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Abstract
The randomized method of Sign-Perturbed Sums

(SPS) is applied within the framework of the incubation
time approach to evaluate the dynamic strength of ice.
The experimental data of [Carney et al., 2006; Wu and
Prakash, 2015; Saletti et al., 2019] is analysed in order to
estimate strength parameters of ice and describe the ob-
served strain-rate sensitivity curves. The independence
of incubation time value on the ice temperature is estab-
lished in contrast with the significant dependency of the
critical stress parameter. The obtained confidence inter-
val of the spalled ice is in good correspondence with the
scatter observed experimentally.
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1 Introduction
Estimation of materials strength properties is an im-

portant daily task of modern industry. One of the ma-
terials in the field of interest is ice. The ice fields in-
teract with arctic ships and platforms working to the oil
and gas extraction. Thus, the problem of ice strength
properties becomes critical since such interactions can
damage a vessel or platform. A number of various tests

were conducted under quasi-static and dynamic loading
for wide range of temperatures by Wu and Prakash [Wu
and Prakash, 2015]. They established that the accepted
critical stress criterion does not provide proper results
for dynamic cases as, in dynamics, the ultimate stresses
strongly depend on the load rate.

In addition, the issue of studying the ice characteris-
tics under high-speed loads is important not only for
vessels travelling through the Arctic seas but also for
spaceships [Carney et al., 2006]. During the atmospheric
flight, spaceships can collide with various types of debris
and it is necessary for the spacecraft body to withstand
these impacts. It is believed that dense objects do not
pose any danger, because the relative impact density is
moderate, however, objects with low density slow down
quickly and during the collision, the speed is quite high.
Ice slows down fast enough to consider an impact as a
potential problem, so it is necessary to have more knowl-
edge about the strength characteristics of ice under high-
speed impact.

It is also important that the ice fracture mechanism
can be different in dynamics and statics. The yield
deformation is typical to quasi-static loading, whereas
the brittle fracture prevails under high rate intensive im-
pacts [Schulson, 2001; Schulson and Buck, 1995]. This
peculiarity of internal ice structure can be the reason that
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conventional approaches based on the concept of critical
stress wrongly predict the strength in dynamics.

Recently, a number of tests were conducted on dif-
ferent types of ice under various temperatures in or-
der to determine the dependence of the ice strength on
strain rate [Wu and Prakash, 2015; Carney et al., 2006;
Dempsey et al., 1999; Saletti et al., 2019; Yasui et al.,
2017; Combescure et al., 2011]. This study is devoted to
the analysis of mentioned experimental data within the
framework of the structural-temporal approach based on
the incubation time criterion. The main idea of the cri-
terion is that every transient process like fracture does
not happen instantly, and the material’s parameter, the
incubation time, determines the characteristic time of
the process. Thus, the material strength in dynamics is
stipulated by this parameter. This method has recom-
mended itself as an effective tool for the solution of dif-
ferent problems related to prediction ultimate stress level
under intensive high-rate loading[Petrov, 2004; Volkov
et al., 2021]. The main issue is estimating the in-
cubation time value through the experimental data of
dynamic tests. The randomized Sign-Perturbed Sums
(SPS) method [Csáji et al., 2014] is applied in this study
since it has weak restrictions on model function and al-
most no assumption of the random noise distribution.
Originally, SPS was formulated for linear model func-
tion, whereas the experimental regularity of ultimate
strength on load rate is definitely nonlinear. It was shown
that this randomized method could be applied to solve
dynamic fracture problems, and the model function ob-
tained within the incubation time approach obeys all nec-
essary conditions of SPS[Volkova et al., 2017; Volkova
et al., 2018].

The paper is organized as follows. In Section 1, the
formal problem of estimation dynamic strength proper-
ties of the ice is discussed. Section 2 introduces the gen-
eral problem settings, and it consists of two parts that
describe basic ideas and concepts of the incubation time
approach and Sign-Perturbed Sums methods. The re-
sults of experimental data analysis are considered in Sec-
tion 3. Section 4 concludes the paper.

2 Problem Statement
All test results can be considered in accordance with

the following observation scheme

yi = φ(ϑ, ui) + vi, i = 1, 2, . . . , N (1)

where yi is observed value of i-th test, φ(ϑ, ui) is a
model function with a control input parameter ui and
an internal parameter ϑ, which needs to be estimated
through the tests, vi is a random noise. The scheme (1) is
accepted in further analysis of material dynamic strength
within the incubation time approach. Thus, yi is the ex-
perimentally observed value of ultimate stress level σ∗,
ϑ corresponds to the incubation time of material τ and
ui can be associated to the strain rate of loading ε̇i. The

model function φ(τ, ε̇i) is also should be determined by
the structural temporal approach.

It should be noted, that the number of dynamic tests N
often is not large enough to apply conventional statistical
analysis in order to consider the noise influence. There-
fore, the randomized method of Sign-Perturbed Sums is
chosen as a basic tool for this problem.

2.1 Incubation Time Approach
The incubation time approach was applied to describe

the ice strength in this study. The general form of the
criterion can be represented by

1

τ

∫ t

t−τ

(
σ(t′)

σc

)α

dt′ ≤ 1 (2)

where σc is critical stress, τ is incubation time of frac-
ture and α is dimensionless parameter. In further anal-
ysis, it is assumed that α = 1 since it is typical for a
wide range of materials. The function σ(t′) describes
the time profile of loading stresses. According to (2) the
fracture manifestation corresponds to the equality for the
some time moment t∗. Thus, the criterion (2) permits
the calculation of a dependence of the fracture time on
the threshold value of some parameters of a specific load
function.

The experimental tests to be analyzed were performed
on a Split Hopkinson’s Pressure Bars (SHPB) equip-
ment. Usually, these experimental scheme provides lin-
ear growth of loading stresses, and therefore the load
function can be set as

σ(t) = h(t)kε̇t, (3)

where h(t) is Heaviside step function and k is the mate-
rial Young modulus. Substitution the function (3) to cri-
terion (2) leads to following equation in unknown frac-
ture time t∗

h(t∗)

(
t∗
τ

)2

− h(t∗ − τ)

(
t∗
τ

− 1

)2

= s (4)

where s = 2σc/(kε̇τ) is dimensionless parameter,
which value depends on strain-rate of load impacts.
Fracture time t∗ is positive value, hence h(t∗) = 1 and
there are two cases: when t∗ > τ or t∗ ≤ τ . From ex-
pression (4) it follows that s = 1 for t∗ = τ , therefore
the equation determining the fracture moment t∗ is{

(t∗/τ)
2 = s, s < 1,

(t∗/τ)
2 − (t∗/τ − 1)2 = s, s ≥ 1.

(5)

The substitution of the roots of the equation (5) into the
load function (3) leads to the definition of the model
function φ(τ, ε̇i)

σ∗(ε̇) = φ(τ, ε̇) =

{
σc +

τ
2kε̇, ε̇ ≤ 2σc/kτ,√

2σcτkε̇, ε̇ > 2σc/kτ.
(6)
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Figure 1. Dependence of the failure stress on the strain-rate in com-
parison to experimental data for the distilled water ice [Carney et al.,
2006]. Model parameters are τ ∈ [6.8; 15.0]µs, σc = 14.8MPa

Therefore, the incubation time approach allows describ-
ing strain-rate dependence of ultimate fracture stresses
under dynamic loading. The main task is to estimate the
model parameter τ for certain materials by analysing real
experimental data.

2.2 Sign-Perturbed Sums Method
The Sign-Perturbed Sums approach provides the es-

timation of the goal parameter in the form of some
confidence interval that contains the actual value of
the parameter with a given probability. It was proven
in [Volkova et al., 2018] that the nonlinear function
φ(τ, ε̇) obeys necessary conditions of applicability of the
SPS method. The only additional assumption is that the
random noise has to be symmetrical. This is quite rea-
sonable due to the consideration that the performance of
the experiments was high enough to avoid all bias errors
with a non zero mean value.

The implementation of SPS to the task mentioned
above can be realized in two steps. At first, some num-
ber of trial values of the goal parameter τ should be set
as some interval. Then the SPS − Indicator(τ) SPS-
Indicator procedure checks every value from the trial
ones whether the confidence set includes it or not. The
main concept of SPS is based on the sign perturbation
of residual error for a model curve value and experi-
mental data. For the true value of the model parameter,
the sum of perturbed residuals should not be different
to their sum with original signs. The main steps of the
SPS − Indicator(τ) procedure are as follows.

1. For the given τ compute the prediction error:
δt(τ) = σ∗

t − φ(τ, ε̇t), t = 1, 2, . . . , T,
where (σ∗

t , ε̇t) are observed data of experiment.
2. Evaluate

H0(τ) =

T∑
t=1

φ′
τ (ε̇t, τ)δt(τ)

Hi(τ) =

T∑
t=1

βi,tφ
′
τ (ε̇t, τ)δt(τ)

for i = 1, 2, . . . ,M − 1.
3. Order ∥Hi(τ)∥ from smallest to biggest one. Place

equal sums randomly in accordance with the uni-
form distribution into the corresponding to their
value position in the ordering.

4. Compute the rank R(τ) as a number of ∥H0(τ)∥ in
the ordering.

5. Return 1 if R(τ) ≤ M − q, otherwise Return 0.

Thus, the confidence interval has the form

T̂ = {τ ∈ R
∣∣SPS− indicator(τ) = 1}.

The main steps of the SPS − Indicator(τ) procedure
are as Integer parameters M and q should be chosen in
advance in order to set the confidence level of the estima-
tion as a probability of the resulting interval T̂ contains
the actual value of the incubation time τ∗.

Prob({τ∗ ∈ T̂ ) = 1− q

M
.

It should be noted, that SPS is a randomized method
and it can provide results slightly different one another
for the same initial data. Parameter M is the number of
sets of random signs βi, t, so there is a reasonable as-
sumption that the results with an equal confidence level
are more stable for a greater value of M .

3 Analysis and Results
The method of data analysis considered above is

applied to experimental results obtained by Schulson
in [Carney et al., 2006]. The results of modelling are
demonstrated in Figure 1. The 90% confidence interval
for τ is [6.8; 15.0]µs and modelling curves describe ade-
quately the strain rate sensitivity of the ultimate stresses
and the experimental scatter of dynamic branch of the
strength.

A number of test under various temperatures were pro-
vided by Wu and Prakach in [Wu and Prakash, 2015].
They observed that in statics, the critical stress grows
with the temperature decrease. These data were also
analysed by the developed method, and confidence in-
tervals were obtained for each temperature. The results
are collected in Table1. All confidence intervals seem
to be close to each other; therefore, it can indicate that
the dynamic strength of the materials almost does not
change with the temperature drop and the actual value
of τ ∈ [7.3; 13.7]µs The data for all temperatures were
plotted in the single graph of the dimensionless strength
versus strain rate (Figure 2) in order to emphasise that
the strain rate sensitivity is stable concerning the ice tem-
perature. These data were also analysed in order to ob-
tain intervals of 80% confidence level. These intervals
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Figure 3. Dependence of the failure stress on the strain rate in com-
parison to experimental data for the spalled ice [Saletti et al., 2019].
Model parameters are τ ∈ [13.7; 16.3]µs, σc = 1.0MPa

10−2 100 102

Strain  ate, 1/s

1.00

1.25

1.50

σ
*/
σ c

Distilled Wate  Ice
T= −15°C; σc =24.5MPa
T= −50°C; σc =52MPa
T= −80°C; σc =66.4MPa
T= −125°C; σc =93MPa
SPS:τ∈ [7.3; 13.7]μμ

Figure 2. Dependence of the normalised failure stress on the strain
rate in comparison to experimental data for the distilled water ice [Wu
and Prakash, 2015]. Model parameters are τ ∈ [7.3; 13.7]µs,
σc = 52.0MPa

Table 1. Confidence level is 90%

T,◦ C τmin, µs τmax, µs τavg, µs

−125 7.5 12.9 10.2

−80 9.0 14.8 11.9

−50 7.1 13.3 10.2

−15 6.3 12.8 9.6

−10 6.8 15.0 10.7

became more bounded than 90% ones, but the average
value occurred almost the same, about 10.5µs

The spalled ice tests results ( [Saletti et al., 2019]) were

also treated by the developed method. This experimen-
tal scheme suppose the specimen fracture under tensile
stress state. Provided analysis shows that the incubation
time is in the following range τ ∈ [13.7; 16.3]µs (Fig-
ure 3), which is pretty close to the values of the com-
pression case. It means that the strain rate sensitivity
is almost the same for compression and tensile fracture
processes, despite the critical stresses being pretty dif-
ferent.

The last experimental data were also supported by a
given scatter of the strain rate. Figure 4 demonstrates
the modelling curves and experimental points with the
mentioned scatter in dynamic range. It can be noted
that that the calculated band is in a good coincidence
with the experimentally estimated range. Thus, the SPS
method permits a description of the strain rate sensitivity
of the material strength and the accuracy of the predicted
model curve simultaneously.

4 Conclusion
A few sets of experimental data were analysed in or-

der to estimate the dynamic strength properties of ice
within the framework of the incubation time approach.
The special method based on the randomized algorithm
to calculate the actual value of the model parameter was
developed. The Sign-Perturbed Sums approach allowed
unified estimating of the incubation time parameter by
dynamic data analysis. A few number of experimen-
tal series on dynamic compression fracture of ice were
treated in order to obtain the actual values of the incu-
bation time for various temperatures. This estimation in
form of the confidence interval permitted to notice that
the incubation time almost does not vary with the tem-
perature. It means that dynamic strength properties are
independent on thermal conditions, whereas the static
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Figure 4. Dependence of the failure stress on the strain rate at linear
scale in comparison to the data observed for the spalled ice [Saletti
et al., 2019]. Arrows indicate the experimental scatter of the strain
rate. Model parameters are τ ∈ [13.7; 16.3]µs, σc = 1.0MPa
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ones significantly change. This phenomenon is in accor-
dance with the thermal fluctuation theory of the strength.
The critical stress determines strength in statics and it is
equilibrium characteristic. Thus it can be explained as
a result of fluctuation processes in the internal material
structure. Whereas in dynamics, there is not enough time
to make the influence of fluctuations significant concern-
ing dynamic strength properties of a material.

The developed method also provided good results for
the tensile experiment data observed under the spall test.
The estimation of the incubation time value recalled that
the strain rate sensitivity under compression and tensile
loading is almost the same. The obtained confidence in-
terval for τ is also well corresponded to the experimen-
tally observed scatter. It can be concluded that there is
no need to evaluate the accuracy of the observed experi-
mental data carefully since the suggested data treatment
is able to predict the possible deviations of the ultimate
stress.
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