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Abstract–Soft starters based on thyristorised voltage control-
ler (TVC) are used as induction motor controllers in many in-
dustrial applications. Pulse-phase control system (PPCS) of the 
TVC can operate under two types of synchronization: line vol-
tage synchronization and phase current synchronization. Oscil-
lation processes can occur in stationary states of the PPCS with 
voltage synchronization as it has been shown in [1]–[3]. An av-
eraging (linearizing) modeling approach does not allow to in-
vestigate this problem and to analyze the model stability ade-
quately. Therefore, an analysis of the stationary state parame-
tric stability is carried out by numerical calculation of a mo-
nodromy matrix in this paper. 

 
Index Terms–Stability analysis, induction motors, soft start. 

 
 

I.   INTRODUCTION 
 
In order to mitigate the adverse effects of starting torque 

transients and high inrush currents in induction motors, a 
popular method is to use electronically controlled soft-
starting voltages utilizing series-connected silicon-
controlled rectifiers (SCRs). 

At present soft start devices (hereafter softstarters) are de-
veloped based on the pulse-phase control system (PPCS) 
with thyristor voltage controller (TVC). TVC consists of the 
series-connected silicon-controlled rectifiers (SCRs), which 
are easy to produce, reliable and low-cost. In addition, SCRs 
allow switching of the currents with greater magnitude 
compared with transistors. It allows the TVC-based softstar-
ters to compete with adjustable-speed AC drives based on 
transistor converter [1]–[4]. 

A complicated mathematical modeling and simulation is a 
disadvantage of the PPCS-TVC of induction machines (he-
reafter PPCS-TVC-IM). It’s difficult to research the PPCS-
TVC-IM behaviors in transient and stationary states. For ex-
ample, stability of the stationary states has been researched 
with the help of linearized models of the PPCS-TVC-IM es-
pecially [2].  

Pulse-phase control system (PPCS) of the TVC can oper-
ate under two types of synchronization: line voltage syn-
chronization and phase current synchronization. Oscillation 
processes, characterized by deviation of angular velocity of  
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IM exist in the stationary states of the PPCS-TVC-IM with 
voltage synchronization as it has been reported in [1]–[3]. 
An averaging (linearizing) modeling approach does not al-
low to investigate this problem and to analyze the model 
stability adequately. Therefore, both an analysis of the dy-
namic behaviors and control algorithm design must perform 
by non-linear model. In this paper, such complete (non-
linear) model of the PPCS-TVC-IM is used for simulation 
and stability analysis.  

The paper is organized as follows: an approach, based on 
the Kirchhoff and Ohm laws [5], of the non-linear PPCS-
TVC-IM modeling is described in Section 2. Dynamic be-
haviors are compared by simulation of the PPCS-TVC-IM 
model with two types of synchronization. Before conclud-
ing, the parametric stability analysis of the stationary state, 
base on monodromy matrix numerical calculation is carried 
out for both types of the model synchronization in Section 3. 

 
 

II.   PPCS-TVC-IM. MODELING AND SIMULATION 
 

Normally, modeling of the PPCS-TVC-IM is carried out 
as follows [2]–[4]: (i) the generalized two-phase IM model 
is represented; (ii) the supply conditions are obtained by op-
eration mode analysis. But in this case the representation of 
non-symmetrical supply conditions is carried out by genera-
lized IM model based on symmetrical supply condition as-
sumption. Therefore this approach is not sufficiently valid. 

In this paper, an approach, based on the Kirchhoff and 
Ohm laws, is applied to obtain a non-linear model under 
each operation mode, as has been proposed in [5]. At first, 
an analysis of the TVC-IM model operate is carried out to 
obtain the structure constancy intervals (SCI). The basic cir-
cuit is used for the control (Fig. 1.a). TVC-IM model is op-
erated under following modes: “0” is a disconnected mode; 
“AB”, ”BC”, ”AC” are two-phase conduction modes; 
“ABС” is a three-phase conduction mode as shown in Fig. 
1.b.  

At second, a non-linear system of ordinary differential 
equations (ODEs) is corresponded to each SCI and is 
represented in the following form: 
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where fi, i=1…n are the non-linear functions; xi, i=1...n are 
the state variables of the PPCS-TVC-IM model (angular ve-
locity of the IM shaft; currents and/or flux linkages of both 



stator and rotor windings); )(tg  is a line voltage and n cor-
responds to a number of the state variables (n=4 in the case 
of the “0”-mode; n=5 in the case of the “AB”-, “BС”-, 
“AC”-mode; n=7 in the case of the “ABC”-mode). 
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Fig. 1. (a) PPCS-TVC-IM model; (b) the operating scheme 
of the PPCS-TVC-IM 

 
The mathematical models [6] of each SCI (1) are derived 

by using traditional assumptions of the electromechanical 
conversion energy theory (for example, the saturation neg-

lecting of magnetic conductors, the plain air gap without sta-
tor and rotor slots, neglecting of the mechanical friction, 
etc.). 

Two types of synchronization are used in PPCS-TVC [2], 
[3]: 
(i) a current synchronization (CS); the control angle γ cor-

responds to the instant at which a thyristor is triggered 
on with the respect to the phase-current reaches zero 
(Fig. 2.a);  

(ii) a line voltage synchronization (VS); the thyristor firing 
angle α from the point of zero crossing of each phase 
voltage (Fig. 2.b).  

The dependence of the control angle α on γ is represented 
by this relation:  

 
δγα += ,   (2) 

 
where δ  is an angle of current delay in inductive load cir-
cuits, depending on the equivalent circuit of the IM. 

In this paper, all simulations are executed with the para-
meters of the IM “4А225М4Y3” (rated power P=55 kW); 
both the zero initial and mechanical load absence conditions 
are applied. 

Simulation of the PPCS-TVC-IM model with both types 
of synchronization demands to estimate the angle δ  under 
specified parameters of the IM. 

For that purpose, let us draw the dependence )(γα f=  in 
the stationary state by means of numerical simulation of the 
PPCS-TVC-IM (the dots on the Fig. 3). The shape of the ob-
tained curve allows approximating it by straight line (the 
line on the Fig. 3). The equation of the approximating line 
has the following form: 

 
64+= γα .   (3) 
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Fig. 2. Waveform of the stator current “A” ( )(tisA ,[p.u.]) and the line-voltage of the phase “A” ( )(tuA ,[p.u.]) of the PPCS-
TVC-IM with VS (a); also for the PPCS-TVC-IM with CS (b).  
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Fig. 3. The dependence of the control angle α on γ. 

 
As shown by several papers (for example, [2], [3]), the 

linearized PPCS-TVC-IM model with VS is not stable in 
the range of subsynchronous angular velocity. To validate 
this result, let us simulate the stationary state of the 
PPCS-TVC-IM with equal initial conditions for each kind 
of synchronization.  

The time dependences of the IM shaft angular velocity 
)(trω  and both the stator current and current envelope 
)(ˆ tI sA
 of the winding “А” are shown in the Fig. 4.a. The 

control angle α  is set to 89 degree. A moment of inertia 
(J) on the IM shaft is equal to the rated IM inertia mo-
ment (J=Jrated). 

The relative deviation of the angular velocity of the IM 
shaft around stationary value is calculated as follows: 
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ation of )(trω  around mean angular velocity 

∑= irr n ,
1 ωω  in the stationary state. 

Plotting of the current envelope )(ˆ tI sA
 (Fig. 4.a) allows 

to determine the period of oscillation 14.2
89
=

=α
T  sec. 

The dependence of the harmonic current magnitudes on 
current frequency (f) (Fig. 4.b) shows that the quasi-
particle components (f=3·fbase,5·fbase,7·fbase...) exist around 
fundamental harmonic fbase=50 Hz. It is necessary to em-
phasize the considerable peak-to-peak value of the IM 
angular velocity. The relative deviation of the angular ve-
locity reaches %.3=Δω   

Let us draw the dependences showed above for the 
PPCS-TVC-IM with CS. Expressing (3) in term of γ  and 
substituting 89=α , we get: 35=γ  degree. The time de-
pendences of the )(tisA  and )(trω  are showed in the Fig. 
5.a for the PPCS-TVC-IM with CS. Dependence of the 

harmonic components of )(tisA  on the frequency f is 
showed in the Fig. 5.b.  
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Fig. 4. (a) Electromechanical processes of the PPCS-
TVC-IM with VS in the stationary state; (b) the depen-
dence of the amplitude m

sA
I  on frequency f of the current 

harmonic components.  
 

 

)(trω

)(tisA  

a) 

b) 

t, sec

f,Hz

1secrad, −⋅rωAisA ,

AI m
sA,

 

              
 
 
 

  

 
 

Fig. 5. (a) Electromechanical processes of the PPCS-
TVC-IM with CS in the stationary state; (b) the depen-
dence of the amplitude m

sA
I  on frequency f of the current 

harmonic components.  



The frequency spectrum of )(tisA  (Fig. 5.b) shows that 
the value of quasi-particle components are small. The rel-
ative deviation of the angular velocity does not exceed the 

%108.4 3−⋅=Δω . 
Therefore, previous analysis shows that the magnitude 

of the state variable oscillation processes can reach signif-
icant values in the stationary states of the PPCS-TVC-IM 
with voltage synchronization. In this case, an application 
of the averaging modeling approach shows instability as 
it has been reported in [2]. To show the necessary of the 
non-linear PPCS-TVC-IM model using, stability analysis 
this one will carry out by numerical calculation of the 
monodromy matrix in the next section. 

 
 

III.   STABILITY RESEARCH OF THE PPCS-TVC-IM 
MODELS 

 
Theoretical stability analysis of the non-linear switched 

models is a very complicate problem, but it can be ex-
ecuted by numerical methods. One of them is a wide-
spread approach, based on monodromy matrix numerical 
calculation [7], [8]. The main idea of this technique is at 
first to derive the monodromy matrix of the steady-state 
model. After that, the matrix eigenvalues calculation al-
lows to make the conclusion about stability behavior of 
the investigated system [7], [8]. 

For the monodromy matrix evaluation purpose, let us 
give the map of the shift as follows: 

 
Xk=F(Xk-1),   (5) 

 
where Xk is the augmented vector of the state variables at 
the instant t=kT; F(Xk-1) is the vector-function set of the 
system (1), transformed to the autonomous form. 

Sequence of points Xck, k=1,2,..,m of the map (5) cor-
responds to the periodical process with period Tm which is 
multiple of period T of the line-voltage (Tm=mT, 
m=1,2,…). Therefore we have: 

 
Xck = F(m)(Xck),   (6) 

 
where F(m)(Xck) are the m-consecutive iterations of the 
map (5). 

Coordinates of the fixed points are determined as fol-
lows: the observable model is integrated on the period T 
with maximum distance between elements of the vectors 
Xk-1 and Xk calculation until the distance is not less than 
the required accuracy. 

Local stability of the m-cycle Xck, k=1,2,..,m is re-
searched through incremental equation as follows. Let 
∆k=Xk-Xck, k=1,2,..,m be infinitesimal perturbance of the 
state vector Xk from coordinates of the m-cycle Xck then 
disturbance on k+1 step in linear approximation has the 
following form: 

 
∆k+1=Jk∆k,   (7) 
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=  is the Jacobian matrix calculated at 

Xck, k=1,2,.., m. 
Evolution of the disturbance ∆k throughout m iterations 

of the map (3) is calculated as follows: 
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JM  is the monodromy matrix correspond-

ing to the m-cycle. 
Thereby, if the following condition is satisfied than we 

can say that the m-cycle of the system is asymptotically 
stable [7]: 

 
nii ,...,2,1,1 =<ρ ,  (9) 

 
where nii ,...,2,1, =ρ  are the eigenvalues of the matrix 
M. 
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Fig. 6. ),(max Jf αρ = : (a) – the PPCS-TVC-IM with CS; 

(b) – the PPCS-TVC-IM with VS. 
 
Let us draw the surfaces evolution of the maximum ei-

genvalue 
ini

ρρ
≤≤

=
1max max  as the function of the control an-

gle and IM inertia moment. The surfaces maxρ  for PPCS-
TVC-IM with both CS and VS are shown in the Fig. 6.a 
and 6.b, respectively. The control angle α  is calculated 
by (3) to plotting of Fig. 6.a and Fig. 7.a. 



The analysis of the surfaces showed above allows to 
conclude: the periodical processes of the observable mod-
els are stable (in the sense suggested by Lyapunov) be-
cause the condition (9) is fulfilled in the turndown of pa-
rameters.  

However, the angular velocity oscillation of the IM, 
showed in the previous section, may have unacceptable 
amplitude for some applications. Let us draw the evolu-
tion surfaces of relative deviation of the angular velocity 
ωΔ  as function of the control angle and IM inertia mo-

ment. The surfaces ωΔ  for PPCS-TVC-IM with both CS 
and VS are shown on the Fig. 7.a and 7.b, respectively. 

The surface analysis showed in the Fig. 7 allows to 
emphasize that the relative deviation of the angular veloc-
ity ωΔ  of the PPCS-TVC-IM with VS reaches the value 
6%; the relative deviation of the angular velocity ωΔ  of 
the PPCS-TVC-IM with СS is much less and approx-
imately equal to %08.0≈Δω  in comparison to the sys-
tem with VS. Thereby, the PPCS-TVC-IM with CS can 
have wider application than similar system with VS. 
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Fig. 7. ),( Jf αω =Δ : (a) – the PPCS-TVC-IM with CS; 
(b) – the PPCS-TVC-IM with VS. 

 
 

IV.   CONCLUSION 
 
The non-linear PPCS-TVC-IM model with two types 

of synchronization was described and simulated. The pa-
rametric stability analysis of the stationary state, base on 
monodromy matrix numerical calculation was carried out 
for both types of the model synchronization. Periodical 

processes of the stationary state are stable in both the 
turndown of the control angle and range of the IM inertia 
moment [ ]8; ⋅∈ ratedrated JJJ . However, the oscillation 
processes exist in the stationary states of the PPCS-TVC-
IM with voltage synchronization in the IM inertia mo-
ment range [ ]3; ⋅∈ ratedrated JJJ . In this case, the use of an 
averaging (linearizing) modeling approach does not allow 
to analyze the model stability adequately. Therefore, the 
dynamic behavior analysis of the softstarter models with 
VS must execute by non-linear PPCS-TVC-IM model ap-
plication. 

As shown in this paper, CS of the PPCS-TVC-IM de-
creases the oscillations in the stationary state. It makes 
CS of the PPCS-TVC-IM more attractive for implementa-
tion against the VS. Especially, it can use in both the soft 
start devices and energy-saving drive systems. 
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