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Abstract

The problem of optimization of charged particle beam
dynamics in an axially symmetric electric field is
considered. The complex potential is represented with
use Cauchy integral of a function defined on the
boundary of the region and considered as the control
function. Analytical representation for the variation of
the optimized functional and the necessary optimality
conditions are found. On the basis of the expression
for the variation of the functional can be built directed

methods  of  optimization.  Various  practical
implementations of fields obtained in the
optimization process are possible.
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1 Introduction

Many works [Svistunov, Ovsyannikov, (2010);
Ovsyannikov, Ovsyannikov, Antropov,
Kozynchenko, (2005); Svistunov, Durkin,

Ovsyannikov, (2012); Ovsyannikov, Ovsyannikov,
(2010)] are devoted to the problems of optimization of
the dynamics of charged particles in electromagnetic
fields. In particular, in work [Kozynchenko,
Ovsyannikov, (2009)] electrostatic injectors for linear
accelerator were investigated.

In this paper, the problem of optimization of beam
dynamics of charged particles in the axial-symmetric
electric field is considered. New analytical
representation of variation of functional is found and
the optimality conditions are formulated.

In some simply connected bounded three-
dimensional area, which has axial symmetry, let
us consider dynamics of charged particles
described by a system of ordinary differential
equations in cylindrical coordinates:

F=E,(r,z,0), )
2=E,(rz,9). ©)
Note that the external electric field in equations (1),
(2) is defined by specifying a control function ¢ on
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the curve L - the border of complex area G, which is
a meridional cross section of investigated region in
three-dimensional space. Curve L assumed to be
smooth closed curve, and the function ¢ is defined
and continuous on the curvel, and satisfies the
Holder condition:

lp(2,)— @, ) <M, =1, . v>0,M >0. (3)
In this case, the complex potential H of the field is
represented in the following form [Molokovskiy,
Sushkov, (1972)]:

2
H(z,r,go):iJ'F(z+ircosa,(p)da, (4)
2z
where F is a Cauchy integral:
1 ¢ oln)
Fi&p)=—=|—=dn. ©)
)= {n_ :

Here &=z+i-r-coda), x=r-cosd, y=r-sin6
£eG, nel. Here and further the meridional plane

of cylindrical coordinates system in R® will be
identified with the complex plane C .

The complex potential is an analytic function defined
in a domainG, and its real and imaginary parts are
harmonic functions of real variablesr, z and . Let
us consider the function U =ReH as defining an
axially symmetric potential electric field. Then the
electric field intensity in cylindrical coordinates is
given by

z

2z .
" (Re 6F(z+|r005a,¢7)Jdal ©)

27 3 o¢
27, .
Er :i |mw005a do . (7)
27 o¢

Note that the dynamic equation (1)-(2) may be
converted to the form:

da

5 ~ftae). ®
Also consider changing of the density distribution of
the particles along the trajectories



%_/t’:_p(t,a).divaf(t,a,(p). ©)

Here a the vector of phase variablesa=(r,f,z, z')T ,

and vector function f in equation (8) has the following
form

fl a,

f= f2 — Er(a17a31(0) ) (10)
f, a,
f, Ez(al’aB’(p)

Equations (8) and (9) we will consider with the initial
conditions

a(0)=a, =(r,v,,,z,v,) eM, cR*, (11)
p(O,a(O))— Po (ao)v a, €M,. (12)
where M, a compact set such that for any point
a(0)e M, satisfies (r,+i-z,)eG; p,(a,) — some
non-negative continuous function. Vector
a, =al(t,a,, @) is the vector of phase variables of
system (8) at time t corresponding to initial condition
(11) and given control function ¢ .
Function ¢ will be referred to hereafter as boundary

control or simply control. The class of admissible
controls D is the set of continuous functions @ on a

curve L satisfying the Holder condition (3) and such
that ¢(7)e® whennel, where ®is a convex

compact set in the complex plane.

We assume further that the solutions of system (8), (9)
are defined and are unique to some fixed interval
[O,T], for all initial conditions (11) and for all
admissible controls.

On the trajectories of the system (1), (2), we introduce
the functional of quality of the form

¢)=] j p(t,a, )o(t,a, )da,dt +

0 My

+ JQ(aT Jo(T a; )da,
MTY”,
Here p and g are given non-negative, continuously
differentiable functions. SetM, is a section of the
beam of trajectories of the system (8) coming from the
initial setM, at the timet with the given control
function ¢ .

Let us consider further the minimization of the
functional on the admissible class of controls. Let ¢ is

an admissible control. Variation of the control Ag is
admissible if the control ¢ = ¢+ Ag is also admissible
control.

(13)

2 Variation of functional
Variation functional (13) with admissible variation
of the control function ¢  such that

||A¢)||:n)gx|A(p(77j—>0, can be represented as

follows:
a(ap)=
T 2z
II J‘ j p(n)dnda dadt. (14)
oto4”| Uf(tat))
Complex functions 4,and &, have the form
A, =My +i- 1, COSt (15)
& (ta)=z(ta)+i-r(ta, )cosa . (16)

Here vector function p=(, 1,15, 2,) =nlt,a,)
satisfies the following system defined on the
trajectories of the system (8)

T T
G _ (af+Ed|v fj (ap(t'at)j . an)
dt oa oa

where E the identity matrix of dimension 4, and with
terminal conditions

a(](aT)jT
T)=— —| . 18
n(T) [ “ (18)
3 Necessary optimality conditions
Let the boundary L has the following
parameterization:

n=x(s)=x(s)+i-y(s), sefos]. (19

Then the integral over the complex circuit in the
formula (14) may be replaced by definite integral. The
result is

eT T, ta)}Ap(x(s)i(s)dsde . (19)
R I I I a2 .({ (Z(S)—fa(t,at))z da,dt.

By changing the order of integration in (19), we
obtain:

S
3 (8g)=—Re [Ap(x(s)(s)ols)s.  (20)
0
Here
t a dada dt
)= 47r|J‘J-J. a)f (21)
Theorem 1. Let ¢, minimizes the functional (13).

Then for any admissible variation of control function
Ag the functional variation is non-negative

)7(s)w(s)ds >0 . (22)

Theorem 2. Let the ¢, minimizes the functional (13).
Then the condition of the maximum principle

mex Relc - 7(s)o(s)] = Relpy (2(s))- #(s)els)](24)
for all se[0,S]. Here cis a complex value of the
admissible set © of values of the control function.

A (py. Ap)= —RejAco(z(S

4 Conclusion
In this paper a new optimization model of charged
particle beam dynamics in electrostatic axially



symmetric  field was  proposed.  Analytical
representation for the variation of the optimized
functional defined on the beam of trajectories of the
investigated system (8) is found. The necessary
optimality conditions are formulated. Various
practical implementations of fields obtained in the
optimization process are possible. Obtained results are
similar to the conditions found in [Ovsyannikov,
(2013)] for plane parallel field but unlike these studies
one can consider more complicated model of the
beam dynamics in axially symmetric field. On the
basis of the obtained expression for the variation of
the functional the various directed optimization
methods can be built similar to [Ovsyannikov,
Ovsyannikov, (2010); Ovsyannikov, Ovsyannikov,
Antropov, Kozynchenko, (2005); Svistunov, Durkin,
Ovsyannikov, (2012); Svistunov, Ovsyannikov,
(2010)]. Also it is possible including by different ways
to the model the charged particles interaction
[Ovsyannikov (2014).] and the magnetic field.
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