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Abstract tion and the analysis of feedback have been mainly fo-

Among the formulations of the theory of quantum cused on the control of the atom. The typical aim was
measurements in continuous time, quantum trajectoryto drive the atom to a preassigned asymptotic state.

theory is very suitable for the introduction of measure- Here, we are interested not only in the atom, but also,

ment based feedback and closed loop control of quan-ang mainly, in the emitted light. Of course, a detection

t_um _systems. In this paper we present such a_construc—of the emitted light can be seen as a direct observation
tion in the concrete case of a two-level atom stimulated

b h ¢ h tic | | feul of the emitted light as well as an indirect observation of
szo?/vcr?ov(\a/rfigt’ f(r—:tne?jnb(iacclg gTaaVI\;:iszsrf;n Qn[()jal\r/l;l(;)t?r:’cvgi the emitting atom mediated by the fluorescence light.

s . : Our aim is to employ control and feedback processes
be introduced in the formulation of the theory. Then, ploy P

. . .’ to enhance the squeezing properties of the fluorescence
e o e ot vt saplG. T sieezg of e uorescene gt can be
. X ’ checked by homodyne detection and spectral analysis
natural line-narrowing, are presented. of the output current. We consider the mathematical
description of photo-detection based on quantum tra-
Key words jectories, as it is suitable both to consisten_tly compute
Quantum continuous measurement. Quantum control..the homodyne spectrum of fluc_)rescence I|ght,_ and to
Tunable squeezing. Line-narrowing. Homodyne detec- mtrod_uce feedback and control in thg mathematical for-
tion mu!atlon. We study how the squeezing depends on the
' various control parameters, how feedback mechanisms
can be successfully introduced and used to enhance the
squeezing [Barchielli, Gregoratti and Licciardo, 2009;
The theory of continuous measurements and filtering E]Zﬂ];ﬂgzgg fSéZ%ZZ:akttsl’c ﬁgr?]i];’a |ZV\/e\/i§ng;ge,\r/n?$n
for quantum systems [Belavkin, 1988; Barchielli and [Wiseman and Milburn, 1993], which is simple, but

Belavkin, 1991] has opened the possibility of a con- flexibl h 1o ai hvsically int i del
sistent introduction of measurement based feedback' cX2'€ €nough to give a physically interesting mode

in continuous time and, so, of closed loop control of closed loop control. We also show that, under cer-

of quantum systems. The formulation of continuous tain cond|t!ons, feedback can produce fan_effect of line
narrowing in the homodyne spectrum, similarly to what

measurement theory adopted in the paper is the on X .
based on stochastic differential equations, commonlyehappens to an atom stimulated by squeezed light.

known in quantum optics as quantum trajectory theory Apart from the new results on enhancing squeezing by
[Carmichael, 2008]. feedback and on line narrowing, there is a conceptual
Photo-detection theory in continuous time has interest in using quantum trajectory theory in deriv-
been widely developed inside quantum trajectories ing the homodyne spectrum. The traditional approach
[Barchielli and Paganoni, 1996; Zoller and Gardiner, to homodyne or heterodyne spectrum is to define, by
1997] and applied, in particular, to the fluorescence some analogy with the classical case, a suitable quan-
light emitted by a single trapped two-level atom stim- tum correlation function for the outgoing electromag-
ulated by a coherent monochromatic laser. As well as netic field. Then, the spectrum is defined to be the
various feedback schemes on the atom evolution, basedrourier transform of such a correlation function. Fi-
on the outcoming photocurrent, have been proposednally, the quantum fields are eliminated in favour of
[Wiseman and Milburn, 1993]. However the introduc- the atomic variables and the “quantum regression the-

1 Introduction



orem” is used to get the final result. On the other side, where
quantum trajectory theory is based on quantum mea-
surement theory and gives the output of the measure-
ment in continuous time together with its distribution,
consistently with principles of quantum mechanics. As
the output is a stochastic process, its spectrum can be

A

w Q
Lp=—i |:To'z+§0'w ) P] +7kd(0z/70z—/7)

rigorously defined by probability theory by using its
distribution. Moreover, thanks to the consistency of

guantum continuous measurement theory, even when
the quantum fields have been already eliminated (so

that quantum regression theorem is implicitly already

contained), the output can be seen not only as an obser
vation of the system, but also as the result of an obser-
vation of the output field which mediates the measure-
ment. To succeed in describing a quantum effect such
as squeezing of the fluorescence light by using quantum

trajectory theory is to show that such a theory, in spite
of its “classical flavour”, is fully quantum mechanical.

We consider a trapped two-level atom with Hilbert
spaceC?. Denoting byz the vector(o,, o, o) of the
Pauli matrices, let the free Hamiltonian of the atom be
w0 /2, with resonance frequenay, > 0, and let the
lowering and rising operators be. ando... Let the
eigenprojectors of, be denoted by, and P_ and,
for every anglep, let us introduce the unitary selfad-
joint operator

op = e?o_+e o, =cospo, + singoy,.

2 The dynamics

We start by giving the theory in the case of no feed-
back and then we show how to introduce it, according
to the scheme of [Wiseman and Milburn, 1993].

2.1 No feedback

We admit an open Markovian evolution for the atom,
subjected to ‘dephasing’ effects and to interactions
both with a thermal bath and with the electromagnetic
field, via absorption and emission of photons. The

atom is stimulated by a coherent monochromatic laser.

We denote byy > 0 the natural linewidth of the atom,
by @ > 0 the Rabi frequency, by > 0 the frequency
of the stimulating laser and bw = wy —w the detun-

ing. Other parameters are the intensities of the dephas-

ing and thermal effectg;y > 0 andm > 0. The state

7 IS governed by a Master equation, which turns out to
be time-homogeneous in the rotating frame (which we
adopt here and in the rest of the paper):

d
—n =L
dt Uiz n

1
+n (0+p0— EERLEE p})

+ym+1) (apo+ f%{ﬂ : P}) :

Note that the intensity of the laser enters only in the
effective Hamiltonian through the Rabi frequeriey

The measuring apparatus is made by two homodyne
detectors. Part of the emitted light reaches the detec-
tors and part is lost in the free space. The fraction of
light detected by one of the detectors depends on its
efficiency, on the spanned solid angle and can even-
tually be enhanced by using a focussing mirror. So,
the fluorescence light is divided in three parts accord-
ing to the direction of propagation: we caible chan-
nel k (k = 1,2) the directions reaching the detectgr
andforward channel those of the lost light. The stim-
ulating laser is well collimated in such a way that it
does not hit the detectors; so, we can say that it acts
in the forward channel. We denote the effective frac-
tions of light emitted in the forward and in the two
side channels by |?, |a1]?, |az2|?, respectively; obvi-
ously,|ag|? + o] + |ae|? = 1. Fork = 1,2, we can
also interpretay|? as the total efficiency of the detector
k. Moreover, the initial phase of the local oscillator in
each detector is denoted By and it is included in the
parametery;, € C by settingd,, = arg . To change
J, means to change the measuring apparatus.

We can condition the evolution of the atom on the con-
tinuous monitoring of the photocurrents. The two ho-
modyne photocurrents, and /o and the conditional
state of the atonp, (a posteriori state) are stochas-
tic processes whose distributions depend on the initial
state of the atom and on the parameters introduced so
far. In particular the atom has still a Markovian evolu-
tion, even if stochastic. Let us introduce the latter by
means of théinear stochastic Master equation

2
doy = Loy dt + /7Y _ Rlajo o dW;(t), (1)
Jj=1

where, for every matrix, the superoperatdt [a] is
Rlalp=ap+pa’,

and whereW; and W, are two independent stan-
dard Wiener processes in some reference probability
spacé, F,Q). In all these equations the initial con-
dition is a statistical operatar, = 79 = o9 and the
solutiono; of (1) is a positive operator valued stochas-
tic process.



Then, the homodyne photocurrents are the (gener-phase possibly different from that of the original laser.
alised) stochastic processBst) = W;(t), while the Let this phase difference be € [0, 7). As the laser

aposteriori stateis intensity appears only in the Hamiltonian part of the
evolution (1), the effect of the feedback is to give rise
o . to a new Hamiltonian ternf; (¢) M with
pri=—, with  p; = Tr{o:}.
Pt
M = c\/yo,,

The important point is that the physical distribution of

the homodyne currents and the a posteriori states inwherec € R controls the intensity of the feedback. Let
the time interval0, 7' is given by the new probability  ys deduce the modified evolution equation. By defining
Pr(dw) = pr(w)Q(dw): the quantitypr = Tr{or}  the map
is the density of theohysical probability with respect
to the reference probability. By the fact that ¢ > 0,
turns out to be &-martingale, we have that the physi-
cal probabilities do not depend on the final tiffie

Of course, we could switch on the detectors, but de- the contribution of the feedback to the propagator in an
cide to ignore the outputs. This should not modify the infinitesimal interval turns out to be
evolution of the atom and, indeed, for every T,

MIMI) = 1d + MW (t) + % M?dt.
m= [ 01) Q) = [ pie) Brdo)
Q Q

Taking into account that the feedback must act after the

_ ) ) signal is produced, the new infinitesimal propagator is
Thanks to the linearity of (1), we can introduce the

stochastic evolution map (or propagatgi, s), satis-
fying Ap(t 4 dt, t) = MO o A(t 4 dt, t).

2 By the Ito rules we obtain
At +dt, t) —1d = Ldt + /7 Y Rlajo_|dW;(t),

j=1

Ap(t+dt,t) — Id = Ledt

i identi Rlaio- —1i dWi (¢
so thato; = A(t,0) 0o. Here Id is the identity map on + VARl o —ico,] dWi(t)

the space o x 2 complex matrices. + VIR[az o] dWa(1),
2.2 Introduction of the feedback where

We introduce a feedback scheme basedqrin or-

der to modify the properties of the fluorescence lightin [ Awe Q2 & B
channel 2. We check such properties by analysing the™ "~ Mg o=t g oe Ptk (2902 = 1)

properties ofl,, but, of course, we could remove the 1
second homodyne detector and employ the light emit- +n <0+ po-—35 {r-, P})
ted in channel 2 for other purposes. Let us caltée 1
light. Our scheme is summarised by the following pic- +y@+1—|a1]?) <a por —={P;, p})
ture, where “h. det.” means “homodyne detector”: 2
+ y(a1 0= —ico,)p (@104 +icoy,)

= 2 (len?  2elenlsin(s — ) ) Py + ¢, p},

Izl(tg)w‘ forward? channel 2
side side
h. det. ~~~ [ atom) ~~
© channel 2 - channel 1
Aw, = Aw + ¢y || cos(P — ) € R.

electromodulato

laser

Il(t)

Thus, thanks to the features of the particular feedback
introduced, we get another linear stochastic Master
equation

A~~~

Assuming instantaneous feedback, the amplitude of the . .
stimulating laser is modified by adding a term propor- doy = Liov dt + /yR[or 0 —icoglon dWA(t)
tional to 1, with the same frequency and with initial + VARl 0_]oy dWs(t).  (2)



By Girsanov theorem, a fundamental result of stochas-
tic calculus, it is possible to prove that under the phys-
ical probability the output homodyne currents can be
written as

Ij (t)dt = dWJ (t) = dBj (t) + Uj (t)dt,

where By (t), B2(t) (t € [0,T]) are two independent
standard Wiener processes uniierand

vi(t) =2y/7ReTr {(aio— —icoy) pi},

v2(t) = 2¢/7Re (a2 Tr{o_p;}).

Then the mean function dh is
Ep, [I2(1)] = va(t).

Moreover, by using techniques based on characteris-
tic functionals, explicit expressions for the higher mo-
ments of the output have been obtained [Barchielli and
Gregoratti, 2009]. In particular, the auto-correlation of
I is

Ep,. [I5(t) Io(s)] = 0(t — ) +~ Tr {R[aw,]

0 elt=5IEr o Rlapo_] o emindst}Ls go}. 3)

The expression above is similar to what is obtained in
traditional approaches through the quantum regression
theorem; the general theory of continuous measure-
ments guarantees that it is a positive definite function
of s andt as it must be for an auto-correlation function.

3 The spectrum of the free light in channel 2

Let us consider now the spectrum of the light in chan-
nel 2, the fluorescence light detected but not involved
in the feedback loop. The homodyne currénf) is a
stochastic process and it can be proved that it is asymp-
totically stationary. Then, the spectrufa(u) is the
Fourier transform of the autocorrelation function for
long times. This classical definition can be recast in
the following way:

Sa(p) = Ser(pt) + Siner(p),

2

i 1
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Ser(p) = Ep,

i

T .
/ et Ir(s)ds

0

|
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Sinel (/J/) = T oo

2
1 s
T {IEH»T /0 e I(s)ds

T 2
Ep, l/ e Ih(s) ds]
0

where the spectrum is decomposed in #estic and
inelagtic parts. By explicit computations on can see
that S. (1) is proportional to a Dirac delta centred in
zero (as we are working in the rotating frame= 0
corresponds to resonance with the frequency of the
stimulating laser). Instead,q1(x) is the limit of the
normalised variance of the Fourier transform of the
photocurrentl,. An explicit expression can be ob-
tained from the expression of the second moments (3).
The asymptotic behaviour of the atomic a priori state
n. = e“rtpy ensures that the limit defining the spec-
trum exists and that it is independent of the initial state
0o of the atom. We get

0. ®

wheres = (cos Y3, sin s, 0), the matrix4 has matrix
elements

}20, (4)

A

S = 1+ 0l (57

aiz = az; =0, a3 = —azy = €1,

1
ai 27(5 + 7+ 2kq

+ 2c|a | cos 9 sin @ + 2¢? sin? <p) ,
a1z = Aw, — 'y(c|oz1| cos(th + o) + 2 sin 2(,0),

as = —Aw. — 'y<c|a1| cos(¥1 + ) + ¢*sin 290),

1
a2 :’7(5 + 7+ 2kq

— 2¢|ay | sin ¥y cos ¢ + 2¢2 cos? <p) ,
ass = 7(1 + 21 — 2¢|aq|sin(¥ — @) + 202)7

F:

Tr { (ei‘l92 o_ neq + e—i‘ﬂk neq oL

— Tr{0ow, Neq} neq) 5}'
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Figure 1. Sinel() with v = 1 and: ()Aw = 0, ¢ = 0, Figure 2. Sine1 (1) with all the parameters as in the previous fig-
Q = 0.2976,92 = —7/2; (2) Aw = 1.8195,¢ = 0, ure, butde — ¥o + /2.

Q = 1.7988,199 = —0.1438; (3) Aw = 0, ¢ = 0.0896,

2 =0.2698,01 = 7/2,99 = —7/2,0 = 0, (4) Aw =

1.6920, ¢ = 0.1326, Q2 = 1.9276,9; = 2.8168,199 =

—0.0851, p = 1.2460.

phase decay of the atom. The squeezed light would
break the equality between the transverse decay rates
for the two quadratures of the atom and one decay rate
In the caséas| = 0 we getSine (1) = 1, which is the could be made arbitrarily small, producing an observ-
spectrum of a pure white noise. Indeed in this case noable narrow line in the spectrum of the atomic fluo-
fluorescence light reaches the detector and we see onlyescence light. This was seen as a “direct effect of
the spectrum of the fluctuations of the local oscillator, squeezing” and thus as a measure of the squeezing of

. Lyt
andneq = tilerooe 0o.

interpreted as shot noise. the incident light. Nevertheless, Wiseman showed that
this atomic line-narrowing is not only characteristic of
3.1 Squeezing squeezed light, but it can also be produced by immers-

In general it is possible to give a description of the g & two-level atom in ‘in-loop squeezed’ light. The
output I in terms of a measurement of some Bose difference is that in the Gardiner case the other decay

quantum fields, to show that the value $if,c; (1; 92) rate becomes larger, while in the Wiseman case it is left
is the variance of a quadrature of the field in channel Unchanged.

2, the value ofSinei(; U2 +7/2) is the variance of the — Now we can show that the same atomic line-
conjugate quadrature [Barchielli and Gregoratti, 2008]. narrowing can be obtained stimulating a two-level atom
Then, theHeisenberg uncertainty refationsimply that even with non-squeezed light, that is with a coher-

ent monochromatic laser in presence of a (Wiseman-
Sinel (14 92) Siner(p; 92 4+ 7/2) > 1. Milburn) feedback scheme based on the (homodyne)

detection of the fluorescence light. This effect is ob-

tained within the model described up to now, in a dif-

If Sinei(11;92) < 1 for somey andd,, the field is said  ferent region of the control parameters.
to besgueezed.

Some typical spectra, showing well pronounced Letus take
squeezing and produced by suitable choices of the con-
trol parameters, are given in Figure 1. The position of

the minimum can béuned by a suitable choice of the o 9, — 9 = 0
control parameters; in Figure 1 the minima ar@is 0 ¥=39- 1= 2=
and inp = £2.5, with and without feedback. The lines Aw =0, =0, kq = 0.

(1) and (2) are without feedback and the lines (3) and

(4) are with feedback. Here and in all the other graphi-

cal examples we taKev; |> = |a;|> = 0.45,7 = 0 and

kq=0. Then, in the case of no feedback= 0 one obtains a
Note that the Heisenberg uncertainty relations give spectrum which is a Lorentzian peak with width

rise to peaks in the complementary field quadratures,

as shown in Figure 2.

2|as 0% 42
72+292 /’L2+72/4

3.2 Line-narrowing Sinel(pr) =1+
By feedback control another quantum effect can be

produced, the line-narrowing. After the first observa-

tion of squeezing, Gardiner predicted that stimulating

a two-level atom with squeezed light would inhibit the Instead, with the optimal choice of the feedbacks
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Figure 3. Sinei(pt) for ¢ = |ag| /2 0rc = 0andQ = 2,
P1 = p2 = O45,Aw = O,CP = %,191 = 7T,192 = 0,
v=1

|a| /2, we get a Lorentzian of widtlél - |o<1|2) v

|a2|2 (Ia;l2 A2 4 292)
(1- 125 92 4 202
(1 - |a1|2) 2

2 2)? 2
p? 4 (1= las]”) ~2/4

1+

Sinel(,u) =

X

This is the sub-natural line-narrowing effect, shown in
Figure 3.

4  Conclusions

The new results presented either are of general con-

ceptual relevance, either clarify the behaviour of flu-
orescence light and atom under coherent driving and
feedback.

First of all we have shown how to introduce the spec-
trum in quantum trajectory theory through its classical
definition (4), without ad hoc quantum definitions, but
in agreement with the axiomatic structure of quantum
measurement theory and with probability theory. We
have verified that this agreement with quantum mea-
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surement theory ensures consistency with the existence

of the traced out quantum field, so that Heisenberg un-

certainty relations hold for such spectra and the squeez-

ing of the output field can be analysed.

We have shown how feedback (at least in the form a
la Wiseman-Milburn) modifies the spectrum of the free

fluorescence light and can enhance its squeezing. Many

physical effects are introduced all together: detuning,

thermal and dephasing effects, not perfect detection ef-

ficiency, control. The final formula for the spectrum
(5) is given with all the parameters introduced by these
effects.

Finally, we have shown that feedback can produce
line-narrowing in the free fluorescence light, even if the
atom is not illuminated by squeezed light, but only by
coherent light.



