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Abstract Buks and ROUKES (Buks and Roukes, 2002) employed
The dynamic response of parametrically excited mi- optical diffraction to study the mechanical properties of
crobeam arrays is governed by nonlinear effects which di- an electrically tunable array of suspended doubly-clamped
rectly influence their performance. To date, documented beams which were parametrically excited at primary res-
theoretical research consists of nonlinear lumped-massonance. The experiments depicted complex multivalued
models. While a lumped-mass approach is useful for a periodic response for a bias DC voltage range from 0O to

qualitative understanding of the system response it does20 V and an extremely small periodic AC input of 50 mV.
not resolve the spatio-temporal interaction of the individ  Motivated by their work, LFsHITz and QROSs(Lifshitz
ual elements in the array. Thus, we employ a consistentand Cross, 2003) proposed a set of coupled lumped-mass
nonlinear continuum model to investigate the nonlinear DUFFING-type equations of motion for an array excited
dynamic behavior of an array @ nonlinearly coupled  at its principle parametric resonance and were able to
microbeams near the array’s pull-in point. The region near qualitatively explain some of the documented experimen-
the pull-in point is shown to be governed by several inter- tal phenomena. Their analytical steady state asymptotic
nal 3:1 and combination resonances. The nonlinear equaanalysis revealed coexisting stable and unstable periodic
tions of motion for a two beam system are solved using the solutions for a large bias DC-voltage and a very small AC-
asymptotic multiple-scales method for the weakly nonlin- voltage excitation. The qualitative agreement between LC
ear system. The analytically obtained periodic response ofand BR includes several abrupt drops in the large size
two coupled microbeams is verified numerically and com- array response as the frequency was swept upwards and
plemented by a numerical analysis of a three beam arraydownwards.
which exhibits quasiperiodic response and lengthy chaotic Recently, TSCHMIDT and GOTTLIEB (Gutschmidt
transients. and Gottlieb, 200&) investigated a continuum initial
boundary value problem of a doubly-clamped microbeam
array excited for zero DC bias and periodic AC-voltage.
Key words For a zero DC bias the natural frequencies of the array
MEMS/NEMS arrays, internal resonance, pull-in were identical and thus, the system was excited at its 1:1
internal resonance. A B ERKIN ansatz was employed
to deduce the coupled partial differential equations to a
1 Introduction set of ordinary differential equations which was governed
Arrays of micro- and nano-resonators (létcal., 2005; by a 1:1 and a 1:1:1 internal resonances for a two and
Zalatdinovet al., 2006; Desponét al., 2004) consist of  three element array, respectively. Analytical and numeri-
a multitude of coupled elements in configurations where cal analyses revealed multiple coexisting stable and tinsta
their collective behavior enables a striking enhancementble, periodic and aperiodic solutions.
that is not attainable with individual element performance In this paper, we extend our previous analysis of the mi-
Applications of increasing interest are high density data crobeam array of 1:1 internal resonance (with zero DC
storage devices, (Vettigeat al., 1999), and fast map- bias) to that of a 3:1 internal resonance near the array pull-
ping of surfaces via atomic force microscopy (Mingte  in point which is implemented for large DC- and small
al., 1999). The dynamic response of such arrays is gov-AC-voltage excitation. The manuscript is organized as
erned by nonlinear effects (Buks and Roukes, 2002; Lif- follows: In Section 2 we formulate the initial boundary
shitz and Cross, 2003; Brombery al., 2006; Craig- value problem (IBVP) for the array witth- = n beams
head, 2000; Diclet al., 2007) which directly influence  which includes both localized nonlinear electrodynamic
their performance. actuation and dissipation. In the same section the IBVP is



reduced to a modal dynamical system via aL&RKIN ness (Nayfeh, 2000). We consider here both, linear vis-

approach which then is investigated analytically in the cous and a kLVIN-VOIGT visco-elastic damping model

equilibrium (Section 3) and asymptotically (Section 4) via (Shabana, 1991, Gottlieb and Champneys, 2005). The de-

multiple-scales for an array of two elements in the vicin- tailed derivation of the dimensional set of equations of

ity of the system principle parametric resonance. The motion are presented in @sCHMIDT and GOTTLIEB

two element analysis is validated numerically and com- (Gutschmidt and Gottlieb, 200). The elastic restoring

plemented (Section 5) by analysis of a three element arrayforce R,,, the structural damping forcg,,, the general-

We summerize with closing remarks in the Section 6. ized dissipation forc€)” and the electrodynamic excita-
tion QF for each beam are

2 Model .
We consider an array oV clamped-clamped silicon ",
beams (see Fig. 1). All microbeams (lendgthwidth B, Ry (wn)=wn, ., +Wn,, Hl*f”vs/wnsds ; (2)

0
L <5 Wn (:17, t) Sn, (wna wnf):/llwnf + floWn,,y0r s )

I | 9
beam 0% D _[(wni1 = wa)* (Wnt1), = wan,) :
beam 1%19 — Qn (wn; wnf) |: (/y + Wn+1 — wn)Q ( )
beam\ _ (o = wn 1) (wn, — “’(n—l)f)} - fi3 5(5 - l)

I n - n— 2 2 ’

beamN + 1 7 H (v+w wl 1)

. o ' . cross sectiqn QE (wn, T):F2 5<s _ _) (5)
Figure 1. Definition sketch of the micromechanical arraytuation 2
and dissipative forces applied at mid span of each beam [ 1 1 }
(Y + wnpr —wn)? (v +wp — wp—1)?

heightH, respectively) are assumed to have identical ma-
terial properties. The equations of motion for a single respectively. The nondimensional parameters in (2)-(5)
clamped-clamped nonlinear beam can be found in litera-arel'> = TV? T’ = 6eoL/(EH?), jiu = D1/(0Aws),
ture, (Nayfeh, 2000). We assume a linear stress-strain lawiiz = D2/(0AwsL*), fis = Ds/(0Aw,L?), k1 =
and that plane sections remain plane. Unlike iokB’ NoL*/EI, w3 = 6(L/H)*, v = g/L, = Qac/ws,
and ROUKE's experiment, our model considers the elec- whereas the voltage i¥ = Vpo + VaccosQact.
trodynamic interactions as concentrated loads at mid spareo, E, I, p, A, g, No, D; for j = [1.3], V} for
of each microbeam, which is proportional to the inverse k = [DC, AC] andQ4¢ are the dimensional quantities:
second power of the relative displacement, (Wang, 1998).electric constant (vacuum permittivity),UNG's modu-
Similarly, we introduce electrodynamical dissipation at lus, moment of inertia, density, cross sectional area, ar-
mid span of each resonator. Note, that the localized par-ray grating (gap between resonators), pretensional force,
allel plate model employed here is accurate for all odd damping coefficients, DC- and AC-voltage and excita-
modes of the array elements. The nondimensional fieldtion frequency, respectively. The nondimensional bound-
equations for an array d¥ beams are ary conditions arew,(0,7) = 0, w,(0,7) = 0 and
wy(1,7) = 0, w, (1,7) = 0 while the first and last beam
of the array are prevented from undergoing any motions,
i.e.wo nt1(s,7) =0.

The dynamic response can be approximated in terms
where we have rescaled the beam displacemen(ts(, 7)) of a linear combination of a finite number of orthonor-
and time scale by the length of the bednand the stan-  mal spatial basis functions (referred to separation of vari
dard elastic frequency? = EI/(oAL%), respectively.  ables) with time dependent amplitudes. The deflections
The forcing@,, is composed of the electrodynamic ac- of each microbeam are expressed as a sum of spatial
tuation QZ, which is proportional to the quadratic ra- mode shapes with time dependent amplitudes, of which
tio between the input voltage and the relative grating the mode shapes satisfy the b.c. exactly. Due to main-
of the array (Senturia, 2001; Wang, 1998) and the non- tained symmetry of the parallel plate model a first-mode
linear electrodynamic damping for@@”. The nonlin- discretizationw,, = ¢,(7)®(s), captures the nonlinear
ear electrodynamic damping force is deduced from a behavior sufficiently. A comparative study (not included
quadratic RYLEIGH dissipation function (Meirovitch, in this paper) between a first-mode and including higher-
1970; Gutschmidt and Gottlieb, 206)7 which is moti- modes discretization reveals relative differences betwee
vated by experimental measurements (Buks and Roukesthe two of less than one percent and thus, justifies the first-
2002), that reported on a sharp increase in dampingmode approach within the purposes of this paper. We
with an increase in input voltage. The restoring force substitute the first-mode discretization into (1)-(5), and
R, (wy,) is that of a standard B ER-BERNOULLI beam employ GALERKIN’s method by multiplication ofp and
with immovable boundary conditions that includes the ef- integration over the length of the beam (from 0 to 1).
fect of residual stresses and nonlinear membrane stiff-We rescale the resulting ordinary differential equations

Wn.,, = Qn (wn; T) - R, (wn> - Sh (wna wnf) ) (1)



by z, = ®¢,/y andt* = (i7 (where¢; = 4.732 and
® = ®(1)) to yield the final modal dynamical system:

Tn4+1 — zn)z(fthrl - zn)
(L4 Zns1 — an)?

(:En - zn*1)2($.n - x.nfl) .
(1 + Tn — xn—l)Q + fazdn

= (T]Dc + nac cos Qt*)2

(6)

1 1
. {(1+xn+1 —an)? - (L4, _wn—l)Q],

whereas the parameters are definedcas= 1 —

(k1| 2])/(J1GD), B = (r37?)/(GFD?) - [J3]/ T, a2 =

/G + f2/C - Jaf Ty, ps = (139%)/(J1G1), e =

VIV, T = (T82)/ (73 1¢2), andQ = Q/¢;. The
1

integral coefficients/,,, for m = [1..4] areJ; = [ ®*ds,
0

1 1 1

Jy = [ODyds, J3 = [ DDy, [f (@S)st} ds, Jy =
0 0 0

1

[ ®P4555ds = ¢3J;. Derivatives in (6) are with respect

go t* and the gap parametey)(appears in the cubic stiff-
ness paramete] and in both, the biasn¢) and the
excitation parametem( ). We note the dynamical sys-
tem in (6) readily reduces to the coupled EFING like
system proposed byiEsHITz and QRoSs (Lifshitz and

wy = [a— (1-v2/2) ﬁ%c]lp, in which hats denote
one half of the parameter. The pull-in instability occurs
where the first natural frequency for every array con-
figuration is equal to zero. For the two element system the
beams get pulled in at a DC-voltage parametenof =
v/2a/3. The natural frequencies, integers and combina-
tions of the same folV = 2 are depicted in Fig. 2 as

a function of the normalized DC-voltage= 7pc/np;.
They denote the regions of internal and parametric res-
onances. For the DC-voltage parameter being near zero

3.5¢

f(wi):

0 n? 1
Figure 2. Combination frequenciq%(wi) for the two beam system;
shaded regions | and llI: regions of 1:1 and 3:1 internalmasce, region
II: parametric resonance; = npc/npr (DC-voltage parameter scaled
with respect to the pull-in voltage)

Cross, 2003). However, in their lumped mass approach,

the distinct relationship between the cubic and lineaf-stif

ness is arbitrary whereas the IBVP derivation here revealsthe system’s response falls into the 1:1 internal resonance
that they are not independent parameters but a direct outfegion (region | in Fig. 2). For increasing values of the

come of the linear material properties and microbeam di- DC-voltage parameter, the natural frequencies reveal a re-
mensions. gion of 3:1 internal and several combination resonances

(region Il in Fig. 2). The borders between regions | & Il
and Il & Ill are set arbitrarily here in order to illustrate an
existence of such regions. A proper definition can be given
by defining a small parameter epsilon and its correspond-
ing DC-domain, within which the relative differences of
frequencies are equal or smaller than epsilon. In general,
the ratios ofw,, /w1 ~ 3 occur very close to the pull-in
point. Ratios with the reference frequency different from
the fundamental frequency suchags for n > 1 occur
beyond the pull-in point.

3 Equilibrium Analysis

The equilibrium fixed point equations fer beams de-
duced from (6) are

7712:)0

=Ty (1 + ém%)
Q@ Q@

. [ M+ zpy1 —20)? (1 + 20 — Tp1)?
(1 + Tn — wn—l)Q - (1 + Tn+1 — wn)Q

(7)

Note, that the equilibrium equations admit multiple so- 4 Asymptotic Analysis for the two beam system

lutions including a trivial configuration. It can readily e employ the method of multiple scales (Nayfeh and

be shown that the trivial solution is asymptotically sta- M0Ok, 1979) to the two microbeam array given in (6),

ble below the pull-in threshold. In order to compute where a ghree term solution for both beams is assumed

natural frequencies of the microbeam array, (7) is ex- asz, = > €/x,,;(Ty, T, T3, ...) + O(e*) and its respec-

pended in a AYLOR series. The natural frequencies are =1

obtained from the eigenvalue problem of the coefficient tive derivatives. For the DC-paramet@sc, = 1/8/13c

matrix of the linear displacement equations (Gutschmidt (Vpc, = 51.07V, v = 0.0148) the ratio of the natural fre-

and Gottlieb, 200B). The natural frequencies for the quenciesuy/w; ~ 3. The AC-voltage parameter is scaled

A . 2_ .

two beam system are, = [a — 3/27%,0] 1/2 andw, — asiac = €nac- The DC-voltage parameter is scaled
o 11/2 in the same mannélpc = npc, + €2ipc, whereas the

la—1/27%,] """ and for the three beam system =

172 s pull-in voltage for the array oV = 2 isnp; = /2a/3
[ — (14+v2/2)i%e] 7 wa = [a—0d¢] 2 and (Vpr = 53.15V, v = 0.0148). The linear damping coef-



ficient u1o is scaled a2 = €2fi;2. Substitution of the
solution form, including the scaling of the voltage para-

meters and the linear damping coefficient, and collecting

the terms of different orders inresults in

O(e") : Diwpi + bpiziy + bapaay = 0, (8)
O(é?) Dgl’ng + bn1z12 + banxaz = fna2,  (9)
0(63) Dgl’ns + bp1213 + banxos = faz  (10)

4
for n = [1,2], whereb;; = 1304 fori = j andb;; = Ea

fori # 4, (i,7 = [1,2]) and f,,2 and f,,3 are given in Ap-
pendix A. The two natural frequencies determined from

(8) arew; Va/13 andwy = 34/a/13. The de-

tuning, for which the second fundamental eigenfrequency
is approximately three times the first eigenfrequency, is

€201 = wy — 3w;. The homogeneous solution to (8) is

xm:(—l)"HAl exp (iw1To)+ As exp (iwaTp) +ce. ,

(11)
whereA; = A;(Ty,T») for j = [1, 2] andcc. denote con-
jugate complex terms. Substitution of (11) into (9) leads
to

D3$n2+bn1$12+b2n$22:(71)n2iu}1D1A1 exp (iwlTo)
—2iwe D1 Ag exp (iwaTy) + NST,, + cc., (12)

where N ST, represent non-secular terms. Eliminatior
of secular terms yield®, A; = 0. Thus,A4;(Ty,T5) are
independent of the time scalg. The non-secular terms
N ST, consist of quadratic and sum and difference fre
quency terms. Thus, an ansatz for the solutiong,pf

is

Tn2 = (7 1)”01 exp (2iw1T0)+C’2 exp (i(wl +WQ)TQ)
—C5exp (i(w1 —w2)Tp) — (—1)"Cy exp (2iwaTp)
—(=1)"Cs + cc., (13)

whereC; = C;(T3) for j = [1..5] areC; = 6A3, Cy =
12/7A Ay, O3 = 12/5A1 Ay, Cy = 6/35A2, andCs
48| A1|* — 16] A3 |%. The solutions of)(¢) andO(€?) are
then substituted into the equations of ordge?) (10).

We focus our analysis on the case whéles close
to twice the first natural frequency;. Thus, we de-
fine a detuning for the forcing frequeneyo, = Q —
2wi. In order to determine the solvability conditions of
(10), we seek a particular solution of the forms
P;(T3) exp (iw;To) + Q;(T2) exp (iw;Tp) + ce. for j =

slowly varying dynamical system

9 .
aj=— 5(303 —(za1a3—(C12—36ac1 sin ) ag, (14)

/ 3 2
a1y=0310a] + d312a103

+ (02 +126pc1 + 65 ac1 cos ) aq, (15)

1
0/2:*5@(13 — (zaias — (120, (16)
asph=6301a3 + d321a3as — 20 pcaas, (17)

where the parameters are given in Appendix B. We note
that the equations decouple for zero cubic damping. Thus,
the steady state solutions are either the trivial solution
(a1 = a2 = 0) or a nontrivial solution fotz; obtained
from (14) and (15) where; = 0

2
36512401 = [2{12+9§3aﬂ + [53100,% + 125[)01 + 0'2]2 .
(18)
Equation (18) is a biquadratic equationdn presenting

the amplitude-frequency relationship for the out-of-ghas
vibration mode.
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Figure 3.  Frequency response curves for the two beam sydt8rh a

internal resonancéjac = 0.0013, i3 = 1.2, a)7pc = 1.3363,Q =
500, b) npc = 1.3352, @ = 5000; triangles: numerical verifications
of periodic out-of-phase response

Fig. 3 depicts the frequency response characteristics for
the parameterg e = 0.0013 (V4ac = 0.05 V) and

13 1.2 and two varying sets of DC-voltage parame-
ter and quality factor, ajjpc = 1.3363 (Vpc = 51.1

[1,2]. The complex evolution equations are deduced as aV), Q = 500, b) ipc = 1.3352 (Vpe = 51.0571 V),

solution of P; and@) ;, respectively, by substitutions of the @ = 5000. The frequency response bifurcation structure
particular solution into (10) and equating the coefficients includes four regions. Regions | and IV depict a single
of exp(iw;Ty) on both sides. We employ the polar ansatz stable trivial solution. In region Il, three solutions cstx

and separate imaginary and real terms which yields thea stable trivial, an unstable nontrivial (lower branch) and



a stable (upper branch) solution. Region Il portrays twc
coexisting solutions, an unstable trivial and a stable non
trivial solution. The overall frequency response behav
ior is softening as the contribution of the electrodynamic
terms are larger than the hardening beam stiffness terr
The change of the system’s response from hardening !
softening occurs for a two element array at a DC-voltagt
parameter ofipc = 0.9617 (Vpe = 36.76 V). We note
that without nonlinear damping the response curves ar
unbounded. Fig. 4 portrays the phase plane of the tw.

0.01
Ty
0l
—0.01 :
—0.02 0 T 0.02
n
Figure 4.  Phase diagram of the two beam system withNBARE

points X, at 3:1 internal resonance afd= 1.935w1,1pc = 1.3352,
nac = 0.0013, Q = 5000, 3 = 1.2; solid line: z1, dashed linexs

beam system & = 1.935w; (@ = 5000). This typical

response shows a bias and the two resonators vibrate out

of-phase. We note that the response has t@aNBARE
points, typical for the principle parametric excitations-A
ymptotic results of the two beam system are verified by
numerical integration of (6) for several frequencies, vahic
are denoted by triangles in Fig. 3. Numerical and asymp-
totical results are in qualitative agreement. We notice tha
the increase t@) = 5000 (Fig. 3b) requires analysis of
higher order scales in order to obtain periodic solutions
for Q < 1.6w;.

5 Numerical Analysis of the Three Beam System

A 3:1 internal resonance for the three beam system oc- —0.025

curs for two frequency ratios; /w; ~ 3 andws /w; ~ 3.

The wy/w; =~ 3 internal resonance occurs fghc =
1.2705 (Vpe = 48.582 V) and thews/wy ~ 3 inter-

nal resonance fofipc = 1.2403 (Vpc = 47.4287 V).
The beams get pulled in for the DC-voltage parameter
fpc = 1.3030 (Vpe = 49.8239 V). We focus our numer-
ical investigations on the specific parameter combination
where the excitation near the principle parametric reso-
nancef) = 2w is close to thevs ~ 3w; internal reso-
nance and the combination resonancev®f~ wy + w1.
This is obtained by selectingpc = 1.2396 that yields

w; = 0.5245, wy = 1.1669, andws = 1.5647 and
thus2ws/(3wi1) ~ 1.99 and2(w; + wa)/(Bwy) ~ 2.15.
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Figure 5.  Frequency response characteristic of the midetienbfor

the three beam system at 3:1 internal resonanggd; ~ 3); ipc =
1.2396, ac = 0.0013, iz = 0.06, triangles: Q = 500, squares:
@ = 5000; hollow markers: periodic response, solid markers: apéio
response

vibrate precisely in-phase and with the same amplitude. A
typical phase plot of this out-of-phase mode for the mid-
dle beam is shown in Fig. 6a. A phase plane@o¢= 500

0.002

a)
T
0k
—0.002
—0.004 0 x, 0.004
0.025 b)
T
—0.025 0 z, 0.025
Figure 6.  Phase diagrams wittoRICARE points of the three beam

system at 3:1 internal resonancg; (w1 ~ 3) at a)2 = 2.01w; and b)
Q = 1.991w; and@ = 500 (see Fig. 5)

at the shaded regiof)(= 1.991w,) of Fig. 5 portrays in
Fig. 6b two additional loops which reveal a more dense
frequency spectrum than that of Fig. 6a. However, the
number of RINCARE points remains two. Fig. 7 shows
the POINCARE maps of the middle beam for &) = 3000

and b)@Q = 5000 at Q2 = 1.991w; (shaded region in
Fig. 5). Fig. 7a portrays a complex quasiperiodic response

Fig. 5 shows the frequency response of the three beamwhereas Fig. 7b depicts lengthy chaotic transients. We

system near the; /w; internal resonance fap = 500
and@ = 5000 andfjpc = 1.2396 (Vpe = 47.4 V). The

note that the short time behavior in Fig. 7 is similar to that
depicted in Fig. 7b. Thus, we conjecture that the bifur-

beams vibrate periodically out-of-phase and with similar cation governing the appearance of aperiodic response is
amplitudes. The amplitude of the middle beam is slightly associated with the loss of stability of the dominant out-
larger than the amplitudes of the two outer beams, which of-phase vibration mode of two adjacent elements in the
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Figure 7. RINCARE maps of the middle beam of the three beam

system at 3:1 internal resonances(wi ~ 3) atQ) = 1.991w; (see
Fig. 5); a) Q=3000 b) Q=5000

array. This behavior will be investigated further in the fu-
ture.

6 Closing Remarks

In this paper we have investigated a consistently derived
nonlinear multi-element dynamical system (Gutschmidt
and Gottlieb, 200&; Gutschmidt and Gottlieb, 200@Y for
a microbeam array subject to electrodynamic parametric
excitation. The implementation of a large DC-voltage
reveals existence of 3:1 internal and combination reso-
nances near the array’s pull-in point. The asymptotic
multiple-scales analysis for a two element system near the
3:1 internal resonance reveals stable and unstable periodi
out-of-phase solutions, of which the overall frequency re-
sponse is softening. The numerical analysis of the three
beam system in its 3:1 internal resonance reveals out-of-
phase coexisting, periodic and aperiodic solutions. The
degree of complexity is governed by the transition from
the internal resonance af, ~ 3w, to that ofws ~ 3w,
and a possible combination resonancesgf~ w; + ws.
Future research will focus on the analysis of the system
response in the region between the two 3:1 internal res-
onances which may include additional combination reso-
nances.

Acknowledgements

This work was supported by the Israeli Science Founda-
tion, the \ATAT (Council for Higher Education) and the
MINERVA for which we express our thanks.

References
Bromberg, Y., M.C. Cross and R. Lifshitz (200®hys.
Rev. E 73(016214), 1-8.

Buks, E. and M.L. Roukes (2002). Microel ectromech.
Syst. 11(6), 802—807.

Craighead, H.G. (2000%cience 290, 1532—-1535.

Despont, M., U. Drechsler, R. Yu, H.B. Pogge and P. Vet-
tiger (2004).J. Microelectromech. Sys. 13(6), 895-901.

Dick, A.J., B. Balachandran and C.D. Mote, Jr.. (2007).
In: Proc. of IDETC/CIE 2007. Las Vegas, NV, USA,
Sept. 4-7.

Gottlieb, O. and A.R. Champneys (200B)TAM Chaotic
Dynamics and Control of Systems and Processes in Me-
chanics, Springer pp. 117-126.

Gutschmidt, S. and O. Gottlieb (208)7 In: Proc. of
IDETC/CIE 2007. Las Vegas, NV, USA, Sept. 4-7.

Gutschmidt, S. and O. Gottlieb (2007 Technion-
Mechanical Engineering Technical Report, ETR-2007-
05.

llic, B., Y. Yang, K. Aubin, R. Reichenbach, S. Krylov and
H.G. Craighead (2005Nano Letters 5(5), 925-929.

Lifshitz, R. and M.C. Cross (2003)Phys. Rev. B
67(134302), 1-12.

Meirovitch, L. (1970).Methods of Analytical Dynamics.
McCraw-Hill. New York.

Minne, S.C., S.R. Manalis and C.F. Quate (1989)ng-
ing Scanning Probe Microscopy up to Speed. Kluwer
Academic. Boston.

Nayfeh, A.H. (2000).Nonlinear Interactions. Wiley-
Interscience. New York.

Nayfeh, A.H. and D.T. Mook (1979Nonlinear Oscilla-
tions. Wiley-Interscience. New York.

Senturia, S.D. (2001 Microsystem Design. Kluwer Aca-
demic Publ.. Boston.

Shabana, A.A. (1991)Theory of Vibration. Springer-
Verlag. New York.

Vettiger, P., J. Brugger, M. Despont, U. Drechsler, U. Di-

irig, W. Hgberle, M. Lutwyche, H. Rothuizen, R. Stutz,
R. Widmer and G. Binnig (1999)Appl. Phys. Letters
46(1-4), 11-17.

Wang, P.K.C. (1998)]. Sound Vib. 2132), 537-550.
Zalatdinov, M.K., J.W. Baldwin, M.H. Marcus, R.B. Re-

ichenbach, J.M. Parpia and B.H. Houston (20@%p!.
Phys. Letters 88(143504), 1-3.



Appendix A
Forcing terms oD (¢2) andO(e?) equations (9) and (10):

fna = —2DoD1y1 — 2211 (DEwp1 + axp)

771230 1
+ <(—1)”+1$11$21 - (—1)"H§3€121>

fns = —Dixp1 — 2DgDaxny — 2Do Dy — Bl

—fi12Doxny + (—1)" 221 <2D0D1$11 + D32

+aazn2) + (— xl21 + 2,7:%1 — 2211001 + (—1)”23512)
-(Dgxnl + axn1) — (=1) " (—x%l(Doxu—Doxgl)
42211221 (Doz11 — Doxa1) + 251 (2Doxn1 D0$11)>

+npc, <77Dc + nac cos Qt> : <233n1 — 9611)

2
(1) oo,

($21£Ell — L1122 — $12$21)

with [ = =171 4+ n,

Appendix B
Parameters of slowly varying dynamical system:

5 _ 1npc.nac St — 438 o 36
AC1 4 w1 s 0310 13 w1 4(.4.)1 ’
5 . 1nDCOﬁDC 5 . 4618 « 3 ﬁ
ber = o BT B o 2w
1 npec,fipc 183 a 3
e — LHDCNDC 5 183 S P
DC2 = 7 s , 0321 35 + 1y’
s Jla 35
0L T 5wy | 8ws
1
G2 = 5/112, Y1 = o915 — 2601,
1

C3=§ﬂ3; Yo = by — 36,



