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Abstract

In this paper, chaotic vibrations of a doubly clamped
Euler-Bernoulli beam under magnetic excitation is
being investigated. First by using the Galerkin Method
the governing ordinary differential equations of
vibrations of the beam at time space is extracted. Then
nonlinear dynamics and chaos is studied by using the
Poincare map. Existence of third order periodic orbit is
indicated in the system by the means of simulation and
finally it is concluded that there is chaos in the system
according to the Li-Yorke theorem.
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1. Introduction

Vibrations under electro-magnetic excitation may
introduce nonlinear phenomena such as sub-harmonic,
super-harmonic oscillations and chaos. In using
extended Kalman filtering method, the nonlinear force
of an electromagnet on a single clamped beam is
identified. In that work, it is shown that harmonic
excitation on a clamped elastic beam may result in
super-harmonic behavior and irregular response.
Electro-magnetic excitation has many applications in
active magnetic bearing systems. In using a nonlinear
model of electromagnetic force which can justify the
chaotic response of one-dimensional magnetic
levitation systems, has been proposed. Using an
experimental setup, Chang and Tung showed the
chaotic response for magnetic bearing system in high
frequency range (30 to 40 Hz). Instead of a
multiplicative form they have identified a superlative
form for electromagnetic force model. In experimental
and analytical studies are performed on chaotic
behavior of active magnetic bearings. Investigation of
chaos in magnetically levitated doubly clamped beams
is examined via analytical and experimental methods
in.

In this paper, the behavior of a doubly clamped beam
under magnetic excitation is studied. The results of
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this research are widely used in MEMS, actuation
mechanisms in small manipulators, guiding precision
tool (instrument) machines, and also in high frequency
oscillating switches.

2. Governing equations of the beam under
magnetic excitation

The experimented beam is supposed to be an Euler-
Bernoulli one, as it is cleared in Fig. 1, it is excited
with the electro-magnetic force.
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Figurel- schematic of the experimented beam
In many of nonlinear investigations, the nonlinear
electromagnetic force has been assumed proportional
to the coil current squared and inversely proportional
to the gap squared. This magnetic force model is
suitable in ideal case, where the electromagnetic
losses, flux leakage and saturation of iron which may
exist in real applications, are ignored. The electro-
magnetic force which is used here is modeled as:
I, k(Isin(wt)+1,)? I
Fes(x—=) = (1 sin( )2 0) o(x—=) (1)
2 (u—uy,) 2
Where @ is the exciting frequency of magnetic force,
| is the current of oscillating force, |, is initial

current of excitation (bias), uis the lateral vibrations
of the beam, U, denotes the air gap between the
magnetic head and the mid point of the beam, &(.) is

the Dirac delta function: 5(x—|5) shows that the

electromagnetic force is exerted in the mid point of the



beam, and K is a coefficient with dimension

Since the studied beam is a doubly clamped beam, so
the boundary conditions are obtained as:

u(0t)=0

u,(0,t)=0

u(l,t)=0 (2)
u,(I,t)=0

The governing equation of a doubly clamped Euler-
Bernoulli beam with linear damping is given by:

mu, +EJu, +Tu, =Feds(x _IE) 3

XXXX

Where T the damping coefficient, m is the mass per
length of the studied beam, E is the elasticity module
and J is the second order moment of surface around
the null axis.

To obtain the governing ODE of the system by the
Galerkin projection method, first we should find the
linear shape functions of equation (3). To this end we
set the right-hand side of equation (3) to zero

mu, +EJu,,, +Tu, =0 (4)
Using the following definition
c- /B 5)
m
Eq. (4) is rewritten as:
Czuxxxx +Uy + £ut =0 (6)
m

By using the method of separation of variables the
eigen functions or the shape functions of the above
equation are obtained as:

—cos(4, I)+cosh(/1hl)

(x)= sin(4,1) —sinh(4,1) sin(4,x)
+c0s(4,X)
_ —cos(4,1) +cosh(4, I) sinh(4,x ) @

sin(4,1)—sinh(4,1)
—cosh(4,x)
Where 4, is the nth eigen value of the system which

is calculated from the below equation:
cos(Al)cosh(Al) =1 (8)
Natural frequency of the system is defined as

w, =CA* = /ﬂzz 9)
m

So U as a function of x and t is written as

u(xD) = Y AX, T ) (10)

To simplify equation (1), the first 5 terms of the Taylor
expansion formula is used for Galerkin projection of

Eq. (3).

1 1(1 u u’ u® sut
T =—| —+2—F+3—F+4—F+—F+..
(U—UO) Uy \ Up Ug Ug 0 Uy (11)
F(x,t) = k(1 sin(at) + 1,) §(x——)(— i‘jﬁ%ﬁ%ﬁ%}
uO uO uO uO uO

It must be noted that one can use Eq. (1) for Galerkin
projection directly; however this results in a
complicated ODE equation which is not useful for
analytical studies.
Now substituting Equations (10) and (11) into
Equation (3) we obtain:
Z mT, (t) X, (x) + Z EJX, T, (t)+ ZFT'n X, (x)
= k(I'sin(at) + 1,) 5(x—f)[iz+2—”3+3l4+4i5+5”:}

2° U, U U Uy U
The first term of Equation (10) are used to
approximate the governing equation of the first mode
vibration of beam.

u(x,t) =X, (x)T(t) (13)
Multiplying both sides of Equation (12) by X, (X)
and integrating from 0O to | we obtain

mT'l(t)j' X2 () dx + EJTl(t)ﬂi“_l[ X2 () dx + FT'l(t).I[ X2 (X)dx =

| ) ) |
! k(I sinet) +1,’ (¢ =)

X, (%) TX () FAXIK) | AX () BTX () (4
( uoz ' uos ' u04 ' uos ' UOG J
Where for the above first mode of
vibration,I" = 2&m,m, and & is the damping factor.
Considering the first two terms of Equation (14) we
have

u(x,t) = X, ()T, (t) + X, (X)T, () (15)
Multiplying both sides of Equation (12) by X, (X) and
X, (x) and then integrating from 0 to | we obtain:

| | |
mT; () j X2 (X)dx + EJT, (1) 2,* j X 2(X)dx+TT, () j X2 (X)dx =
=k(Isin(wt)+1,) b(x—f)[ X (x)+ X (x)+ X (x)+ o X (x)+—>< (x)j
mT, (t) j X7 (x)dx + EJT, () 4,* j x;(x)dx+rT'1(t) j X% (X)dx =

=k(Isin(wt)+1, )za(x——)[ X (x)+—X (x)+—X (x)+—)< (x)+—x (x)]

(16)
3. Dimensionless Equations
To apply numerical simulations, it is better that the
dimensionless governing equations of the system are
obtained. To this end, the following non-dimension
parameters are defined:



u X
U= =—,7=ot (17)
U I

Where ¢, X , and 7 are dimensionless transversal

displacement, coordinate and time respectively; and
@, is the first mode natural frequency of the system.

4 can also be written as

ux,7) = Zl‘, X (X)Ti(7) (18)
So we have
u
utt = a)lzuO/un- :uxxxx = I_ZIUXXXX (19)
Fes(X —1) =
= (20)
ki, (—sm( )+1)
I , 2 3 1
. A+ 2p+3u% +415)5(X = 2)
U’m 2
EJ
A= ?—, w, = (?—)2 F (21)
) |
1 0

Where r is the ratio of the first linear natural
frequency of the system to the exciting frequency of
the system; and S is the ratio of excitation current to
the bias current.

Equation (3) will be written as:

/”xxxx

=, 28, = 23)

Mm 2004347 + 44 +5u°)5(X —f)
’u’m

Getting the first one term of the Eq. (18), and applying

the Galerkin method, it is obtained that

. 1 2 1 2 . 1 2
T.(0)[, X ()X + T (@) X, (X)X + 28T, 0 X (X)dX
:Jlakluz(ssin(rr)ﬂ)2

2.3

1 2 3r2 4T3 514
J T S5(X _E)(1+ 2T, +3X T +AX THEX T (24)
Using the same method equation (16) is written in the
following non-dimension forms as:
1 1 1
T"ljxfdx +T1jxfdx +T'1jxfdx (25)
1
J-kl ?(ssin(rz) +1)? S(x -

3 )(l+2,uX +34°X, + 44X +5u°X )dX
®%u,’m

0

1

T, [X %X +T2IX X +T'2jx X
0 0
jfkl (s sm(rr) +1)?

S(x 7'7)(1+ 20X, +3uPX , + 445X , +54°X ,)dX
o’u’m 2

1 1
Suppose K, = [X ’dX K, = [X,%dX
0 0

We can simplify Eq. (24) and (25) as
K (T, () +T,(r) + 24T, (t)) (26)

Kl(Tl +Tl +T‘1)

K, (T"2 +T, +T'2) =

2

jkl0 (ssin(rz) +1)*

1 2 3 5
o 5(X _E)(1+ 2X T, +3X T2 + 4X T2 + 5X

ki (s sm(rz-)+1)2 (27)
@u’m

1 1 1
@+ 2ux1(5)+3/fx1(5)+4/fx1(5)+5u“x &)

@u,’m

(20, 0) + 310X 0) 44X ) +50X )

4. Simulation and Results

Equations (26) and (27) can be analytically
investigated by using perturbation methods. This
would reveal the character of the regular (non-chaotic)
responses to expect, as a "background" for the cases of
chaos observed. However here we consider the
numerical solutions of (26) and (27).

Using the numerical methods the Equations derived in
section (3) are solved to plot the time series presenting
the response of the midpoint of the doubly clamped
beam under harmonic excitations. Different excitation
frequencies and different bias currents are examined
during various simulations. Besides, the Poincare
maps of the collected data are plotted to investigate the
existence of regular and irregular responses.

To plot the Poincare map of the response, the first
1000 points are considered as the initial transient data
and hence are omitted. The Poincare map is
constructed by sampling the time series with 2z /r -
period, where r is the non-dimensional excitation
frequency.

In these simulations, we set s =1, and for different
values of excitation frequencies and bias currents, the
time series of responses are obtained and for each of
them, the Poincare map are plotted. The first, the
second and the third order harmonic responses are
obtained using Poincare map analysis. Different values
of bias currents which are considered for numerical
simulations are: 500, 1700, 1800 and 2000 (mA) .

For each of the currents mentioned above, wide ranges
of excitation frequencies from very small values to
large values are examined for nonlinear, regular and
irregular behavior. In what follows some of these time
series and Poincare maps are presented.

It was observed that for the bias current of 500 ma the
Poincare section has always a single point. An
example of these diagrams is shown in Fig. (2). The
single point on the Poincare map shows that the
response is periodic and its period is equal to the
excitation period, i.e. 2z/r .



In Fig. (3), it is observed that for the bias current of
1700 mA the Poincare section has two fixed points.

For the excitation current of 1700 mA the Poincare

map has only a single fixed point for the frequencies
up tol9 Hz , two points, i.e. a second order fixed

point, for the frequencies from 19 Hz to 20.04 Hz , a
single point for the frequencies from 20.04 Hz to
53 Hz , two points for the frequencies from 53 Hz
to 137 Hz and again a single point for the frequencies
higher than 137 Hz .

When the bias current is 1800mA , the Poincare

section is observed to be a single point for low
frequencies up to 18 Hz ; two points for the

frequencies form 19Hz to 33 Hz ; a single fixed
point for the frequencies from 34 Hz to 52 Hz ; two
fixed points for the frequencies from 52 Hz to
65 Hz ; a single fixed point for the frequencies up to
136 Hz ; two fixed points for frequencies of 137 to
138 Hz , and finally a single point for higher

frequencies. Figure (4) shows the times series and
Poincare map of one simulation for 1, =1800 mA .

For 2000 mA bias current, when the excitation
frequency is lower than 12.9 Hz , the Poincare map

has a single fixed point. For higher frequencies up
t013.12 Hz , the single fixed point is substituted by a

third order one, which results in chaotic response
regarding the Li-Yorke theorem. After that, up
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t013.5 Hz , a single fixed point is constructed, then a

second order fixed point is observed for the
frequencies from 13.5Hz of 185Hz . For the

frequencies from 18.5Hz to 40 Hz a single fixed
point, and for the frequencies of 41 to 42Hz, a

second order point are observed. Finally, a single
point for the frequencies from 42 to 141 Hz and two

points for the frequencies from 142 to 150 Hz are
constructed on the Poincare sections.
One of these simulations is presented in Fig. (5).

5. Conclusion

In this paper nonlinear vibrations of a doubly clamped
beam under electromagnetic excitation is investigated
theoretically and the existence of chaos is also studied.
At first, the governing equations of a doubly clamped
beam is derived and then the nonlinear term of
electromagnetic force is inserted in the equations and
by using the Galerkin method the equations are
reformed into ordinary differential equations. Using
numerical methods, the Poincare maps based on the
vibrations of the midpoint of the beam are obtained.
The first, the second and the third order sub-harmonic
responses of the system are observed. According to the
Li-Yorke Theorem the existence of the third order sub-
harmonic response in the system guarantees the
existence of aperiodic and hence topological chaos in
the system.
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Figure 21. Time history of vibrations of the beam and Poincare diagram for| =500 mA ,f =60 Hz , s =1
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Figure 3. Time history of vibrations of the beam and Poincare diagram for| =1700 mA ,f =135 Hz , s =1
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Figure 4. Time history of vibrations of the beam and Poincare diagram for| =1800 mA ,f =53 Hz , s =1
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Figure 5. Time history of vibrations of the beam and Poincare diagram for | = 2000 mA ,f =13.1Hz ,s =1
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