization parameter, namely a trade-
off between minimizing a measure of the data misfit φd
and the smoothing functional φr. To avoid large varia-
tions between adjacent patches, a smoothing functional
is used in a way to minimize the second-order spatial
derivative (Laplacian) of the slip distribution:

φ =
1

2
[(Gs − dobs)

T (Gs − dobs)] + λsT LT Ls (5)

The Laplacian Operator L is computed using a finite-
difference method [Masterlark, 2003]. Since λ con-
trols the sensitivity of the regularized solution, it should
be chosen so that a good balance is assigned to the
smoothing functional, thereby warranting that the ob-
servations are well reproduced by the model. Among



Figure 2. Unwrapped interferogram in the line of sight (LOS) to
the satellite.

the several techniques that have been developed to
properly estimate in inverse problem we used the L-
curve criterion [Napoli et al., 2007]. To ensure reason-
able solutions from the minimization of the functional
in eq. 5, it is advisable to prescribe realistic bounds on
slip values. The minimization of the quadratic func-
tional subjected to bound constraints can be solved by
using a Quadratic Programming (QP) algorithm based
on an active set strategy [Gill et al., 1981]:

minφ = min[
1

2
sT Qs − fT s],L <= s <= U (6)

where Q = GT G+λLT L and f = GT d, and L and U
are the vectors of lower and upper bounds on slip val-
ues. The quadratic formulation of the problem is solved
iteratively by generating a sequence of feasible solu-
tions that converge toward the optimal solution. The
iteration is stopped when no relative improvements in
the functional are achieved.

3 Model Results and Discussion
The presented procedure is applied to study the

ground deformation observed on Mt Etna before the
2002-2003 eruption. On 22 September 2002, an M3.7
earthquake, whose epicenter was located a few kilo-
meters south of the westernmost part of the Pernicana
fault, struck the northeastern part of Mt Etna volcano.
This event produced coseismic surface fractures and
damage to manmade features. The comparison be-
tween the results of the GPS survey carried out in
September and in July 2002 showed a ground deforma-
tion pattern that affected the whole northeastern flank
of the volcano [Bonforte et al., 2007]. The unwrapped
interferogram (Fig. 2) was obtained from two ascend-
ing ERS2 passes taken on 31 July and 9 October 2002.
Both InSAR and GPS data showed a ground deforma-

tion pattern which revealed a general eastward motion
of the northeastern sector of the volcano [Bonforte et

Figure 3. Computed displacement in the line of sight (LOS) to the
satellite. Analytical and numerical solutions of the horizontal dis-
placements are shown with arrows.

al., 2007]. A GPS data inversion based on homoge-
neous half-space models predicted dislocation sources
that were not able to reliably predict the complex defor-
mation pattern detected by InSAR data. This discrep-
ancy reflects the oversimplifications in the GPS fault
model and the need to use better deformation models.
We use InSAR observations and FEM-based models to
estimate the slip distribution along the surface ruptures.
The fault surfaces, which represent the main seismo-

genic faults in the northeastern sector of Mt Etna, were
divided into 248 patches requiring 744 FEM simula-
tions to compute the Green’s functions for the three
fault slip components (dip-slip, strike-slip and tensile-
opening). Then, we inverted the InSAR observations
for the fault slip distribution using the QP algorithm
[Gill et al., 1981] and obtained models that minimized
the data misfit while preserving smoothness of the fault
slip distribution (Fig. 2). The heterogeneous distribu-
tion of the slip along the structure is able to match the
DInSAR image. The LOS residuals have an almost null
mean (0.1 mm) and a Root Mean Square Error (RMSE)
of about 7 mm. The retrieved slip distributions on the
faults are shown in Fig. 3. The results show complex
kinematics on the north-eastern flank of the volcano in-
volving the main seismogenic structures.
The numerical model highlights a heterogeneous slip

distribution along the fault surfaces with a predominant
strike-slip mechanism associated with a dip-slip move-
ment in the western part. A heterogeneous distribution
of the slip along the structures is able to better justify
the InSAR ground deformation and also matches the
GPS observations. The proposed procedure, based on
the use of a FEM model and the integrated inversion of
InSAR and GPS data, provides a powerful tool to esti-
mate fault movements and predict ground deformation
in a complex geomechanical system.
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Figure 4. Slip distributions along the seismogenic faults on the
north-eastern flank of Mt Etna.
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