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Abstract

The paper is devoted to the remote state estimation
problem for nonlinear non-autonomous L urie systems
over the limited-band communication channel with
time delay. Dependence of the transmission error is
studied analytically and evaluated experimentally. It is
demonstrated that the upper bound for limit estimation
error dependslinearly on the transmission error which,
in turn, is proportional to the driving signal rate and
inversely proportional to the transmission rate. The
experimental results obtained for the multipendulum
setup confirm the theoretical statements.
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1 Introduction

The limitations of estimation and control under con-
straints imposed by afinite capacity information chan-
nel have been investigated in detail in the control theo-
retic literature, see the surveys [Nair et al., 2007; An-
drievsky et al., 2010], the monograph [Matveev and
Savkin, 2009] and the references therein. It has been
shown that stabilization of linear systems under infor-
mation constraintsis possibleif and only if the capacity
of theinformation channel exceedsthe entropy produc-
tion of the system at the equilibrium (Data Rate The-
orem), [Nair and Evans, 2003; Nair and Evans, 2004;
Nair et al., 2004].

Continuous-time nonlinear systems were considered
in [Liberzon and Hespanha, 2005; De Persis, 2005;
De Persis and Isidori, 2004; De Persis, 2006; Cheng
and Savkin, 2007], where several sufficient conditions
for different estimation and stabilisation problemswere

obtained. In [De Persis, 2006], uniformly observable
systems were considered and an “embedded-observer”
decoder and a controller were designed, which semi-
globally stabilizes this class of systems under data-rate
constraints.

Problem of stabilizability of nonlinear networked sys-
tems for continuous-time plant with a globally Lips-
chitz nonlinearity is addressedin [ Savkin, 2005; Savkin
and Cheng, 2007], and a criterion of detectability of a
nonlinear system via limited capacity communication
channels is also obtained, see [Matveev and Savkin,
2009, Chapter 4.1]. Extensions of these results to the
case of nonlinear systems with monotonic nonlineari-
ties are given in [Cheng and Savkin, 2007].

In most of the above mentioned works the coding-
decoding procedure is rather complicated: the size of
the required memory exceeds or equals to the dimen-
sion of the system state space. Such a draw-back was
overcome in [Fradkov et al., 2006], where a first or-
der coder scheme was proposed for SISO nonlinear au-
tonomous systems, represented in the Lurie form (lin-
ear part plus nonlinearity, depending only on measur-
able outputs) and the limit possibilities of synchroniza-
tion and state estimation under information constraints
were established. Complexity of the scheme of [Frad-
kov et al., 2006] does not grow with the dimension of
the system state.

The results of [Fradkov et al., 2006] have been fur-
ther extended in [Fradkov et al., 2006; Fradkov et al.,
2008; Fradkov and Andrievsky, 2009; Fradkov et al.,
2010b; Fradkov and Andrievsky, 2011] to the MIMO
case. It is shown that the upper bound of the limit
estimation error is proportional to the upper bound of
the transmission error and, as a consequence, it is pro-
portional to the maximum rate of the coupling signal
and inversely proportional to the information transmis-
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sion rate. In [Andrievsky and Fradkov, 2012], this
data transmission scheme has been modified for non-
autonomous systems. In the above-mentioned works
by Fradkov et al., the channel imperfections such as
transmission delays, packet losses and dropouts were
neglected. In the present paper the results of [An-
drievsky and Fradkov, 2012] are extended to the case of
time-delays in the communication channel. The trans-
mission error isanalytically evaluated and the proposed
state estimation procedureis experimental ly studied for
thereal-world system, subjected to measurement errors
and datalosses.

The paper is organized as follows. The state esti-
mation scheme of [Andrievsky and Fradkov, 2012] is
recalled in Section 2. Coding procedure is presented
in Section 2.1. Main theoretical result of the paper is
given in Section 2.2, where the transmission error for
the case of achannel with thetime- delay isanalyticaly
evaluated. The experimental multipendulum setup is
briefly presented in Section 3. Results of the experi-
ments are described in Section 4. Concluding remarks
aregivenin Section 5.

2 StateEstimation Scheme

Consider a system model in the Lurie form. In ad-
dition to [Fradkov et al., 2006; Fradkov et al., 2008;
Fradkov and Andrievsky, 2009; Fradkov et al., 2010b;
Fradkov and Andrievsky, 2011], let us assume presence
of an exogenous input signal and consider the follow-
ing non-autonomous system:

a(t)=Ax(t)+o(y(t) +Bu(t), y(t)=Cux(t), (1)

where z(t) € R" isthe state variables vector; y(t) € R
is the system output; u(t) € R™ denotes an exogenous
input; A is(n x n)-matrix; B is (n x m)-matrix; C'is
(I x n)-matrix; ¢(y) is acontinuous nonlinear vector-
function, ¢ : Rl — R™. We assume that the system
is dissipative: al the trgjectories of the system (1) be-
long to a bounded set 2 (e.g. attractor of achaotic sys-
tem). Such an assumption istypical for oscillatory and
chaotic systems. Let signals u(t), y(t) be measured
at the side of the source system (1) and be transmitted
to the remote observer over the digital communication
channel.
The observer has the following form:

B(t) = A& (t) + o(y(t))
+L(y(t) — y(t)) + Bu(t), y = Ci, (2)

where #(t) € R is the vector of the state estimates,
produced by the observer; u(t), g(t) are, respectively,
plant (1) input and output signals, transmitted over the
channel and restored by the decoder; L is the vector of
the observer parameters (gain). Apparently, in absence
of transmissionerrors(i.e. if a(t) = u(t), y(t) = y(¢)),
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thedynamicsof the state error vector e(t) = x(t)—(¢)
are described by alinear equation

e=Ape, y="Cuz, 3

where A;, = A — LC.
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Figure 1. Block-diagram of state estimation over a discrete com-
munication channel.

Inthe caseif thepair (A, C) isobservable, thereexists
L providing the matrix A, with any given eigenvalues.
In particular all eigenvalues of A can have negative
real parts, i.e. the system (3) can be made asymptoti-
caly stableand e(t) — 0 ast — oo. Therefore, in the
absence of measurement and transmission errorsthe es-
timation error decaysto zero.

Now let us take into account transmission errors. Let
observed signalsu; (t) € R, y;(H) e RU (i = 1,...,m,
j =1,...,m) be coded with symbols from afinite al-
phabet at discrete sampling timeinstants ¢, ; = k7 ;,
ty; = k;Ts; where T ;, T ; are the sampling peri-
ods. Disregarding difference in representation of dig-
ital numbers and symbols of the coding alphabet, let
us denote the output codewords as @;[k] = u(tx;),
y;lk] = y(tx,;) (respectively). The block-diagram, il-
lustating the considered remote estimation scheme is
shown in Fig. 1 (cf. [Tatikondaet al., 1998; Tatikonda
and Mitter, 2004]).

At the present stage of the study we assume that
the observations are not corrupted by the observation
noise, and that transmission delay and distortion may
be neglected.

Assume that zero-order extrapolation is used to con-
vert the digital sequences u;[k], y;(k] (¢ = 1,...,m,
j = 1,...,m) to the continuous-time input signals
w;(t), y;(t) of theobserver (2): @, (t) = u,[ki], y;(t) =
gilkj) s kT, <t < (ki + )T, kjTs; < t <
(ki +1)T; ;. Thenthetransmission error vectorsare as
follows:

Sy(t) = y(t) — y(t)e R (4
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In the presence of transmission errors, equation (3)
reads as

é=Are+o(y) — o(y+6,) — Bd, — Ls,. (5)

Let us consider the limitations imposed on the esti-
mation precision by the limitation on the transmission
rate. To this end introduce upper bounds on the limit
output estimation errors Q; = sup @Hﬁi(t)ﬂy where
gi(t) = yi(t)—14:(¢), i = 1,...,1, and thesupremumis
taken over all admissible transmission errors. In [Frad-
kov et al., 2006; Fradkov et al., 2008; Andrievsky and
Fradkov, 2012] it has been proved analytically and il-
lustrated by numerical examples, that for the consid-
ered estimation scheme, applied to an autonomous sys-
tem, the total estimation error is proportional to the up-
per bound of the norm of the transmission error and,
in turn, is inversely proportional to the transmission
rate. It is easy to show that this relationship is also
valid for non-autonomous system, if an exogenous sig-
nal is transmitted to the observer at the receiver’s end
by means of the coding-decoding procedure (6), (8),
(9). In the next section, the experiments on the mecha
tronic laboratory setup for evaluation of the estimation
error are described. It is shown that the experimental
results agree with the general statements of [Fradkov et
al., 2006; Fradkov et al., 2008].

2.1 Coding Procedure

Following [Fradkov et al., 2006], for agivenreal num-
ber >« > 0 and nonnegative integer v € Z define auni-
form quantizer to be a discretized map g, ,. : R — R
asfollows. Introduce the range interval Z = [—¢, 5]
of length 2;c. Let this interval be equaly split into
2" parts. Define the discretization interval of length
§ = 217¥5¢ and the quantizer g, ,.(2) as

don(z) = {6 S(0712),

ssign(z),

if |z] < s,
otherwise,

(6)

where z denotes the signal to be transmitted over the
channel (inour case, z € {u,y}), (-) denotes round-up
to the nearest integer, sign(-) is the signum function:
sign(y) = 1, ify > 0, sign(y) = —1, if y < 0.
Therefore, the cardinality of the mapping ¢, .. image
is equa to 2¥ + 1, and each codeword symbol con-
tains R = logy(2” 4 1) = log,(2¢/8 + 1) bits. Thus,
the discretized output of the considered coder is found
a8 Z = qy(z). We assume that the coder and de-
coder make decisions based on the same information
[Tatikondaet al., 1998; Tatikonda and Mitter, 2004].

In the present paper we use ! + m independent coders
for components u;, y; (i = 1,...m, j = 1,...,1)
of the transmitted vectors v € R™, y € R!. Each
coder number ¢, j has its particular sampling period
Ts,, Ts,j, ranges s;, »; and integers v;, v;. The cor-
responding bit-per-second rates R;, R; are calculated
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as R; = Ri/T,; = logy(2 +1)/Ts, Rj = Ry =
R;/T; = logy(2% + 1)/Ts ;. The overall rate R isa

l m
sum of the particular ones, R = > R; + Y R;.
i=1 j=1
The static quantizer (6) is a part of the tji me-varying
coders with memory, see e.g. [Nair and Evans, 2003;
Brockett and Liberzon, 2000; Tatikonda and Mitter,
2004; Fradkov et al., 2006]. Two underlying ideas are
used for thiskind of coder:

— reducing the coder range » to cover the some area
around the predicted value for the (k 4 1)th obser-
vation z[k + 1], z[k + 1] € Z[k + 1]. Thismeans
that the quantizer range s is updated during the
time and a time-varying quantizer (with different
values of s for each instant, s = x[k]) is used.
Using such a “zooming” strategy it is possible to
increase coder accuracy in the steady-state mode,
and, at the same time, to prevent coder saturation
at the beginning of the process;

— introducing memory into the coder, which makesit
possibleto predict the (k + 1)th observation z[k +
1] with some accuracy and, therefore, to transmit
over the channel only encrypted innovation signal.

To describe the first-order (one-step memory) coder
let us introduce the sequence of central vectors (se-
quence of “centroids”) c[k] € R!, k € Z with initia
condition ¢[0] = 0 [Tatikonda and Mitter, 2004]. At
step & the coder compares the current measured output
z[k] with the number c[k], forming the deviation vector
0z[k] = z[k]—c[k]. Thenthisvector is discretized with
agiven s = x[k] according to (6). The output signal

0z[k] = q,.(0z[k]) ™)

is represented as an R-bit information symbol from the
coding alphabet and transmitted over the communica-
tion channel to the decoder. Then the central number
c[k + 1] and the range parameter (k| are renewed
based on the available information about the drive sys-
tem dynamics. Assuming that the transmitted signal
z(t) changes at a slow rate, i.e. that z[k + 1] ~ z[k].
we use the following update algorithms:

clk +1] = c[k] + 9z[k], c[0] =0, (8)

slk] = (0 — #00)p" + Hooy K=0,1,..., (9

where 0 < p < 1 isthe decay parameter, s, stands
for the limit value of »¢. Theinitial value sy should be
large enough to capture all the region of possible initial
values of zg.

Equations (6), (7), (9) describe the coder algorithm.
A similar algorithm is used by the decoder. Namely:
the sequence of »[k] is reproduced at the receiver node
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utilizing (9); the values of 0z [k] arerestored with given
#[k] from the received codeword; the central numbers
c[k] are found in the decoder in accordance with (8).
Then z[k] isfound as asum c[k] + 0z[k].

2.2 Main Theoretical Result. Evaluation of the Es-
timation Error
Denoting in theright hand of (5) the sum ¢ (y) — ¢ (y+
b,)—Bé,—Lé, as&(t) € R™, oneobtainsthefollowng
observer error equation:

é(t) = Are(t) +£(1), (10)

where £(t) is le-norm bounded disturbing vector,
I€@®)] < Ce¢, where C¢ > 0 depends on the mag-
nitudes of d,(t), d.(t), on function ¢(-) and matri-
ces A, B. Namely, assuming that a nonlinearity ¢(-)
is Lipschitz continuous along al the trajectories of
the observed system (1), i.e. that there exists a pos-
itive real number L, > 0 such that |[¢(y) — ¢ (y +
6,)I < Ly|6yll, one may majorize C¢ as Ce >
(Le + LDy + NIBI - ll6ull-

Let us evaluate the magnitudes ||6,], ||0,] of the
transmission errors §,(t), d,(t). Since al the com-
ponents u;(t) (i = 1,...,m), y;(t) (j = 1,...,1)
are transmitted over the channel by means of scalar
coding—decoding procedures (6)—(9), let us denote the
scalar signal to be transmitted as z(¢) and evaluate the
upper bound A, = sup @\@(t)\ of the data trans-
mission error ¢, (¢t) = z(t) — z(t). Tothisend let us
follow the lines of [Fradkov et al., 2006; Andrievsky
and Fradkov, 2012], additionally taking into account
transmission delay 7. Inthe present study it is assumed
that 7 is a given nonnegative constant and, for the sake
of conciseness, that the time delay is uniform for all
channels.

Let the growth rate of z(¢) be uniformly bounded,
i.e. there exists a positive real number L, such as
sup |2(t)] < L.. Let bit-per-second rate R, parame-

t

ter v € Z, and range parameter « of quantizer (6) be
given parameters (chosen by the designer). Theaim is
to find an upper bound of the transmission error A , as
afunctionof R, x and L .. Note that quantizer range
can not be arbitrarily chosen, cf. (20).

The quantization interval § of quantizer (6) is defined
as

§=2""k. (11)

As follows from (6), the magnitude of the quanization
error §g, = 0z — 0z (Where 9z[k] = z[k] — c[k], 0z =
qv.:(0z)) for given 0z does not exceed §/2 = 2k, if

02] <Kk +6/2=(1+27")x. (12)
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Inequality (12) correspondsto the nonsaturated quan-
tization, e.g. to the “nominal case”. If (12) is vio-
lated, then the error grows linearly on 9z. Therefore
the magnitude of the quantization error § 5, satisfiesthe
inequality

27k
Jp2| < ’
|8_{|8z—/€|

if 10z <(1+27Y)k,

13
otherwise. (13)

The bit-per-step rate 2 for quantizer (6) is given by
the following expression:

9

R =log, (2" +1). (14)

Since the bit-per-second rate R may be found as R =
R/T,, where T, denotes the sampling period, it isvalid
thefollowing expressionfor 7' in the terms of the other
coder parameters (see Fig. 2):

T, =logy(2” + )R~ (15)

R, bit/s
3

10

Figure 2. Sampling time T versus coder parameter 1/ and bit-per-
second rate K. Solid lines: ¥ = 0, v = §; dashed lines: v = 2,
v = 10; dotted line: ¥ = 4, dash-dot line: v = 6.

Now let us turn to procedure (8) of updating the cen-
tral number. Firstly, assume, that at k-th step the mea-
sured value z[k] = z(t), tr = kTs, belongs to the
interval [—x — §/2, k+ ¢/2] around the central number
clk]:

|2[k] — c[k]| < k+2716. (16)

This means fulfillment of inequality (12). Therefore
in this case the quantization error ¢ 5, does not exceed
27 VK. According to update algorithm (8), the next
value of the central number is found as

c[k + 1] = c[k] + 0z[k]. (17)

Apparently, c[k + 1] represents z[k] with amaximal er-
ror27 "k, i.e. |c[k + 1] — z[k]| < 27Vk. To ensurethe
nonsaturated mode of the coder, inequality (16) should
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be valid at the next step & := k + 1. This may be

guaranteed if the quantizer range  is sufficiently large

for given L, > sup|Z|. Since |z(tx+1) — 2z(tk)| <
t

L.(T,+7), then x should satisfy thefollowinginequal -
ity:

k> L, (Ts+ 7). (18)

Consider now the case when (16) is violated for some
k = ko. Inthis case the quantization error may belarge
depending on c[kg], see (13). However, it may be easily
shown that if the quantizer range ~ satisfies inequality
(18) with some margin, i.e. if x istaken as

k>1+60)(Ts+7)L,, (19)

where § > 0 is an arbitrary small real number, then
there exists an integer ko < k£* < oo such that (16) is
fulfilled for al k, starting from k& = k*. If 6 = 0 is
taken in (19), then only asymptotic convergence may
be ensured. In what follows, we assume that validity
of (17) is assured by means of an appropriate choise of
[0] in zooming procedure (9).

It follows from (15), (18) that x should satisfy the re-
lation:

k> L.(logy(2" + )R~ + 7). (20)

To analyze the coder-decoder accuracy let us evalu-
ate the upper bound A, = sup ||6.(¢)| of the trans-
t

mission error §,(t) = z(t) — z(¢t). Consider the sam-
pling interval [ty,tx+1], t = kTs. 1tis shown above
that |9 (¢ )| does not exceed /2 = 2~ ¥x. Addition-
ally, the error may increase from ¢, to t;4; dueto a
change of z(¢) by a value not exceeding L .(Ts + 1)
[Fradkov et al., 2006]. Thereforethetotal transmission
error for each interval [t,tx+1] meets the inequality
10 (te)| < 27"k + L.(Ts + 7) and A, may be found
as

A, =2k + L(T, +7). (21)

Taking into account expression (15) for the sampling
period 7', we obtain the following relation between the
transmission error and other parameters:

A, =27+ L. (logy(2" + R +7), (22

where « should satisfy (20). To minimize the transmis-
sion error for a given rate, aminimal admissible value
for x should be picked up. Thisimplies the following
expressionsfor k. and A . :

k=L.(logy(2" + )R~ +7), (23)
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A, =L.(1427)(logo(2" + )R~ + 7). (24)

Expressions(23), (24) lead to the following relation be-
tween A, and k!

21/
142v

A, = (1 +27 K, K= A, (25)

Defining a multiplier A(v) as A(v) = (1 +
277)log, (2" + 1) let us rewrite (22) in the following
form

A.=1L. (Ag) + T> . (26)

Let usfind v minimizing A, for given L., R, 7. The
derivativeof A(v) onv

— =—————"1n(2) (27)

isstrictly positive. Therefore, A(v) strictly growson v,
and A, isminimized at v = 0. This means optimal-
ity of the binary quantizer ¢, ,.(z) = vsign(z) in the
sence of the transmission error for given rate R (cf. [Li
and Baillieu, 2004; Fradkov et al., 2006]).

Dependence of the relativeerror A, L, = A(v)R™!
on transmission rate R for v = 0,2,...,10 and 7 =
0 is depicted in Fig. 3. The corresponding plot for
7 = 0.2 sisshown in Fig. 4. As follows from (24),
the relative transmission error linearly grows on trans-
mission delay 7, as demonstrated in Fig. 5, where the
mesh-plots of A, L ! versus rate R and time delay 7
for v = 2 and v = 10 are depicted.

Figure 3. Relative transmission error AZL;1 vs rate R. Solid
lines: ¥ = 0, v = 8; dashed lines: ¥ = 2, v = 10; dotted line:
v = 4,dash-dot line: v = 6; 7 = 0s.
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Figure 4. Relative transmission error A, L ! vsrate R. Solid
lines: v = 0, v = §; dashed lines: v = 2, v = 10; dotted line:
v =4, dash-dotline v = 6; 7 = 0.2s.
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Figure5. (Color online). Dependence of relative transmission error
A, L' onrate Randtimedelay 7 for v = 2 (pink) and v = 10
(copper).

It should be mentioned that, as follows from (26), the
total transmission error less than L .7 can not be as-
sured.

An experimental eval uation of the accuracy for the de-
scribed state estimation schemeis presented in the next
section.

3 Experimental Setup

The Multipendulum Mechatronic Setup of the IPME
RAS (MMS IPME) [Fradkov et al., 2010a; Fradkov et
al., 2012] consists of the set of interconnected pendu-
lum sections, electrical equipment (with the computer
interface facilities), the electric computer-controlled
motor, the personal computer for data processing and
real-time representation of the results. The mechani-
cal part of the setup consists of a number of identical
sections with pendulums, diffusively connected by tor-
sion springs. The computer-controlled electric motor
is connected with the first pendulum of the chain via
the spring, applying the torque to the “left” end of the
chain. The “right” end of the chain is unconnected.
Axes of the neighboring sections are connected by tor-
sion springs, arranging force interaction between pen-
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dulums. In principle, any number of sections can be
connected. At the moment mechanical parts of 50 sec-
tions are manufactured. The photo of chain of pendu-
|lums and the electric motor is givenin Fig. 6.

The pendulum sections and the electric motor are
equipped with the electronic modules, providing data
exchange with the central computer over the data bus,
generation of control signal for the electric motor and
dataprocessing of the measured signals. The electronic
modules have following functions: data exchange with
the data bus, generation of control signals for the elec-
tric motor, processing the sensor signals.

On the rotation axis of each pendulum the optical en-
coder disk for measuring the angle of the pendulum ro-
tation is mounted. The disk has 90 dlits. The peripheral
part of the disk is posed into the dlit of the sensor sup-
port. The sensor consists of aradiator (emitting diode)
and areceiver (photodiode). The obtained sequences of
signals allow to measure angle and the sign of the pen-
dulum angular, and to evaluate amplitude and crossing
times and other variables related to the pendulum dy-
namics. The angular displacement and the driving di-
rection of the bob are measured by means of the angu-
lar encoder, mounted in alignment with the pendulum
axis. Pulse patterns from the output of the encoder are
transformed by the logical units of the electronic mod-
ules into binary codes, which may be read out under
data bus requests.

The setup is described in more details in [Fradkov et
al., 2010a; Fradkov et al., 2012].

Figure 6. Photo of the chain pendulums and the motor.

4 Experimentson State Estimation over the Com-
munication Channel

4.1 Modeling the Chain of Pendulums

Following [Andrievsky and Fradkov, 2009], the rota-
tion angle of the drive shaft, connected with the first
pendulum of the chain, is considered as the system in-
put. Thelast (/Vth) pendulum in the chain is mechani-
cally connected only with the previous one, no bound-
ary conditions for Nth pendulum are specified. This
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leads to the following model of the chain dynamics:
P14pp1 + Q2 sinpr —k(p2—21) =ku(t),

Gi+ppi+ Q2 sin; —k(pip1—2p+pi—1) =0
(i=23,... ,N—1),

SN +pon+ Q% sinpn —k(on—on-1)=0,
(28)

where p, = p;(t) (1 =1, 2, ..., N) are the pendulum
deflection angles; u=w(t) isthe controlling action (the
rotation angle of the drive shaft). The values p, wg, k
are the system parameters:. p is the viscousfriction pa-
rameter; Q2 isthe natural frequency of small oscillations
of theisolated pendulum; & is the coupling strength pa-
rameter, which depends on the stiffness of the connect-
ing spring. The model (28) parameters have been pre-
liminary estimated based on the mass-geometry prop-
erties of the mechanical system, and then were speci-
fied by means of the trial-and-error procedure, applied
to the experimental data sets. The following param-
eter estimates were finally obtained: Q2 = 5.5 s71,
p=095s"1 k=>58s"2

4.2 DataTransmission and State Estimation Algo-
rithmsfor Multi-pendulum Set-up

In our experiments, the chain of four pendulum sec-
tions and the motor, attached via the spring to pendu-
lum #1 were used. The outside left rotary angle (the
angle of the drive shaft) may be reffered to as exoge-
nous action, applied to the plant (the chain of the pen-
dulums), it was coded by means of the first-orded coder
(6), (9), (8), where z = ¢, istaken. The model (28) is
used for designing the remote state estimator (2), (6),
(9), (8) for the pendulum angles o ;(t). Namely, in (6),
(9),(8) z=¢; fori=1,..., 4istaken.

For the considered problem, observer (2) has been de-
signed by means of (28) decomposition into four inter-
connected subsystems of the second order. Thisled to
the following observer equations:

$1 =1 + Lha,
(j)l = —pw1 — 0?2 sin @1 + k((ﬁg — 2(,51)
+k<ﬁm(t) + l2é1,
P2 = Qo + 1162,
Qg = —plog — Q% sin @y
+k(P3 — 202 + ¢1) + la&a,
$3 = W3 + 113,
Qg = —pg — Q% sin @3
+k(pa — 243 + P2) + 1283,
Gy = @4 + L1,
(j)4 = —piy — 02 sin P4
+k(<,53 — @4) + 1959,

(29)
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where ¢;, w; (i = 1,...,4) stand for the estimates of
the rotation angle and the angular velocity of the i-th
pendulum (respectively), £; = ¢; — p; arethe observer
output errors; 11, [» arethe oserver gains. To find them,
an isolated linear subsystem with the matrices A, =
0 1

—2k —p|’
l> have been found ensuring the prescribed eigenvalues
s1,2 = —14 £ 147 (where ¢ is an imaginary unit) of
the matrix Ay — LCy, L = [l1,13]". This gives the
following values of the observer gainsiy, lo: 11 = 27.3,
lo = 362. It may be easily verified that for the chosen
parameters, the spectrum of the matrix A, in (5) isas
follows: {—14.14+13.75i, —14.14+13.93¢, —14.14+
14.45i, —14.14 £+ 14.214}, which leads to exponential
stability of observer (2).

Cy = [1,0] was considered. The gains 1,

4.3 Experimental Results

In course of the experiments, the harmonic waveform
voltages have been applied to the motor. The rotary
angles of the drive shaft and the pendulums were mea-
sured with the sampling rate of 100 Hz and 2° precision
by means of the optical sensors. Then the measured
signals have been processed by the above coding al-
gorithms for transferring over the channel. During the
experiments, the sampling timesfor the drive motor 7°,,,
and the pendulum angles T',, ; and the quantizer (6) pa-
rameters v; were taken equal: T, = T,1 = -+ =
Tpa, Vm = v1 = --- = vy, varying from one data
processing run to another.

Each experiment lasted in ¢4, = 100 s. The relative
output estimation errors Q;(R,v) (i = 1,...,4) have
been calculated as

max (1) — U;(t
PR lyi(t) — 9: ()]

max i (T ’
tE€[tyeg tfin) |y2( )|

Qi(R, Z/) =

where they = 10 s is taken to eliminate influence of
transients on the accuracy indeces @ ; (R, v/).

Experimental results are depicted in Figs. 7-11. The
time histories of the rotation angle of thefirst pendulum
©1,exp(t), Obtained by the experiment, and its estimate
1(t), produced by observer (29) at the decoder’s side,
are plotted in Figs. 7, 8 for v = 0 (binary coder) and
for v = 2. Corresponding estimates ¢, of the angular
velocity ¢ are shown in Figs. 9, 10. It should be no-
ticed, that the the angular velocities are not measured
by sensors and are subjected to estimation.

The generalized accuracy indeces are plotted in
Figs. 11, 12, where dependence of limit output esti-
mation error for the first pendulum @, on the overall
transmission rate Ry, and parameter v is reflected. It
is worth mentioning that the “exact” values of ¢, (),
i (t) are not known due to the measuring errorsin the
optical sensors, effecting on experimental eval uation of
the data transmission accuracy. Namely, the overall er-
ror can not be less than the optical sensor error. It is
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seen from the plots that dependence of the estimation
error, obtained by the experiments, are close to the bi-
ased inversely proportional function on the transmis-
sion rate. One also may notice that small values of v
are preferrable from the viewpoint of the transmission
rate for a given accuracy, cf. [Li and Baillieu, 2004,
Fradkov et al., 2006].

q)1.e><p’ ¢1,est’ 8@,1
T

Figure 7. Time histories of (1 exp(t).1(t) and output estimar
tion error €1 (¢). Binary coder. Ry, = 1.3 Kbit/s.

¢1,exp' ¢1,est’ Sub,1
T

Figure 8. Time histories of (1 exp(t),1(t) and output estimar
tionerror £1(¢). v = 2. Ry, = 3.0 Kbit/s.

d¢1,est/dt

Figure9. Time history of the angular velocity estimate¢>; (t).Bi-
nary coder. Ry, = 1.3 Kbit/s.

5 Conclusions
Dependence of the error of state estimation for nonlin-
ear Lurie systems over a limited-band communication
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do, . /dt

Figure 10. Time history of the angular velocity estimate gf)l(t).
v = 2. Ry, = 3.0 Khit/s.

i
0 0.5 1 15 2 25 3
Ry, bit/s x10°

Figure 11. @1 vs R for different v. Solid line: v = 0.8, dashed
line: v = 2, dotted line: ¥ = 4, dash-dot line: v = 6.

Figure 12. Meshplot of Q1 vs R, 1.

channel with delay is analytically studied. It is demon-
strated that upper bound for limit estimation error de-
pend linearly on the transmission error which, in turn,
is proportional to the driving signal rate and inversely
proportional to the transmission rate. The experimental
results for remote state estimation of non-autonomous
oscillating system (the multipendulum setup) are pre-
sented, confirming the theoretical statements.
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