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Abstract
In the paper, the problem of controlled synchroniza-

tion of Two-rotor Vibration Units is considered. A
new bidirectional control law combined with Neural
Network based PID controller is proposed for multi-
synchronization of rotors. Besides, an algorithm for con-
structing Neural Network based PID Controller of Two-
rotor Vibration Units is developed. The robustness of the
proposed controller under the effect of unknown exoge-
nous disturbances is illustrated.
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1 Introduction
Vibration systems using two rotors are widely used in

technical systems, such as aircraft, vehicles, and indus-
trial machines [Jörn et al., 2013,Richard et al., 2020,Xin
et al., 2016, Liu et al., 2020, Zhang et al., 2017]. They
are used to increase productivity or solve the problem of
ensuring the stable velocity of motors. The feasibility
of the applications of the Two-rotor Vibration Units for
the control vibration systems was investigated [Richard
et al., 2014, Nan Zhang and Shiling Wu, 2020, Li et al.,
2020]. In these papers, the authors built the mathemati-
cal model of Two-rotor systems and studied possibilities
for synchronous velocity between two vibration actua-
tors.

The definition of self-synchronization and controlled
synchronization of systems was presented in the paper
[Fradkov et al., 1997], and the techniques of Multi-motor
Synchronization were proposed in the paper [Perez-
Pinal et al., 2004]. Based on two papers, there were
many studies about the bidirectional controlled phase

shift and speed of unbalanced rotors [Fradkov et al.,
2002, Fradkov et al., 2005, Kudryavtseva and Tomchina,
2009,Belov et al., 2017,Fradkov et al., 2021,Andrievsky
and Boikov, 2021]. In the studies [Fradkov et al.,
2002, Fradkov et al., 2005, Kudryavtseva and Tomchina,
2009,Belov et al., 2017], the authors built the dynamical
model of the controlled plant and designed the control al-
gorithms based on the speed-gradient method. However,
the authors did not mention the behavior of the system
under the effect of disturbances. In the studies [Fradkov
et al., 2021, Andrievsky and Boikov, 2021], the authors
used the three PI-controllers for Two-vibration Units in
which one PI-controller for phase difference and two PI-
controllers for two rotors. However, the PI-controllers
do not keep the stability of the system under the effect of
disturbances and it is difficult to define the coefficients
of the PI-controllers.
There are many methods to find the coefficients of PID
controller such as Fuzzy Logic Control [Mallesham and
Rajani, 2006], Genetic Algorithm [Zhao and Xi, 2020],
and Neural Network [Jacob and Murugan, 2016, Saad,
2013, Kumarl et al., 2016, Slama et al., 2019]. An artifi-
cial neural network can be used for tuning the PID con-
troller and is robust with disturbances [Jacob and Muru-
gan, 2016, Saad, 2013, Kumarl et al., 2016, Slama et al.,
2019]. However, the use of Neural Network based PID
controller for Two-rotor Vibration Units to control the
phase shift and speed is not found in the resources be-
fore here. In this paper, the authors used the Neural Net-
work based PID controller for Two-rotor Vibration Units
to control the phase shift and velocity of two motors.
The simulation results of the proposed controller for fre-
quency stabilization of the rotation angular velocities
at the desired level along with reaching the prescribed
phase shift between the rotor angles are demonstrated.
Finally, a comparison between the new controller and
PID Controller has been performed.
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The paper is organized as follows. The problem for-
mulation of phase shift control and the related problem
of control of vibrational fields for is given in Section 2.
In Section 3, the Nonlinear Autoregressive-Moving Av-
erage (NARMA-L2) Model which is used to tune the
coefficients of PID controller is described. The Neural
Network based PID Controller is proposed to solve the
problems of the phase Shift and Speed-Synchronization.
In Section 4, the proposed method is applied to control
Two-rotor Vibration Units with the desired phase shift
and desired Speed of two motors. The simulation results
confirming the performance of the proposed controller
are also demonstrated. Concluding remarks and discus-
sion of future work are presented in Section 5.

2 Problem formulation
The Two-rotor Vibration Units consist of two unbal-

anced rotors driven by two DC motors and mounted on
a supporting body that is connected to a solid base by
means of an elastic element with stiffness c0, and a lin-
ear damper with damping coefficient β. Assume that the
shafts of rotors are orthogonal to the motion of the sup-
porting body and consider the only vertical motion of the
system (Figure 1). The mathematical model of the sys-

Figure 1. Two-Rotor Vibration Units

tem can be described by the model below [Kudryavtseva
and Tomchina, 2009].

m0ÿ +m1ρ1 sinφ1.φ̈1 +m2ρ2 sinφ2.φ̈2

+m1ρ1 cosφ1.φ̇
2
1 +m2ρ2 cosφ2.φ̇

2
2

+c0y + c1 (y − y1) +m0g + βẏ = 0

J1φ̈1 + (ÿ + g)m1ρ1 sinφ1 + kcφ̇1 =M1

J2φ̈2 + (ÿ + g)m2ρ2 sinφ2 + kcφ̇2 =M2

mg (t) (ÿ1 + g) + c1 (y1 − y)
+ṁg (t) ẏ1 = 0

(1)

where ϕ1, ϕ2 are rotation angles of the rotors measured
from the lowest vertical position; y is the vertical dis-
placement of the supporting body from the equilibrium
position; y1 is the vertical displacement of the load from
the equilibrium position; m1,m2,M are the masses of
the rotors and the supporting body, respectively; mg (t)
is the weight of load; J1, J2 are the inertia moments of
the rotors; p1, p2 are the eccentricities of rotors; kc is
the friction coefficient in the bearings; β is the viscous
friction coefficient of the damper; c0, c1 are the spring
stiffness; kM is a motor parameter; m0 =M + 2m; g is
the gravitational acceleration; M1 and M2 are the mag-
netic torques of motors.
The schematic diagram of an armature controlled DC
motor is showed in Figure 2.

Figure 2. Schematic diagram of an armature controlled DC motor

According to the voltage balance relation between the
circuit loops, the motor equation is obtained as below

Va (t) = Raia (t) + La
dia (t)

dt
+ eb (t) (2)

where Va (t) is the applied armature voltage; ia (t) is the
armature current; eb (t) is the back emf; Ra is armature
winding resistance; La is armature winding inductance.
The back emf is proportional to speed

eb (t) = Keφ̇ (t) (3)

where Ke is the back emf constant. The torque devel-
oped by the motor is proportional to the armature current

M (t) = Ktia (t) (4)

where Kt is the motor torque constant.
The total inductance value La is very small (La ≪), so
La can be neglected in the calculations. From equations
(1), (2) and (3), the magnetic torque of motor is written
in the form

M (t) =
Kt

Ra
{Va (t)−Keφ̇ (t)} (5)
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From equations (1) and (5), the mathematical model of
Two-rotor Vibration Units has the form

m0ÿ +m1ρ1 sinφ1.φ̈1 +m2ρ2 sinφ2.φ̈2

+m1ρ1 cosφ1.φ̇
2
1 +m2ρ2 cosφ2.φ̇

2
2

+c0y + c1 (y − y1) +m0g + βẏ = 0

J1φ̈1 + (ÿ + g) .m1ρ1 sinφ1 + kcφ̇1

= Kt
Ra

{V1 (t)−Keφ̇1}

J2φ̈2 + (ÿ + g) .m2ρ2 sinφ2 + kcφ̇2

= Kt
Ra

{V2 (t)−Keφ̇2}

mg (t) (ÿ1 + g) + c1 (y1 − y)
+ṁg (t) ẏ1 = 0

(6)

where V1 (t) and V2 (t) are the armature voltages of mo-
tors (control variables).
In a number of important cases, the synchronous rota-
tional mode with the desired steady-state value of the
phases is stable due to the self-synchronization phe-
nomenon. However, it is necessary to provide either an
alternative stable phase shift of the rotors or to increase
the robustness of the existing phase shift. In both cases,
the problem of controlled synchronization is worth to be
posed.

3 Control design method
3.1 The Nonlinear Auto-regressive Moving Average

(NARMA-L2) Model
The NARMA-L2 model is one of the most widely

used models for time series forecasting [Haider et al.,
2019, Jibril et al., 2020, Humod et al., 2016]. In this
paper, the authors use the NARMA-L2 model to find
the coefficients of PID controller. The first step in us-
ing feedback linearization (or NARMA-L2 control) is to
identify the system to be controlled. The first step is to
choose a model structure. One standard model that has
been used to represent general discrete-time nonlinear
systems is the Nonlinear Autoregressive-Moving Aver-
age (NARMA-L2) model:

y (k + d) = N


y (k) , y (k − 1) , . . . ,
y (k − n+ 1) ,
u (k) , u (k − 1) , . . . ,
u (k − n+ 1)

 (7)

where u(k) is the system input, and y(k) is the system
output. For the identification phase, the nonlinear func-
tion N could be approximated by a trained neural net-
work. This is the identification procedure used for the
NN Predictive Controller. To the system output follow-
ing some reference trajectory y(k+ d) = yr(k+ d), the
next step is to develop a nonlinear controller of the form:

u (k) = G

 y (k) , y (k − 1) , . . . ,
y (k − n+ 1) , yr (k + d) ,
u (k − 1) , . . . , u (k −m+ 1)

 (8)

To use this controller, the dynamic backpropagation (the
outputs of system, the former inputs and reference trajec-
tory are the inputs of the neural network) is used to train
a neural network to create the function G that will min-
imize mean square error. This can be quite slow. One
solution is to use approximate models to represent the
system. The controller used in this section is based on
the NARMA-L2 approximate model:

ŷ (k + d) = f

 y (k) , y (k − 1) , . . . ,
y (k − n+ 1) , u (k − 1) ,
. . . , u (k −m+ 1)


+g

 y (k) , y (k − 1) , . . . ,
y (k − n+ 1) , u (k − 1) ,
. . . , u (k −m+ 1)

u (k)

(9)

This model is in companion form, where the next con-
troller input u(k) is not contained inside the nonlinear-
ity. This form can be used to solve for the control in-
put that causes the system output to follow the reference
y(k + d) = yr(k + d). The resulting controller would
have the form

u (k) =

yr (k + d)− f


y (k) ,
y (k − 1) , . . . ,
y (k − n+ 1) ,
u (k − 1) , . . . ,
u (k − n+ 1)



g


y (k) ,
y (k − 1) , . . . ,
y (k − n+ 1) ,
u (k − 1) , . . . ,
u (k − n+ 1)


(10)

Using this equation directly can cause realization prob-
lems, because the control input u(k) must be determined
that based on the output at the same time, y(k). So, in-
stead, use the model

y (k + d) = f


y (k) , y (k − 1) , . . . ,
y (k − n+ 1) , u (k) ,
u (k − 1) , . . . ,
u (k − n+ 1)


+g

(
y (k) , . . . , y (k − n+ 1) ,
u (k) , . . . , u (k − n+ 1)

)
u (k + 1)

(11)

where d ⩾ 2. Figure 3 shows the structure of a neural
network representation. In this Figure, The tapped delay
line (TDL) makes full use of the linear network. There
the input signal enters from the left and passes through
N-1 delays. The output of the tapped delay line is an
N-dimensional vector, made up of the input signal at the
current time, the previous input signal, etc.
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Figure 5. The implementation of the NARMA-L2 controller

Figure 3. The block diagram of NARMA-L2 Model Identification

Using the NARMA-L2 model, the controller can be ob-
tained

u (k + 1) =

yr (k + d)− f


y (k) , . . . ,
y (k − n+ 1)
, u (k) , . . . ,
u (k − n+ 1)



g


y (k) , . . . ,
y (k − n+ 1)
, u (k) , . . . ,
u (k − n+ 1)


(12)

which is realizable for d ⩾ 2. The block diagram of
the NARMA-L2 Controller as Figure 4.

Figure 4. The block diagram of the NARMA-L2 controller

This controller can be implemented with the previously
identified NARMA-L2 plant model, as shown in the fol-
lowing Figure 5.

3.2 Neural Network based PID Controller
Proportional Integral Derivative (PID) controllers are

the most used controllers in industrial control systems.
There is the well-known Ziegler-Nichols method [Malle-
sham and Rajani, 2006, Saad, 2013] to tune the coef-
ficients of the PID controller. This tuning method is
simple and gives fixed values for the coefficients which
make the PID controller have weak adaptabilities for the
model parameters variation and changing in operating
conditions. However, in the case of white noise affected
on the system, the Ziegler-Nichols method is difficult to
find exactly the coefficients of PID controller. In order to
achieve an adaptive controller, the Neural Network (NN)
control combines the PID controller to guarantee the de-
sired qualities of the system. There are some studies us-
ing the Neural Network to find coefficients of PID Con-
troller [Jacob and Murugan, 2016]. The typical model of
Neural Network combines PID Controller is illustrated
in Figure 6. Figure 6 shows that the NARMA-L2 Con-
troller was used to find the coefficient of PID Controller.
The NARMA-L2 Controller has two input (Reference
and Plant Output) and one output (Control Signal).

Figure 6. The general model of Neural Network based PID Con-
troller

The block diagram of Two-rotor Vibration Units using
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the NARMA-L2 Controller to find the coefficients of the
PID Controller is illustrated in Figure 7. Besides, Figure
7 also illustrates the control algorithm in section (3.3).
The disturbances are put on the shafts of motors. The
NARMA-L2 Controller is used to evaluate the effects
of the disturbances on the shafts of two rotors that af-
fect the phase shift and calculate the coefficients of PID
Controllers.

Figure 7. The general model of Neural Network based PID Con-
troller

3.3 Control algorithm of Two-rotor Vibration Units
using Neural Network based PID Controller

The authors designed the control algorithms ensuring
the prescribed phase shift ψ = φl − φr between the un-
balanced rotor rotation angles φl and φr simultaneously
with the given rotation speed ωl = ωr = ω∗.
Algorithm for constructing Neural Network based PID
Controller of Two-rotor Vibration Units consists of 4
steps:
Step 1. Build the mathematic model (1) of Two-rotor
Vibration Units using Euler-Lagrange equation

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0 (13)

where L is the sum of kinetic energy and potential en-
ergy of system; qi is the state variable.
Step 2. Use two PID Controllers to control the desired
velocity of two motors

PIDωcontroller :


el,r (t) = ω∗

l,r (t)− ωl,r (t)

uωl,r (t) = kPωel,r (t)
+kIω

∫
el,r (t) dt

+kDω
del,r(t)
dt

(14)

where ω∗
l,r (t) are the reference angular velocities for left

l and right r rotors, respectively; ωl,r (t) are the corre-
sponding current values of the angular rotation velocities
(rad/s); uωl,r (t) are the dimensionless control signals for
the corresponding motor; kPω , kIω ,kDω are the propor-
tional and integral controller gains.
Step 3. Calculate the phase shift of two motors and use

a PID Controller to compensate the energy for two PID
Controller in the step (2)

PIDψcontroller :


ψ (t) = φl (t)− φr (t)
∆ψ (t) = ψ∗ − ψ (t)
uψ (t) = kPψ∆ψ (t)
+kIψ

∫
∆ψ (t) dt

+kDω
d∆ψ(t)
dt

(15)

where ψ∗ is the desired phase shift; kPψ , kIψ , kDψ are
the proportional and integral controller gains.
For the considered case of two rotors, this leads to adding
synchronization signal uψ (t) to the frequency controls
with the opposite signs to the left and the right drives as
follows: {

ul (t) = uωl (t)− uψ (t)
ur (t) = uωr (t) + uψ (t)

(16)

Step 4. Use the NARMA-L2 as equation (7) to update
exactly the coefficients of PID Controllers when the sys-
tem is affected by disturbances.

4 The Results of Computer Simulation
The study of Neural Network based PID Controller

was carried out using computer simulation in the MAT-
LAB environment for Two-rotor Vibration Unit, shown
in Figure 8. In the example, the authors use a Neural
Network based PID Controller for the phase shift of two
motors to prove the quality of proposed controller. Dur-
ing the simulation, the parameters of the system were
set: M = 9(kg); m1 = m2 = 1.5(kg); p1 = p2 =
0.04(m); g = 9.81(kg.m/s2); c0 = 5300(kg.m2/s);
kc = 0.01(kg.m2/s); b = 5(kg.m2/c); J1 =
J2 = 0.014(kg.m2); Ke = 0.06(V.s/rad); Kt =
0.06(N.m/A); Ra = 1.2(ohms).

Figure 8. The diagram of Two-rotor Vibration Unit using Neural Net-
work based PID Controller
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NARMA-L2 Controller is set on Simulink of MATLAB
as Figure 9. The authors used the ”cstr” Simulink model
to generate training data, which consists one input (the
phase shift ψ (t) = φl (t)−φr (t)) and one output (KP -
coefficient of PID controller). The criterion for the qual-
ity of training of the neural network inside the NARMA-
L2 controller is the minimum of mean squared error be-
tween the reference and plant output. Size of Hidden
Layer (the number of neurons in the first layer of the
plant model network) and Training Epochs (Number of
iterations of plant training to be performed) are chosen
based on the property of NARMA-L2 controller and the
property of Two-rotor Vibration Units system. In the
simulation, the authors chose the Size of Hidden Layer
is 100, the Training Samples is 800 and the Training
Epochs is 200.

Figure 9. The setting of NARMA-L2 Controller

The authors conducted the comparation in the proposed
controller and PID Controller. Figure 10 showed the two
controller in the case system without disturbances. The
setting time of Neural Network-based PID Controller is
smaller than the setting time of PID Controller (see Fig-
ure 10(a)) and there is no error of rotors’ speed in the
case of Neural Network-based PID Controller while the
velocities of rotors have resonance values in the case of
PID Controller (see Figure 10(c,d)). The vertical dis-
placement of the supporting body are the same with two
controllers (see Figure 10(b)). The controlling voltages
V1 and V2 to approach the desired value are shown in
Figure 10(e,f).
Figure 11 showed the two controllers in the case system
with disturbances on the shafts of two rotors: The white
noise (noise power=50 and sample time=1s) affected on
the shaft of motor 1 and the harmonic disturbance (amp-
titude=50 and period=1s) affected on the shaft of motor
2. The phase shift and motors’ speed of the case PID

Controller are unstable (see Figure 11(a)). The vertical
displacement of the supporting body are higher with PID
controllers (see Figure 11(b)). The velocities of rotors
have high resonance values in the case of PID Controller
(see Figure 11(d)). The controlling voltages V1 and V2 to
approach the desired value are shown in Figure 11(e,f).
When the load is changed as the Ramp function (slope=1
and initial ouput=0.2), the behavior of the system is per-
formed in Figure 12. Figure 12(a) shows the phase dif-
ference is unstable at desired value with the PID con-
troller while still good adapt with the proposed con-
troller. In Figure 12(b), as the load increases with the
ramp function, the displacement of the supporting body
in the case of the PID controller is larger and more oscil-
lated than in the case of the proposed controller. Figure
12(c,d) shows the effects of changed load on the rotors’
speed. In addition, the rotors’ speed deviated strongly
from the desired value in the case of the PID controller
while the rotors’ speed did not change in the case of the
Neural Network based PID controller. The controlling
voltages V1 and V2 to approach the desired value are
shown in Figure 12(e,f).

5 Conclusion
In the paper, the problems of Phase Shift and Speed-

synchronization are solved by using Neural Network
based PID Controller. The comparison of the output
of the proposed controller with PID Controller proves
the effectiveness of the Neural Network based PID Con-
troller.
In the future, the authors focus on the movement of vi-
brating platforms due to multiple synchronization with
a controlled phase shift and use the NARMA-L2 Con-
troller for finding coefficients of PID Controllers of two
motors to enhance the quality of the system under any
exogenous disturbances.
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Figure 12. The response of system with change of the load.


