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Abstract— A causal realization of an inverse system can be
unstable and an anti-casual realization is to deal with this
problem to provide a numerically stable procedure to inverse
the system and compute its input signal. In this paper, we
consider the anti-causal realization of the inverse of discrete time
linear periodic systems obtained by an outer-inner factorization
approach. It is shown that the outer-inner factorization can result
in a stable anti-causal realization. It also derives a formula of
the inversion error, which can show that the inversion error is
inevitable due to the anti-causal reversal operation.

I. INTRODUCTION

Inverse systems have important applications in signal pro-
cessing, control, filtering and data coding, which may also
be called equalization or deconvolution systems in different
circumstance. The problem of inverting a linear periodic time-
varying (LPTV) system has attracted considerable attentions,
see for example, [1]-[5]. The anti-causal realization of the
inverse system is to deal with the stability problem in the
inverse system, which was earlier studied and applied to
multirate filter banks and its implementation [6], [7]. In these
works, a state space representation is employed to induce the
anti-causal inverse.

The inner-outer factorization is a useful technique to deal
with the system inverse problem. In [8], a method is proposed
to construct optimal causal approximate inverse for discrete
time single-input single-output (SISO) causal periodic filters
in the presence of measurement noise. The method is based
on an inner-outer factorization of the plant rational matrix.
In [9]-[11], van der Veen and Dewilde present an inner
outer factorization method for linear discrete time-varying
systems. Instead of factorizing the transfer function matrix,
this method factorizes the system time domain operator. It has
an computational advantage that all computations are done by
using the state space realization.

While [9] presents the concept and theory necessary for the
development of the inner-outer factorization method for linear
time varying systems, it does not provide explicit stability
analysis of the factorized systems.

In this paper, we will analyze the stability of the anti-causal
realization of the periodic inverse system which is obtained
from the outer-inner factorization of the inverse system in
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the state space realization. A periodic Lyapunov equation is
introduced to the stability analysis. We will further examine
the error introduced by using the anti-causal realization of the
system inverse to compute the system input signal. Such an
error analysis has not been presented in the existing literature.

The rest of the paper is organized as follows. Section II
presents necessary preliminaries. The anti-causal realization
of the inverse system is presented in III. Section IV analyzes
the stability of the inner factor and its anti-causal inverse. And
the system inversion error is analyzed in section V. Section
VI illustrates the system error by examples before conclusion
in section VIIL.

II. PRELIMINARIES

The following notations are used in this paper. I denotes
the identity matrix of an appropriate dimension, * denotes
the hermitian conjugate, R™*" denotes the real space of
dimension (m x n). The factorization of an operator 7' into
T =T,V is called an outer-inner factorization, where T, is
the left outer factor and V' is an isometry satisfying VV* = 1.
The matrix V' is inner if and only if 7™ is full column rank.

Let v and y be the input and output of the system 7" such
that y = 7. The idealized inverse problem is to find the
inverse system T—! of T, such that the input u is computed
and obtained from the measurement of y, i.e. u = yT 1.
This idealized case is often practically not feasible since there
is no guarantee that 7! is a stable system. The anti-causal
realization of the inverse is a method for stably computing the
input u» and its restriction is that w should be of finite length.

The state realization of a SISO LPTV causal system 7T is
written as:

Tp41 = TpAp + ug By,

1
Y = TxCr + up Dy, M

where uj, € R'*! is the input and g5, € R'*! is the output. If
the state row vector x, has a time varying dimension R!*%*,
then the dimensions of Ay, By, C) and Dj are respectively
ROk xbrtr RIXbrt1 ROLX1 and R1¥1 In this paper, we con-
sider the constant state dimension R'*". For the N-periodic
time varying system, the state matrices satisfy Apyn = A,
Bk+N = B, Ck+N = ()}, and Dk+N = D,. It follows from



the state equation (1) that entries of the system operator 7" are

given by

The state realization of an N-periodic LPTV anti-causal
system 7" is written as:

Dia

i =7
2
BiAij1--- A1y, @

1< J.

!’ ’ ’ !
Tpoy = T AL+ ukBl,c,

7 ! 7 (3)
Y = 2,0, Dy

The dimensions of all the matrices in the realization must be
compatible. If the input u;, € R'*!, the output y, € R**!
and the state row vector x, has a time varying dimension
R > | the dimensions of Ay, By, C, and D), are respectively
RO:¥br—1 RIXbit1 RU>1 and R1*!. The state matrices are
also in period of N and entries of the system operator T are
given by
, D, i=7
Ti,j = { }7 / ’ ’ . ],7 (4)
BA, 1A Cy >

Definition 1: The causal system 7' with the state equa-
tion (1) is stable if all the eigenvalues of the lifted matrix
A = A -+ Apyn—_1 are inside the unit disk, or the greatest

eigenvalue of A is small than unity, i.e.

la =max\;(4) < 1,
where \;(A) for i = 0,1,--- , N — 1 are the eigenvalues of
the lifted matrix A.
The stability of the anti-causal system T with state matrices
{A,, B,,C,,D,} is defined as follows:
Definition 2: The anti-causal realization system T' is stable
if

ly =max)\;(A) <1,

where A’ = A;g+N—1 . --A; is the lifted matrix, and \;(A")
fori=0,1,--- ,N — 1 are the eigenvalues of A

In this paper, we consider the stable causal-anticausal re-
alization of the inverse of the causal SISO LPTV system T’
with the state equation (1) and entries represented in (2). It
is assume that 7' is a stable system. In general and following
from the method in [9], the system 7' can be factorized into
a left outer factor T, and the inner factor V/, such that

T="T,V. (5)

The above outer-inner factorization is computed by the back-
ward recursive LQ factorization

Dy BpYii1 Dor 0 0
= ’ Wi 6
[ Cr  ApYiia ] [ Cor Yr O ] b ©

where the initial starting point Yy, is obtained by the the
periodic Riccati equation M1 = Yi41Y), |, which is written
as
—[AgMy.41 B} + C.D;)(Dy D} + B My+1B;)t
X [ch;; + BkMkJrlAZ].

The numerical solution of the periodic Riccati equation is pre-
sented in [13]. The partitioning of the outer-inner factorization
is such that D, and Y} have full column rank, and W, is
unitary matrix with partitioning in the form

D'U,k Bv,k
Wy = Cv,k Av,k y
d d

where d can be any matrix.
Since Wy, is a unitary matrix, we can obtain the following
equations.

Av,kA::,k + Cv,kC:,k - Ia Av,kB:lk + Cv,sz,k =0,

Bv,kA:’k + Dv,kc;k,k; = 07 Bv,kB:’k + Dv,kD:’k = [(7)

The state-space realization of the outer factor 7, is given
by {Ak,Bk,Co kDo i }- And the realization of the inner factor
V is given by {A, k, By k, Cv.k, Dyk }- The outer-inner fac-
torization as given in the above will be the basis for the stable
anti-causal realization of the inverse system of 7.

III. ANTI-CAUSAL REALIZATION OF THE INVERSE SYSTEM

We now derive the stable anti-causal realization of the
inverse system of the causal stable LPTV system 7. It is noted
that the anti-casual realization can only permit practically finite
step of computation and we assume that the number of the
input data in u is L + 1. Thus the input sequence of u is a
collection of uy, for 0 < k < L, as follows.

’u:[Uo Uy U UL].

Mathematically, the inverse of the transfer operator T is a
combination of the inverse of the inner factor and the inverse
of the outer factor, resulting in

i= gVl
= uTOVV*lT(;l.

However, the direct casual inverse ¥V ~! of the inner factor V

is an unstable system and practically unfeasible, which will be
shown in the next section. In real computation, the unstable
causal factor of the inverse system can be realized anti-causally
to deal with the computational divergence problem. A result
on the anti-causal realization is stated in the following.

Theorem 1: The anti-causal realization of the inverse of
the inner factor is V = V*, where V* is anti-causal and
is the Hermitian conjugates V' with a state space realization
{45 1 Ok By g D -

Proof: The casual realization of the N-periodic inner factor
can be rewritten into an operator form by assembling the state
matrices {A, k, By k, Cv.k, Dy i} as diagonal operators:

0 0

A, = Av,k C, =

B, =




Hence, the transfer function of the inner factor V' is given as
V(2) = Dy + Byz(I — Ayz) ' C,,

and the transfer function of the anti-causal realization of the
inverse of the inner factor is shown as

V*(2) = D + Ci(I — 2*)A%) 12" B:.

In view of (7), we can obtain D, D} = I — B,B;;

v CT}D: =
—-A,B;, D,C}; = —B,A}, and A, A} + C,C;; = I. Using
these, we have

V(2)V*(2)

= [Dy + Byz(I — Ay2)1C,] D} + CH(I — 2* AY) 2% B}
= DD + D,Cx(I — 2*A%)~ 12" B

+By,z(I — Ay2)~1C, D}

4 Boz(I — Ayz) " CoC* (I — 2* A¥) 2B
= DyD? — Byz(I — Ayz) ' A, B

—ByAL(I — 2*AX) "1 B

+Byz(I — Ay2) rC,CH(I — 2* AZ)~12* B
= D,D} + Byz(I — Ayz) Y [~A,z(I — 2*A})
(I = Ay2)2* A% 4 CoCH](I — 2*A%) "1 2* B
= DD} + Byz(I — Ayz) L (I — Ay2)

(I —2*A:)(I — 2 A~ B;

Hence, V* with the state matrices {A7 ;,Cy 1, By 1, D7 }is
the anti-causal inverse of V. O

In the rest of this paper, we use the notations V and T,
as the anti-casual inverse of the inner factor and the causal
inverse of the outer factor, respectively.

With u being the input to the LPTV system 7" and with the
anti-casual realization of the inverse system, the output 4 the
inverse system is written as

o =ul,VVT,

We define the error of the inverse system as follows.

Definition 3: The system error is defined as the difference
of the the reconstructed signal (output signal from the inverse
system) and the input signal, that is,

e=U—"U.

IV. STABILITY ANALYSIS OF THE INNER FACTOR

The stability of an LPTV system can be examined by using
the periodic Lyapunov equation technique presented in [12].
The following lemma is deduced from [12] for the stability
analysis of the LPTV inverse system.

Lemma 1: The N-periodic LPTV system 7' in the form (1)
is stable if and only if there exists an N-periodic system matrix
Qr € R™™ with Qr = QF > 0 and Qpin = Qy for k =
0,1,---,N — 1 such that the following periodic Lyapunov
equation is satisfied:

Aka+1A2+OkCZ_Qk:05k2071a"'7N_1' (8)

d

The existence of Q; = @} > 0 implies that the limit

M
lim
M—o00 <

* * * *
ArAps1 - Arpj—1C045Cy Ay o1 Ar Ax
Jj=0

exists as M approaches infinity. Further more, it implies that
la =max\;(A) <1,
1

hence the system (1) is stable.

Given T with the state-space realization (1), the left-outer-
inner factorization is computed in (6), where W, is an unitary
matrix yielding (7). Thus, we have

Cv,kC;,k + Av,kAj;’k =1. 9)

It is clear that (9) is exactly the same as (8) with Qf = I, for
k=0,1,--- ,N—1.Thus Qy =1, for k=0,1,--- ,N — 1,
are solutions for (8), resulting in

la, = max \;(4,) < 1,

where A, = A, k- Ay pin—1 is the lifted state matrix
for the inner part. From the stability of causal system in
Definition 1, we can conclude that the inner factor with state
realization {A,, i, By k, Cv i, Dy i} is stable. This proves that
the inner factor derived by the outer-inner factorization is
stable. The stability of the inner factor derived by the inner-
outer factorization in [9] can be checked similarly. And it
can be proved that the inner factor derived by the inner-outer
factorization is also stable.

The inverse of the inner factor is anti-causally realized and
has the state matrices {Ay ., Cy ., By ., Dy, }. The existence
of Qr = Q; =1 > 0 also implies that

la: = max \;(4;) < 1,

where fljj = A;k IN_1C Az’ i is the lifted state matrix for
the anti-causal inverse of the inner part. Hence, we can make
the following statement based on the stability of the anti-casual
system defined in Definition 2.

Theorem 2: The anti-causal inverse system V = V* of the
inner factor V is stable. ]

The stability of V* implies that the direct inverse V=1 of
the inner factor V' is unstable.

V. ERROR ANALYSIS

A. Zero-input and zero-state responses

The output of the LPTV system 7' is a combination of two
parts, the zero-input response and the zero-state response and
can be written as:

y = ol +uT, (10)

where xzg is the unknown initial state value and 7 is the
system zero-input operator, which can be expressed in terms
of the state matrices as follows

To=[ Co AyCr AgAiCy AgAy - Ap 1O .



For the system 7" being factorized into the outer and inner
factors, i.e. T = T,V, we consider the system outputs from
the outer factor and from the inner factor, respectively, in the
following.

1). The output y, from the outer part

Yo = xo,OTo,x + UToy (11)

where z, o is the unknown initial state value for the outer part,
and T, , is the zero-input operator, which can be written as

To@ = [ CO,O Ao,OCo,l Ao,OAo,l o Ao,L—lco,L ] .

And T, is the outer factor of the transfer operator, which is
given by

Thij = {

2). The output y, from the outer part is the input to the
inner part, resulting in the following system output

Do,i7
Bo,iAo,i-‘rl e

i =7

Ao,j_lCo,j, 1< j

y= xv,OTv,m + yova (12)

where z,, ¢ is the unknown initial state value for the inner part,
and T, . is the zero-input operator of V' represented by

Tv,r = [ C’u,O Av,OCvJ Av,OAv,l e 'A’U,Lflc’th } .
And V is the inner factor given by
v { Duis i=j
" Bv,iAv,i-l—l e Av,j—lcv,jv 1< ]

In applying the inverse system with the anti-causal stable
realization to compute the system input u, the output signal y
from the stable LPTV system T will pass through the anti-
causal inverse of the inner factor first. It follows that the
output of the anti-causal inverse inner factor is the input of the
casual inverse outer factor. In the following, we will discuss,
respectively, errors raised in the anti-causal inverse of the inner
factor and in the causal inverse of the outer factor.

B. Error in the anti-causal stable inverse of the inner factor

The state matrices of the anti- causal inverse of the
inner factor are wrltten as {Av ks Bo.ks Co ks Uk} =
{45 1, Co s By iy D3 1. }- The following equations can then be
obtained following from (7):

Avavk+Ckavk—I vkcvk+CUvak—0
ByAus + DoBux =0, BupCos+ DyiDyy = 1.
(13)
The periodic Lyapunov equation with Q) = I can be
formed by the first equation in (13), which is shown as
AvkQrr1Au e+ CopBok —Qu =0,k =0,1,--- ,N. (14)
Recursively using (14), we can get

Qr =Cyr1B, k1t ZZ k2 Av k1 Ay ko
1)1 ICv sz 'LA'U’L 1
= I

Av,k+2Av,k+1 (15)

We now express the anti-causal inverse output sequence ¢, as

Jo = o1 Ton +yV, (16)

where %, 7, is an unknown initial state value of the anti-causal
inverse of the inner part, entries of the zero input response
Ty . are

T'v,x = [ Av,LAv,L—l te Av,lcv,O AU,LOU,L—l OU,L } )
and entries of V are
‘A/_ o { Dv,i; Z:]a
Z, - K ~ N A . .
! By iAyi—1- Ay j+1Cu , 1>

The error in g, is its difference from g, in (11) which is
obtained by using (11) and (12) as follows.

eo =1%o ym
Ty LTvr+$vOTvmV+yo[Vv I}

The inversion computation can yield VV = I for an
infinitely long dada length. But with a real finite length
computation, V € REFTDX(E+D) then VV £ . With the
expressions of the entries of the matrices V' and V we can
obtain entries of the matrix V'V as follows:

For ¢ = j:

[VV]ii = DyiDyi+ ABv,i[AC’v,z!Fleﬂ'iH + Z£:i+2 Ay
Av,kflc'u,k:Bv,kAv,kfl e Av¢i+2Av,i+1}Cv,i~

If L — oo, (15) can be applied, leading to

Ay igo
[Vv]i,i = Du,zf)v,i + Bv,iév,i =1
For ¢ > j:

[Vv]z;,j :ABv,i[Cmi-‘rAleJ-i-l + Z£:i+2AAv,i+lA' -
C’u,ka,kAv,kfl e Av,iJrl - I]sz e Av,jJrlC'u,j'

Av,k—l

If L — oo, (15) can be applied, leading to

[VV]i; =0.
For ¢ < j:

~ ~ L
VV]ij = Buidvit1 - Auj[Co i1 Bujir + 2510 Avjit
Av,kflcv,ka,kAv,kfl e I]vaj.

If L — oo, (15) can be applied, leading to

Avjt1 —

[VV]i;=0

For practically feasible computing with the anti-causal real-
ization in finite L computation steps, V € R(E+1x(L+1) apqd
V'V # I. For small values of i, j, [V‘A/]” is approaching zero
since 4, < 1. And for large values of 4, j, [V'V];; becomes
non-negligible.

Even thought we force the initial state values of the inner
part and the anti-causal inverse of the inner part, 2, o and £, ,
respectively, to be zero, the system error is not equal to zero.
The error is then propagated to the causal inverse of the outer
factor and can be amplified in this part.



C. Error analysis for causal stable inverse of the outer factor

For the causal stable inverse of the outer factor, the state
matrices are given as

Ao,k = Ao,k - Co,kD;]iBo,ka Bo k= D(, kBo ks
Co = —CoxD, D,, =D}
yielding,
Ao,k + Co,kBo,k = Ao,k - Oo,k'DO_’]};Bo,k + Co,kDo_’]%;Bo,k
- Ao,k

A7)
The transfer operator 7, of the causal inverse of the outer
factor has the entries shown as:

T .. = . .
ol { AoAjflco R
Hence, it can be shown that for the finite length computing,

T,T, = I is satisfied. Entries of 7,7, satisfy the following
results.

Do,i7
B iAoiv1 -

i =7,
1< 7J.

For ¢ = j: . .
[ToTo}i,i = Do,iDo,z = [a
For ¢ > j: R
[ToTo]i,j 07
For 7 < j:
[Tofo}i,j - Do zBo 7,140 z+1 Ao J— 100]

+B Co z+1Bo z+1Ao 42"
+B071A0,1+1 Co,z+2Bo,z+2Ao,z+3

Aoy 1003
A 0,j— 10 0,J

+B, iAo it140,i42 Ao, j—1C0,j Do j.

Recursively using (17) can result in [TOTO]i)j =0, fori>j.
The output from the inverse of the outer part is written as

u = -To OTo z+ (yo + eo)To

18
—xoOTo:p+$00TowT +UTT +61Toa ( )

where 2, ¢ is the unknown initial state value for the inverse
of the outer part, and the zero input response T, , can be
expressed as

To,m = [ CA’o,O AO,OC’o,l Ao,OAo,l o ’Ao,Lfléo,L ] .

The system error e is the difference between the input signal
and the reconstructed signal @, which can be presented as
follows.

e= U-—u,
xo OToz + o, OTo xT + U[T T - I} + 6lToa
xoOTow‘i‘moOToxT +U[TT _I]
+x'u LTv xT + xv OTv IVT + Yo [VV I]
= xo,OTo,z + mv,LTv,xT + zv OT’U xVT
+20,0T0, . VVT, + uT,[VV — 11T,

If the initial state values of the original and the inverse systems
are all zero, the system error e is simplified to

e =ul,[VV — I|T, (19)

Thus, if we do not consider the system error generated by
the initial state values, the inverse of the outer part, which
is a causal realization, will not generate any additional error
except acting on the error e, from the inverse of the inner
part and passing it to the output. Because of the finite step
computation, VV -1 # 0, which generates inversion error
within the anti-causal inverse system of the inner factor.

D. Error reduction

In the error analysis of the anti-causal stable inverse of the
inner factor part, we have pointed out that for small ¢, j values,
[Vf/]m- is approaching zero since [4, < 1, and for large i, j
values, [V'V]; ; become non-negligible. This shows that the
system error is negligible when k is small and then become
larger and larger with k& being increased. In order to reduce
the non-negligible system error, zeros can be appended to the
input sequence. Let the number of zeros appended to the input
sequence is K. To show that the inversion error is dependent
on the number of zeros appended to the input sequence, we
examine the last column of V'V. For i < (L + 1),

vz lsz"

+ Zk:2 v,L+1"
By 14k Av Ltk—1 -

VV]i = w2Cor11Bori1
Ay k100, Ltk
A —11C, 1,

and
DU,LDU,L + BU,L[CU,L+IBU,L+1
IS V.

By r4kAv Ltk—1" -

[VV}(LH),(LH) =
Av, 4110y, L4k
A1 —IC, 1,

For a sufficiently large K, it can be shown that

- K
(Cor+1Bo1+ > 0 Av i1+
By r4kAvn+k—1-- Apt1] — 1,

A’U,LJrk)fl C’U,L+k

[VV]Z-}(LH) — 0 and [V‘A/](LH)’(LH) — I, hence the system
error (19) is reduced.

This shows that by appending a sufficiently large number
of zeros in the input sequence will reduce the inversion error
to some sufficiently small value. Practically, number K can
be dependent on the tolerance level of the system error and
the total available computational time.

VI. EXAMPLE

In this section, Example 1 shows the mix-causal inverse
system error with zero initial state values. Example 2 is an
extension of Example 1, showing the reduced system error by
using appended zeros in the input sequence approach.

Example 1. Consider a 2-periodic system with the follow-
ing state matrices:

for k=0,2,4,...

—0.5 0.548 1
=1 0  -o0s Cr = [ 0.548 ] ’
Bp=[1 0548 ], Dy =1;

for k=1,3,5,...
0.5 2.333 1
Ae=1"0 0333 C’“[1]’
Bp=[25 2333], Dy=L



The first step is to obtain the inner and outer factors of the
given system using (6). The input signal u is the gaussian
random signal with zero mean and variance of 1 with length
of 1 x 500. The output y of the given 2-periodic system is
obtained by (10). The output of the anti-causal inverse is
given by (16) with y as the input. The reconstructed signal
4 is obtained by (18). All the initial state values are set to
be zero. The simulation is done using Matlab program. The
input signal, the reconstructed signal and the system error are
shown in Fig.1.

input signal
4 T

-4 L L L L L L I I I
0 50 100 150 200 250 300 350 400 450 500

reconstructed signal
4 T T T

-4 L L L L L L I I I

0 50 100 150 200 250 300 350 400 450 500
error
2 T
s
o y
s
2 ‘ ‘ : : : : ‘ ‘ ‘
0 50 100 150 200 250 300 350 400 450 500
Fig. 1. Input-Output and mix-causal inverse system error

Example 2. This example is to show a result of appending
zeros to the input sequence. We append 20 zeros to the last
stage of the input sequence of Example 1 and its effect can be
seen by comparing the system errors in Fig. 1 and Fig. 2. In
Fig.2, it is shown that the error is translated to the extended
time period corresponding to the time period of the appended
zeros. This practically reduces the inversion error within the
time interval of the effective input sequence.

VII. CONCLUSION

In this paper, we have analyzed the stability of the inverse
of the LPTV system with an anti-causal realization. The outer-
inner factorization technique is employed to derive the inverse
system. The stability of the outer factor and the inverse of
the outer factor is analyzed and established using a periodic
Lyapunov equation technique. This is further applied to the
stability analysis of the inner factor and its inverse, which
is realized anti-causally with the state matrices being the
Hermitian conjugate of that of the inner factor. Its stability
is also shown using the Lyapunov equation technique.

We have also studied the error of the inverse system which
contains the anti-causal inverse of the inner factor and the
causal inverse of the outer factor. The error of the inverse
system is derived in terms of the initial state values and the
zero state response. Because of the anti-causal nature of the
anti-casual inverse of the inner factor, although VvV =1

input signal

4 T

ok i
O i 4
-2r i
" . : \ \ L

0 100 200 300 400 500620 600

reconstructed signal

4 T

ok i
o i
-2+ i
4 . ‘ ‘ \ L

0 100 200 300 400 500620 600

x10° error

2 T

s i
0 i
s i
2 . : : : s

0 100 200 300 400 500520 600

Fig. 2. Input-Output and mix-causal inverse system error with zeros

appending

for infinitely long signal computing, VV in general is not
equal to I for finite length computing of signals. Hence the
system inversion error is inevitable by using the anti-causal
realization. It is also shown that the inversion error can be
reduced by appending zeros to the input sequence.
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