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Abstract
We consider equivalence relation between switched

linear systems and compute the dimension of equiva-
lence classes, after proving they can be obtained as the
orbits of the action of a Lie group on the differentiable
manifold of matrices defining the subsystems the sys-
tem consists of and deduce miniversal deformations.
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1 Introduction
Switched linear systems constitute a class of non-

linear systems having a behavior far from that of clas-
sical systems. They have been studied recently because
of their interesting properties and the great number of
applications from which they arise. We define natural
equivalence relations in the space of matrices defining
switched linear systems, which include basis changes
in the state variables, inputs and outputs spaces, state
feedback and output injection. Equivalence classes co-
incide with the orbits under suitable Lie group actions
on the differentiable manifold of matrices defining the
systems. From this identification, the dimension of
equivalence classes may be deduced and miniversal de-
formations are obtained, following Arnold’s techniques
in [Arnold, 1971] and [Tannenbaum, 1981].
Throughout the paper, R will denote the set of real

numbers, Mn×m(R) the set of matrices having n rows
andm columns and entries in R (in the case where n =
m, we will simply write Mn(R)) and by Gln(R) the
group of non-singular matrices in Mn(R).

2 Switched linear systems
Switched linear systems consist of different subsys-

tems of linear equations and a rule orchestrating the
changes between them. More concretely, we can de-
fine them as follows.

Definition 2.1. A switched non-singular linear system
is a system which consists of several non-singular lin-
ear subsystems and a rule that determines the switching
between them. It can be written as

Σσ

{
ẋ(t) = Aσx(t) +Bσu(t)
y(t) = Cσx(t)

with σ a piecewise constant signal taking values from
an index set M = {1, . . . , `}.

Example 2.1. Let us consider a PWM (pulse-width
modulator) boost-converter. We will (as usual) denote
by L an inductance, C a capacitance, R a load resis-
tance and eS(t) the source voltage. It allows to trans-
form the source voltage eS(t) into a higher voltage
eC(t) over the load R.
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Figure 1. PWM boost-converter



Equations when the switch S1 is closed are:

(
Q̇

İ

)
=

(
0 1
− 1
CL −

R
L

)(
Q
I

)
+

(
0
0

)
E

and when the switch S2 is closed are:

(
Q̇

İ

)
=

(
0 1
− 1
CL −

R
L

)(
Q
I

)
+

(
0
− 1
L

)
E

It is modeled by a switched linear system defined by
matrices

A1 =

(
0 1
− 1
CL −

R
L

)
,

A2 =

(
0 1
− 1
CL −

R
L

)
,

B1 =

(
0
0

)
, B2 =

(
0
− 1
L

)
,

C1 =
(

1 0
)
, C2 =

(
1 0

)
3 Equivalence relations
For simplicity’s sake, we will restrict ourselves to

the case where the system consists of two subsystems
(` = 2). The cases where there are more than two
subsystems can be handled in analogous way. Then
a switched linear system is defined by a 6−tuple of
matrices (A1, A2, B1, B2, C1, C2) ∈ X = Mn(R) ×
Mn(R) × Mn×m(R) × Mn×m(R) × Mp×n(R) ×
Mp×n(R).
We will consider the following elementary transfor-

mations:
ET1 Change of basis of the state variables
(A1, A2, B1, B2, C1, C2)→

(TA1T
−1, TA2T

−1, TB1, TB2, C1T
−1, C2T

−1)
ET2 Change of basis of the input variables
(A1, A2, B1, B2, C1, C2)→
(A1, A2, B1V,B2V,C1, C2)

ET3 Change of basis of the output variables
(A1, A2, B1, B2, C1, C2)→
(A1, A2, B1, B2,WC1,WC2)

ET4 State feedback
(A1, A2, B1, B2, C1, C2)→
(A1 +B1K,A2 +B2K,B1, B2, C1, C2)

ET5 Output injection
(A1, A2, B1, B2, C1, C2)→
(A1 + UC1, A2 + UC2, B1, B2, C1, C2)

and the equivalence relation which includes the ele-
mentary transformations above.

Definition 3.1. We define equivalent 6-tuples

(A1, A2, B1, B2, C1, C2) ∼ (A
′

1, A
′

2, B
′

1, B
′

2, C
′

1, C
′

2)

as those such that there exist T ∈ Gln(R), V ∈
Glm(R),W ∈ Glp(R),K ∈ Mm×n(R), U ∈
Mn×p(R) with
(A

′

1, A
′

2, B
′

1, B
′

2, C
′

1, C
′

2) =
= (TA1T

−1+TB1K+UC1T
−1, TA2T

−1+TB2K+
UC2T

−1, TB1V, TB2V,WC1T
−1,WC2T

−1)

We also consider the following elementary transfor-
mation:
ET6 Premultiplication of the state equations by invert-
ible matrices
(A1, A2, B1, B2, C1, C2)→
(Q1A1, Q2A2, Q1B1, Q2B2, C1, C2)

When including this new elementary transformation,
we obtain a new equivalence relation, which we will
denote by ∼g (generalized equivalence relation).

Definition 3.2. We define equivalent 6-tuples with re-
spect to generalized equivalence

(A1, A2, B1, B2, C1, C2) ∼g (A
′

1, A
′

2, B
′

1, B
′

2, C
′

1, C
′

2)

as those such that there exist Q1 ∈ GLn(R), Q2 ∈
GLn(R), T ∈ Gln(R), V ∈ Glm(R),W ∈
Glp(R),K ∈Mm×n(R), U ∈Mn×p(R) with
(A

′

1, A
′

2, B
′

1, B
′

2, C
′

1, C
′

2) = (Q1TA1T
−1+

Q1TB1K + UC1T
−1, Q2TA2T

−1 +Q2TB2K
+UC2T

−1, Q1TB1V,Q2TB2V,WC1T
−1,WC2T

−1)

In order to compute the dimension of the equivalence
classes, a key point is to view them as orbits under a
suitable Lie group action. This is a particular case of
the more general situation where a Lie group acts on
a differentiable manifold. The equivalence classes un-
der the equivalence relation defined above are, in fact,
differentiable manifolds. More concretely, we can state
this as follows.

Proposition 3.1. Equivalence relation ∼ is the one
induced by the action of the Lie group:
G = {(T, V,W,K,U) ∈ Gln(R) × Glm(R) ×
Glp(R)×Mm×n(R)×Mn×p(R)} on X .

And generalized equivalence relation∼g is the one in-
duced by the action of the Lie group:
Gg = {(Q1, Q2, T, V,W,K,U) ∈ Gln(R)×Gln(R)×
Gln(R)×Glm(R)×Glp(R)×Mm×n(R)×Mn×p(R)}
on X .
In particular, the elementary transformations ET1,ET2,
ET3, ET4, ET5 above are equivalence relations in-
duced by the action of the Lie subgroups of G:

G1 = {(T, Im, Ip, 0, 0) ∈ G}
G2 = {(In, V, Ip, 0, 0) ∈ G}
G3 = {(In, Im,W, 0, 0) ∈ G}
G4 = {(In, Im, Ip,K, 0) ∈ G}
G5 = {(In, Im, Ip, 0, U) ∈ G}



and ET6 by the Lie subgroup of Gg:

G6 = {(Q1, Q2, In, Im, Ip, 0, 0) ∈ Gg}

on the differentiable manifold X .

Proof. It is straightforward to check that the equiva-
lence classes acording to ∼ (respectively, ∼g) coincide
with the orbits under G (respectively, Gg), being the ac-
tions on X as follows.

α : G × X −→ X

where if G = (T, V,W,K,U) ∈ G and X =
(A1, A2, B1, B2, C1, C2) ∈ X , then:

α(G,X) = (TA1T
−1 + TB1K + UC1T

−1,
TA2T

−1 + TB2K + UC2T
−1,

TB1V, TB2V,
WC1T

−1,WC2T
−1)

and αX : G −→ X , αX(G) = α(G,X).
Analogously, we define the action:

αg : GgX −→ X

where ifGg = (Q1, Q2, T, V,W,K,U) ∈ Gg andX =
(A1, A2, B1, B2, C1, C2) ∈ X , then:

αg(Gg, X) = (Q1TA1T
−1 +Q1TB1K + UC1T

−1,
Q2TA2T

−1 +Q2TB2K + UC2T
−1,

Q1TB1V,Q2TB2V,
WC1T

−1,WC2T
−1)

and αgX : Gg −→ X , αgX (Gg) = αg(Gg, X).

Given any set of matrices (A1, A2, B1, B2, C1, C2) ∈
X , we will denote by O(A1, A2, B1, B2, C1, C2) and
Og(A1, A2, B1, B2, C1, C2) its orbits under equiva-
lence and generalized equivalence, respectively.

Proposition 3.2. Equivalence classes under both
equivalence relations are locally closed differentiable
submanifolds of X and their boundaries are a union
of equivalence classes or orbits of strictly lower
dimension. In particular, equivalence classes or orbits
of minimal dimension are closed.

The Proposition below describes the tangent spaces
and provides a way to obtain a basis of the normal
spaces with regard to the following Euclidean scalar
product in X :
〈(A1, A2, B1, B2, C1, C2), (Y1, Y2, Z1, Z2, T1, T2)〉 =
tr(A1Y

t
1 ) + tr(A2Y

t
2 ) + tr(B1Z

t
1) + tr(B2Z

t
2) +

tr(C1T
t
1) + tr(C2Z

t
2)

Proposition 3.3. Let us denote by
TO(A1, A2, B1, B2, C1, C2) the tangent space and by
NO(A1, A2, B1, B2, C1, C2) the normal space to the
orbit of (A1, A2, B1, B2, C1, C2) under equivalence and
TgO(A1, A2, B1, B2, C1, C2) the tangent space and by
NgO(A1, A2, B1, B2, C1, C2) the normal space to the orbit
of (A1, A2, B1, B2, C1, C2) under generalized equivalence
at the point (A1, A2, B1, B2, C1, C2). Then:

(a) TO(A1, A2, B1, B2, C1, C2) is the set
{([T,A1] + B1K + UC1, [T,A2] + B2K +
UC2, TB1+B1V, TB2+B2V,WC1−C1T,WC2−
C2T ), (T, V,W,K,U) ∈ TIG}
where
TIG is {(T, V,W,K,U) ∈ Mn(R) × Mm(R) ×
Mp(R)×Mm×n(R)×Mn×p(R)}.

(b) NO(A1, A2, B1, B2, C1, C2) is the vector subspace
consisting of 6-tuples
(Y1, Y2, Z1, Z2, T1, T2) ∈ X such that

[A1, Y
t
1 ]+B1Z

t
1−T t

1C1+[A2, Y
t
2 ]+B2Z

t
2−T t

2C2 = 0

Zt
1B1 + Zt

2B2 = 0

C1Y
t
1 + C2Y

t
2 = 0

Y t
1B1 + Y t

2B2 = 0

C1T
t
1 + C2T

t
2 = 0

(c) TgO(A1, A2, B1, B2, C1, C2) is the set
{([T,A1] + Q1A1 + B1K + UC1, [T,A2] +
Q2A2 + B2K + UC2, TB1 + Q1B1 +
B1V, TB2 + Q2B2 + B2V,WC1 − C1T,WC2 −
C2T ), (Q1, Q2, T, V,W,K,U) ∈ TIGg}
where
TIGg is {(Q1, Q2, T, V,W,K,U) ∈ Mn(R) ×
Mn(R)×Mn(R)×Mm(R)×Mp(R)×Mm×n(R)×
Mn×p(R)}.

(d) NgO(A1, A2, B1, B2, C1, C2) is the vector subspace
consisting of 6-tuples (Y1, Y2, Z1, Z2, T1, T2) ∈ X
such that

A1Y
t
1 +B1Z

t
1 = 0

A2Y
t
2 +B2Z

t
2 = 0

[A1, Y
t
1 ]+B1Z

t
1−T t

1C1+[A2, Y
t
2 ]+B2Z

t
2−T t

2C2 = 0

Zt
1B1 + Zt

2B2 = 0

C1Y
t
1 + C2Y

t
2 = 0

Y t
1B1 + Y t

2B2 = 0

C1T
t
1 + C2T

t
2 = 0

Proof. (a) If we consider I = (In, Im, Ip, 0, 0):
dαX(I + εG) = ((In + εT )A1(In + εT )−1 + (In +
εT )B1εK + εUC1(In + εT )−1,
(In + εT )A2(In + εT )−1 + (In + εT )B2εK +
εUC2(In + εT )−1, (In + εT )B1(Im + εV ),
(In + εT )B2(Im + εV ), (Ip + εW )C1(In +
εT )−1, (Ip + εW )C2(In + εT )−1) =
= ((In + εT )A1(In− εT + . . .)+ (In + εT )B1εK+
εUC1(In − εT + . . .),
(In + εT )A2(In − εT + . . .) + (In + εT )B2εK +
εUC2(In − εT + . . .), (In + εT )B1(Im +
εV ), (In + εT )B2(Im + εV ), (Ip + εW )C1(In −
εT + . . .), (Ip + εW )C2(In − εT + . . .)−1) =
(A1, A2, B1, B2, C1, C2) + ε(TA1 − A1T + B1K +
UC1, TA2−A2T +B2K+UC2, TB1+B1V, TB2+
B2V,WC1 − C1T,WC2 − C2T ) + ε2(. . .
and the statement follows.



(b) For any (Y1, Y2, Z1, Z2, T1, T2) ∈ X , this 6-tuple is in
NO(A1, A2, B1, B2, C1, C2) if, and only if,
〈(TA1−A1T +B1K +UC1, TA2−A2T +B2K +
UC2, TB1 +B1V,
TB2 + B2V,WC1 − C1T,WC2 −
C2T ), (Y1, Y2, Z1, Z2, T1, T2)〉 =

= tr((TA1 − A1T + B1K + UC1)Y
t
1 ) + tr((TA2 −

A2T + B2K + UC2)Y
t
2 ) + tr((TB1 + B1V )Zt

1) +
tr((TB2 + B2V )Zt

2) + tr((WC1 − C1T )T
t
1) +

tr((WC2 − C2T )T
t
2) =

= tr(TA1Y
t
1 − A1TY

t
1 + B1KY

t
1 + UC1Y

t
1 ) +

tr(TA2Y
t
2 − A2TY

t
2 + B2KY

t
2 + UC2Y

t
2 ) +

tr(TB1Z
t
1 + B1V Z

t
1) + tr(TB2Z

t
2 + B2V Z

t
2) +

tr(WC1T
t
1 − C1TT

t
1) + tr(WC2T

t
2 − C2TT

t
2) =

= tr(A1Y
t
1 T ) − tr(Y t

1A1T ) + tr(Y t
1B1K) +

tr(C1Y
t
1U)+tr(A2Y

t
2 T )−tr(Y t

2A2T )+tr(Y t
2B2K)+

tr(C2Y
t
2U)+ tr(B1Z

t
1T )+ tr(Zt

2B1V )+ tr(B2Z
t
2T )+

tr(Y t
2Z2V )+tr(C1T

t
1W )−tr(T t

2C1T )+tr(C2T
t
2W )−

tr(T t
2C2T ) =

= tr((A1Y
t
1 −Y t

1A1+A2Y
t
2 −Y t

2A2+B1Z
t
1+B2Z

t
2−

T t
1C1−T t

2C2)T )+tr((Zt
1B1+Z

t
2B2)V )+tr((C1T

t
1+

C2T
t
2)W ) + tr((Y t

1B1 + Y t
2B2)K) + tr((C1Y

t
1 +

C2Y
t
2 )U) =

= 〈(A1Y
t
1 −Y t

1A1+A2Y
t
2 −Y t

2A2+B1Z
t
1+B2Z

t
2−

T t
1C1− T t

2C2, Z
t
1B1 +Zt

2B2, C1T
t
1 +C2T

t
2 , Y

t
1B1 +

Y t
2B2, C1Y

t
1 + C2Y

t
2 , (T

t, V t,W t,Kt, U t)〉 =
0, ∀(T t, V t,W t,Kt, U t).
And we obtain the equations:

[A1, Y
t
1 ]+B1Z

t
1−T t

1C1+[A2, Y
t
2 ]+B2Z

t
2−T t

2C2 = 0

Zt
1B1 + Zt

2B2 = 0

C1Y
t
1 + C2Y

t
2 = 0

Y t
1B1 + Y t

2B2 = 0

C1T
t
1 + C2T

t
2 = 0

(c) If we consider I = (In, In, In, Im, Ip, 0, 0):
dαgX (I + εGg) = ((In + εQ1)(In + εT )A1(In +
εT )−1 + (In + εQ1)(In + εT )B1εK + εUC1(In +
εT )−1, (In + εQ2)(In + εT )A2(In + εT )−1 + (In +
εQ2)(In + εT )B2εK + εUC2(In + εT )−1, (In +
εQ1)(In + εT )B1(Im + εV ), (In + εQ2)(In +
εT )B2(Im + εV ), (Ip + εW )C1(In + εT )−1, (Ip +
εW )C2(In + εT )−1) =
= ((In + εQ1)(In + εT )A1(In − εT + . . .) + (In +
εQ1)(In + εT )B1εK + εUC1(In − εT + . . .), (In +
εQ2)(In + εT )A2(In− εT + . . .)+ (In + εQ2)(In +
εT )B2εK + εUC2(In − εT + . . .), (In + εQ1)(In +
εT )B1(Im + εV ), (In + εQ2)(In + εT )B2(Im +
εV ), (Ip+εW )C1(In−εT + . . .), (Ip+εW )C2(In−
εT + . . .)−1) =
= (A1, A2, B1, B2, C1, C2) + ε(TA1 − A1T +
Q1A1 + B1K + UC1, TA2 − A2T + Q2A2 +
B2K + UC2, TB1 + Q1B1 + B1V, TB2 + Q2B2 +
B2V,WC1 − C1T,WC2 − C2T ) + ε2(. . .)
and the statement follows.

(d) For any (Y1, Y2, Z1, Z2, T1, T2) ∈, this 6-tuple is in X
NO(A1, A2, B1, B2, C1, C2) if and only if,
〈(TA1 − A1T + Q1A1 + B1K + UC1, TA2 −
A2T + Q2A2 + B2K + UC2, TB1 + Q1B1 +
B1V, TB2 + Q2B2 + B2V,WC1 − C1T,WC2 −

C2T ), (Y1, Y2, Z1, Z2, T1, T2)〉 =

= tr((TA1 − A1T + Q1A1 + B1K + UC1)Y
t
1 ) +

tr((TA2−A2T+Q2A2+B2K+UC2)Y
t
2 )+tr((TB1+

Q1B1 +B1V )Zt
1) + tr((TB2 +Q2B2 +B2V )Zt

2) +
tr((WC1 − C1T )T

t
1) + tr((WC2 − C2T )T

t
2) =

= tr(TA1Y
t
1 − A1TY

t
1 + Q1A1Y

t
1 + B1KY

t
1 +

UC1Y
t
1 ) + tr(TA2Y

t
2 − A2TY

t
2 + Q2A2Y

t
2 +

B2KY
t
2 + UC2Y

t
2 ) + tr(TB1Z

t
1 + Q1B1Z

t
1 +

B1V Z
t
1) + tr(TB2Z

t
2 + Q2B2Z

t
2 + B2V Z

t
2) +

tr(WC1T
t
1 − C1TT

t
1) + tr(WC2T

t
2 − C2TT

t
2) =

= tr(A1Y
t
1 T ) − tr(Y t

1A1T ) + tr(A1Y
t
1Q1) +

tr(Y t
1B1K)+tr(C1Y

t
1U)+tr(A2Y

t
2 T )−tr(Y t

2A2T )+
tr(A2Y

t
2Q2) + tr(Y t

2B2K) + tr(C2Y
t
2U) +

tr(B1Z
t
1T )+tr(B1Z

t
1Q1)+tr(Zt

2B1V )+tr(B2Z
t
2T )+

tr(B2Z
t
2Q2)+tr(Y t

2Z2V )+tr(C1T
t
1W )−tr(T t

1C1T )+
tr(C2T

t
2W )− tr(T t

2C2T ) =

= tr((A1Y
t
1 − Y t

1A1 + A2Y
t
2 − Y t

2A2 + B1Z
t
1 +

B2Z
t
2 − T t

1C1 − T t
2C2)T ) + tr((Zt

1B1 + Zt
2B2)V ) +

tr((C1T
t
1 + C2T

t
2)W ) + tr((Y t

1B1 + Y t
2B2)K) +

tr((C1Y
t
1 + C2Y

t
2 )U) + tr((A1Y

t
1 + B1Z

t
1)Q1) +

tr((A2Y
t
2 +B2Z

t
2)Q2) =

= 〈(A1Y
t
1 + B1Z

t
1, A2Y

t
2 + B2Z

t
2, A1Y

t
1 − Y t

1A1 +
A2Y

t
2−Y t

2A2+B1Z
t
1+B2Z

t
2−T t

1C1−T t
2C2, Z

t
1B1+

Zt
2B2, C1T

t
1 + C2T

t
2 , Y

t
1B1 + Y t

2B2, C1Y
t
1 +

C2Y
t
2 ), (Q

t
1, Q

t
2, T

t, V t,W t,Kt, U t)〉 =
0, ∀(Qt

1, Q
T
2 , T

t, V t,W t,Kt, U t).
And we obtain the equations:

A1Y
t
1 +B1Z

t
1 = 0

A2Y
t
2 +B2Z

t
2 = 0

[A1, Y
t
1 ]+B1Z

t
1−T t

1C1+[A2, Y
t
2 ]+B2Z

t
2−T t

2C2 = 0

Zt
1B1 + Zt

2B2 = 0

C1Y
t
1 + C2Y

t
2 = 0

Y t
1B1 + Y t

2B2 = 0

C1T
t
1 + C2T

t
2 = 0

4 Dimension of equivalence classes
It is a classical technique for computing the dimension of

orbits or equivalence classes to calculate the codimension of
the normal spaces (of any set of matrices in the same equiv-
alence class), since they coincide. In particular, we can state
the following

Proposition 4.1. The dimension of orbits
O(A1, A2, B1, B2, C1, C2) coincides with the rank of
matrix M(A1, A2, B1, B2, C1, C2) the matrix associated
to the linear system yielding the normal space to the
orbit of the given 6-tuple, and the dimension of orbits
Og(A1, A2, B1, B2, C1, C2) coincides with the rank of
matrix Mg(A1, A2, B1, B2, C1, C2) associated to the linear
system yielding the normal space to the orbit of the given
6-tuple.

Example 4.1. We consider the circuit in Example 2.1. A
basis of the normal space NO(A1, A2, B1, B2, C1, C2) to
the orbit of the 6-tuple defining the system is:

V1 =

{
0,

(
−L 0
0 0

)
, 0, 0, 0,

(
0 1
)}

,



V2 =

{(
0 −1
0 0

)
, 0,

(
0
1

)
, 0, 0, 0

}
,

V3 =
{
0, 0, 0, 0,

(
0 1
)
, 0
}
,

V4 =
{
0, 0, 0, 0,

(
1 0
)
, 0
}
,

V5 =

{
0,

(
0 0
−1 0

)
, 0, 0, 0,

(
1 0
)}

,

V6 =

{(
−1 0
0 0

)
, 0,

(
1
0

)
, 0, 0, 0

}
,

V7 =

{
0,

(
−L 0
0 1

)
, 0, 0, 0, 0

}
On the other hand, a basis of the normal space
NgO(A1, A2, B1, B2, C1, C2) is

V1 =

{
0,

(
0 0
−1 0

)
, 0, 0, 0,

(
1 0
)}

,

V2 =
{
0, 0, 0, 0,

(
0 1
)
, 0
}
,

V3 =
{
0, 0, 0, 0,

(
1 0
)
, 0
}
,

V4 =

{
0,

(
0 0
0 −1

)
, 0, 0, 0,

(
0 1
)}

In this case, the dimension of the orbit under equivalence of
this 6-tuple is 9, and the dimension under generalized equiv-
alence is 12.

5 Miniversal deformations
When tackling the problem of how small perturbations of

the system may lead to different structures a classical ap-
proach is to consider miniversal deformations, which provide
all possible structures which can arise from small perturba-
tions. Moreover, they can be applied to the study of singu-
larities and bifurcations. We recall that the number of pa-
rameters in any miniversal deformation is always equal to the
codimension of orbits.

Definition 5.1. A deformation of the 6-tuple
(A1, A2, B1, B2, C1, C2) ∈ X is a differentiable map
ϕ : U −→ X , with U an open neighborhood of the origin in
Rd, such that ϕ(0) = (A1, A2, B1, B2, C1, C2).

Let G be a Lie group acting on X through the action α.
A deformation ϕ : U −→ X of (A1, A2, B1, B2, C1, C2)
is called versal at 0 if for any other deformation of
(A1, A2, B1, B2, C1, C2), ψ : V −→ X , there exists a
neighborhood V ′ ⊆ V with 0 ∈ V ′, a differentiable map γ :
V ′ −→ U with γ(0) = 0 and a deformation of the identity
I ∈ G, θ : V ′ −→ G, such that ψ(µ) = α(θ(µ), ϕ(γ(µ)))
for all µ ∈ V ′.
A versal deformation with minimal number of parameters d

is called miniversal deformation.
A miniversal deformation may be deduced from a basis of

the normal space to the orbit of a given triple (see [Arnold,
1971], [Tannenbaum, 1981], where the main definitions and
results about deformations and versatility can be found).
This miniversal deformation is usually called the orthogonal
miniversal deformation.

Theorem 5.1. The mappings

Rd −→ X

(η1, . . . , ηd) 7→ (A1, A2, B1, B2, C1, C2) +
d∑

i=1

ηiVi

where {V1, . . . , Vd} is any basis of the vecto-
rial subspace NO(A1, A2, B1, B2, C1, C2) or
NgO(A1, A2, B1, B2, C1, C2) is a miniversal deformation
of (A1, A2, B1, B2, C1, C2) with respect to equivalence or
generalized equivalence of 6-tuples in X .

6 References
Arnold, V. I. (1971) On matrices depending on parameters.

UspekhiMat. Nauk. 26.
Carmona, V., Freire, E., Ponce, E., Torres, F. (2002)

On Simplifying and Classifying Piecewise Linear Systems.
IEEE Transactions on Circuits and Systems 49. pp. 609–620.
Ferrer, J., Puerta, F. (2001) Versal deformations of invariant

subspaces. Linear algebra and its applications 332-334, pp.
569–582.
Ferrer, J., Garcı́a-Planas, M.I.; Puerta, F. (1997) Brunovsky

local form of a holomorphic family of pair of matrices. Lin-
ear algebra and its applications 253 (1-3), pp. 175–198.
Garcı́a-Planas, M.I. (1992) Versal deformations of pairs of

matrices. Linear algebra and its application 170, pp. 194–
200.
Garcı́a-Planas, M.I., Magret, M.D. (1998) Miniversal defor-

mations of linear systems under the full group action. Systems
and control letters 35, pp. 279–286.
Garcı́a-Planas, M.I., Magret, M.D. (2007) Deformation and

Stability of Triples of Matrices. Linear algebra and its appli-
cations 254-999, pp. 159–192.
Garcı́a-Planas, M.I., Magret, M.D., Tarragona, S. (2006)

Relationship between different equivalence relations in the
space of standardizable systems. Linear algebra and its ap-
plications 413, 2-3, pp. 274-284.
Humphreys, J.E. (1975) Linear Algebraic Groups.Graduate

Texts in Mathematics 21. Springer-Verlag. Berlin.
Tannenbaum, A. (1981) Invariance and System Theory: Al-

gebraic and Geometric Aspects, Lecture Notes in Mathemat-
ics 845, Springer-Verlag, Berlin.


