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Abstract
In this paper, a class of bounded perturbations of a

linear differential equation in a Banach space is con-
sidered. Sufficient conditions for the relative compact-
ness of trajectories of the perturbed system is proposed.
Such conditions are shown to be applicable for a non-
linear differential equation without assuming that the
corresponding infinitesimal generator is dissipative.
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1 Introduction
Let X be a real Banach space and letA : D(A) →

X be a closed linear operator defined onD(A) ⊂ X.
Consider the abstract Cauchy problem ont ∈ [0,+∞):

ẋ(t) = Ax(t), x(0) = x0 ∈ X. (1)

We assume thatD(A) is dense inX and thatA is the
infinitesimal generator of a strongly continuous semi-
group (C0-semigroup) of linear operators{etA}t≥0 on
X [Pazy, 1983]. Hence, the Cauchy problem (1) is
well-posed ont ∈ [0,+∞) and its mild solutions can
be represented as follows

x(t) = etAx0, t ≥ 0. (2)

The asymptotic behavior of solutionsx(t) ast → +∞
has been the subject of many publications. In particu-
lar, some important results concerning the asymptotic
behavior of solutions are presented in books [Bresis,
1971; Barbu, 1993; Luo, Guo, and Morgul, 1999; Oost-
veen, 2000] for different classes of operatorsA.
A sufficient condition for the existence of theω-limit

set for solution (2) is the relative compactness (precom-
pactness) of the trajectoryγ(x0) = {etAx0| t ≥ 0}.

For differential equations with precompact trajectories,
the study ofω-limit can be carried out by means of
the direct Lyapunov method and LaSalle’s invariance
principle [LaSalle, 1976]. Hence, this problem of com-
pactness remains challenging for general classes of dif-
ferential equations in Banach spaces. In paper [Dafer-
mos and Slemrod, 1973], a sufficient condition for the
precompactness of the trajectoriesγ(x0) has been pro-
posed for the case of accretive operator−A in (1).
Paper [Coron and d’Andrea-Novel, 1998] shows that

the accretivity assumption is violated for a model of a
rotating beam with precompact trajectories. In order
to extend the class of systems under consideration, we
introduce the following perturbed Cauchy problem on
t ≥ 0:

ẋ = Ax + f(t)R(x, t), x(0) = x0 ∈ X, (3)

wheref : [0, +∞) → R andR : X × [0, +∞) → X
are continuous mappings.
In the sequel, we show that the trajectories of differ-

ential equation (3) are precompact if the trajectories
of (1) are precompact under certain assumptions onf
andR. This result is applied for an autonomous non-
linear differential equation in a Banach space. An ex-
ample shows that the technique proposed is valid for a
nonlinear semigroup with non-dissipative infinitesimal
generator.

2 Preliminary Results
Suppose that the Banach spaceX admits a basis{ei}

(i = 1, 2, ...). Denote by{fj} ⊂ X∗ (j = 1, 2, ...)
the family of adjoint functionals, i.e.fj(ei) = δij , δij

is the Kronecker symbol. Thus, for eachx ∈ X and
n ∈ N, the following projection operators are well-
defined:

Sn(x) =
n∑

i=1

fi(x)ei, Pn(x) = x− Sn(x).



As {ei} is a basis then then operatorsSn : X → X are
mutually bounded,

‖Sn‖ ≤ M < ∞, n = 1, 2, ....

To describe the compact subsets ofX, we formulate
two preliminary lemmas which generalize the approach
of [Zuyev, 2005].
Lemma 1. Let {ei} be a basis inX. A bounded set

C ⊂ X is precompact inX if and only if

lim
n→∞

sup
x∈C

‖Pnx‖ = 0. (4)

Lemma 2. Let {ei} be a basis inX, C be a compact
subset ofX, and{etA}t≥0 be a uniformly boundedC0-
semigroup of operators onX with precompact trajec-
tories

γ(x0) = {etAx0 | t ≥ 0}

for all x0 ∈ C. Then

lim
n→∞

(
sup

t≥0,x∈C
‖PnetAx‖

)
= 0. (5)

3 Relative Compactness Under Perturbations
Let us recall that [Pazy, 1983], a continuous function

x(t) ∈ X on

0 ≤ t < T ≤ +∞

is a mild solution of (3) if

x(t) = etAx0 +
∫ t

0

e(t−s)Af(s)R(x(s), s) ds. (6)

We prove here the following result concerning the pre-
compactness of the trajectories.
Theorem 1.LetX be a Banach space with a basis,A

be the infinitesimal generator of a uniformly bounded
C0-semigroup of linear operators{etA}t≥0 onX, f ∈
L1[0,+∞), R(x, t) ∈ K for all x ∈ X, t ≥ 0, andK
be compact. Assume moreover that the set{etAy | t ≥
0} is precompact for eachy ∈ K ∪ {x0}.
Then any mild solutionx(t), t ∈ [0, +∞) of (3) is

contained in a compact subset ofX.
Proof. Let x(t) be a mild solution of (3) fort ≥ 0.

Integral equation (6) implies that the solutionx(t) is
bounded as{etAx0 | t ≥ 0} is compact andf ∈
L1[0,+∞), R ∈ K.

By Lemma 1, it suffices to choose a basis{ei} in X
and establish the limit existence

lim
n→∞

sup
t≥0

‖Pnx(t)‖ = 0.

By projecting the left- and right-hand sides of (6), we
get

‖Pnx(t)‖ ≤ ‖PnetAx0‖+

+
∥∥∥∥
∫ t

0

f(s)Pn

(
e(t−s)AR(x(s), s)

)
ds

∥∥∥∥ ≤

≤ ‖PnetAx0‖+ ‖f‖L1 · sup
s∈[0,t],y∈K

‖PnesAy‖.

Now the assertion of Theorem 1 follows from Lem-
mas 1 and 2.¤
A class of autonomous nonlinear differential equa-

tions with can be considered in the form (3) by comput-
ing the estimate off(t) along the trajectories by means
of the direct Lyapunov method. Let us formulate the
main result in this area for the abstract Cauchy prob-
lem

ẋ(t) = Ax(t) + h(x(t))B(x(t)), x(0) = x0 ∈ X,
(7)

whereh : X → R andB : X → X are locally Lips-
chitz mappings, i.e. for anyr ≥ 0, there exists anL(r)
such that

|h(x)− h(y)| ≤ L(r)‖x− y‖,

‖B(x)−B(y)‖ ≤ L(r)‖x− y‖

for each‖x‖ ≤ r, ‖y‖ ≤ r. If w : X → R
is Fŕechet differentiable then the functionw(x(t)) is
differentiable along any classical solutionx(t) of (7).
Then, for eachx ∈ D(A) ⊂ X, the derivative ofw
along the trajectories of (7) can be written as follows

ẇ(x) = [∇w(x), Ax + B(x)h(x)],

where[·, ·] : X∗ × X → R is the duality pairing of
X∗ andX, i.e. [∇w(x), ξ] is the value of the linear
functional∇w(x) ∈ X∗ at ξ ∈ X.
Theorem 2.LetX be a Banach space with a basis,A

be the infinitesimal generator of a uniformly bounded
C0-semigroup of operators{etA}t≥0 onX, {etAy | t ≥
0} be precompact for eachy ∈ X, andB : X → X be
a completely continuous operator. Assume that there
exists a differentiable functionalw : X → R satisfying
the following conditions:



1) Mc = {x |w(x) ≤ c} is bounded for eachc ∈ R;
2) inf‖x‖≤r w(x) > −∞ for eachr > 0;
3) there exists ak1 > 0 such that

ẇ(x) ≤ k1h(x) ≤ 0, ∀x ∈ D(A).

Then the Cauchy problem (7) has the unique solution
x(t) on [0, +∞) for anyx0 ∈ X, and{x(t) | t ≥ 0} is
precompact inX.
Proof. For anyx0 ∈ X, there exists unique mild so-

lution x(t) of (7) on t ∈ [0, tmax) according to Theo-
rem 1.4 of [Pazy, 1983, p. 185]. Conditions 1) and 3)
ensure thatx(t) is bounded, hence,tmax = +∞.
We putR(x, t) = B(x) andf(t) = h(x(t)) in equa-

tion (3). Then conditions 2) and 3) imply thatf ∈
L1[0,+∞). Therefore, the trajectory{x(t) | t ≥ 0} is
precompact inX by Theorem 1.¤
Remark. Note that asẇ(x) ≤ 0 then the setsMc

are invariant and Theorem 2 admits a local version in
a subset ofX which is bounded by level sets of the
functionalw.

4 An Example and Concluding Remarks
Consider the Hilbert spacè2 whose elements are de-

noted by infinite columns

x = (u0, v0, u1, v1, u2, v2, ...)T .

We define linear operatorsA and B by their infinite
matrices:

A = diag
((

0 1
0 0

)
,

(
0 ω1

−ω1 0

)
,

(
0 ω2

−ω2 0

)
, ...

)
+

+




0
1
0
−J1

0
−J2

...




· (−1,−1, ω1J1, 0, ω2J2, 0, ...),

B = diag
((

0 0
0 0

)
,

(
0 0

−1/ω1 0

)
,

(
0 0

−1/ω2 0

)
, ...

)
.

The functionalh : `2 → R is defined ash(x) = −v2
0 .

We assume that the coefficients ofA andB satisfy the
following conditions:

ωn > 0,

∞∑
n=1

J2
n < ∞,

∞∑
n=1

1
ω2

n

< ∞.

Differential equation (7) with suchA, B, and h is
a generalization of the equations introduced in pa-
per [Zuyev, 2005] for the description of the motion of
a controlled mechanical system with flexible beams.
Let us putJ = 1+

∑∞
n=1 J2

n and define the following
quadratic functional oǹ2:

w(x) = u2
0 + Jv2

0 +
∞∑

n=1

(
u2

n + 2Jnv0vn + v2
n

) ≥ 0.

It is easy to see thatw(x) satisfy conditions 1)-2) of
Theorem 2. By computing the time-derivativėw(x)
and applying the Cauchy-Schwartz inequality, we con-
clude that conditon 3) holds fork1 = 1 if x is re-
stricted to some ball centered at0 ∈ `2. By using the
Lumer-Phillips theorem [Pazy, 1983, p. 15] and Theo-
rem 3 from paper [Dafermos and Slemrod, 1973], it is
posible to show thatA generates a uniformly bounded
C0-semigroup{etA}t≥0 with precompact trajectories
{etAy | t ≥ 0} in `2.
Hence, the system considered can be analyzed by

means Theorem 2 in its local version, i.e. for any
x0 from some neighborhood of0 ∈ `2, there exists
uniue mild solutionx(t) of (7) on t ∈ [0, +∞), and
the set{x(t) | t ≥ 0} is precompact. Let us denote
−F (x) = Ax +h(x)Bx. One can check that the oper-
atorF is not monotone as the expression

< F (x1)− F (x2), x1 − x2 >

is alternating forx1, x2 ∈ D(F ). It means that the pre-
compactness of the trajectories of (3) cannot be estab-
lished by a straightforward application of the approach
of [Dafermos and Slemrod, 1973].
The property of relative compactness, guaranteed by

Theorem 2, can be used for further study of theω-limit
sets for the trajectories of (3) by means of LaSalle’s
invariance principle.
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