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Abstract under consideration, namely, the Chaplygin functions.
Due to its complexity, the problem of the motion of  We will use Chaplygin’s result as a reference point.
a rigid body in an unbounded medium requires the Chaplygin calculated the medium action functions for
introduction of certain simplifying restrictions. The an infinitely long plate in plane—parallel motion in the
main aim in this connection is to introduce hypotheses oncoming flow following the jet flow laws. In this case,
that would make it possible to study the motion of the the distance between the drag application point (center
rigid body separately from the motion of the medium of pressure) and the plate center is proportional to the
in which the body is embedded. On the one hand, asine of the angle of attack, while the Newtonian drag
similar approach was realized in the classical Kirchhoff coefficient is proportional to its cosine.
problem on the motion of a body in an unbounded ideal Moreover, integrable cases in the dynamics of the
incompressible fluid that undergoes an irrotational mo- three-dimensional motion of a rigid body were also
tion and is at rest at infinity. On the other hand, it is found for other model problems in the early works of
obvious that the above-mentioned Kirchhoff problem the present author. For the Chaplygin medium action
does not exhaust the possibilities of this kind of simu- functions, the systems had a complete set of transcen-

lation. dental first integrals, which could be expressed in terms
of a finite combination of elementary functions. In this
case, transcendence is understood in the sense of the
Key words theory of functions of lex variable (that is, thei
rigid body, resisting medium, integrability, various eory of lunctions of a complex varna € (tha 1S, their
dissipation continuations to the complex plane have essentially sin-

gular points).
The present-day state-of-the-art of modeling the mo-

1 Introduction tion of a rigid body in a medium rests upon the model

In this activity, we consider the possibility of trans-
ferring the results of the dynamics of the plane-parallel
motion of a homogeneous axisymmetric rigid body in-
teracting with a uniform flow of a resisting medium
through its forward circular face to the case of three-
dimensional motion. In contrast to the preceding
works, the medium action on the rigid body is simu-
lated with the inclusion of the effects of the so-called
rotary derivatives of the moment of hydroaerodynamic

forces with respect to the components of the angular

velocity of the body itself.

constraints imposed on the problem and uses a devel-
oping mathematical technique. Thus, the Chaplygin
problem of the free fall of a massive body with plane
symmetry in an unbounded volume (spatial region) of
an ideal fluid was considered. In these monographs,
the properties of trajectories were examined. The prop-
erties of Bernoulli surfaces of constant curvature for
compressible continuous media were characterized.

2 Studies of Professor N. E. Zhukovskii

On the basis of certain hypotheses, the main one Zhukovskii was one of the pioneering scientists who
of which is the quasi-stationarity hypothesis, a three— examined various problems of the dynamics of a mass

dimensional dynamic model of the medium action on

the body was developed. In this connection, the pos-

sibility arises to formalize the model assumptions and
derive a complete system of equations.
In what follows, we will address some typical repre-

point in a medium, namely, the gravity drop of bodies,
the motion of a body thrown off at an angle with the
horizon, the motion of a pendulum, etc. Along with in-
tegration of equations of motion, Zhukovskii improved
the model describing the interaction of bodies with a

sentatives of the classes of the medium action functionsresisting medium. He assumed that the kinetic energy



of a falling body goes partly to the generation of vortex Az
motions of air and partly to overcoming the molecular
forces of air adhesion to the moving body. The drag de-
pends not only on the velocities of motion of the points
of a body but also on the shape of this body. If the
velocity is small, then it would be accurate enough to
take the drag to be proportional to the first power of the
velocity. At high velocities, the drag is proportional to
the squared velocity.

Although the qualitative technique of the theory of
differential equations was not so extensively used on
the eve of the 20th century as it is now, researchers car-
ried out a complete analysis of problems of motion in
a medium not only for mass points but for rigid bodies
as well. As a rule, these problems were purely model
in their nature.

Zhukovskii also studied experiments on the self- Figure 1.
rotation of plates falling in air. Here, one has to take
into account such effects of the media as the drag and
lifting forces. Precisely the aerodynamic characteris- the body was developed.
tics of a plate were used to model the flight of a bird. ~ And so, under the assumption that the interaction

Zhukovskii conjectured the existence of a dynamic obeys the jet flow laws, the interaction force S is normal
equilibrium of a "bird’s body” relative to the center to the disk, while the application poin¥ of the force
of mass. In this equilibrium, the angle made by the Sis determined by at least one parameter, namely, the
center—of-mass velocity vector with the plane of a angle of attack. Thus, we have
plated wing (the angle of attack) is a control parame-
fter, i.e'., it can be assigned grbitrarily. This assumption DN = R(a,...) 1)
is equivalent to the assumption on decoupled motion of
a body wherein the characteristic time of motion rela-
tive to the center of mass is substantially smaller than We will take the magnitude of the Newtonian diag
the characteristic time of motion of the center of mass the form
itself.

The study of the motion of a body in a medium when
its translational motion is coupled with the rotational
motion is also of great interest. The Kirchoff problem
mentioned above does not exhaust the list of all possi-Where the drag coefficient is a function ofa only:
ble cases of this sort.

A

S = syv’e, 2

51 = s1(a) 3)
3 Semiconservative systems

Dynamic systems investigated are the dynamic sys-(fig. 1). At the same time, we will separate a class
tems with variable diSSipation with zero mean value of prob]ems related to the medium action on a body
(Over the angle of attaCk, in our Case). This means that|n which the Contro”ing force acting a|ong the geo-
the integral over a period of the angle of attack from the metrical symmetry axis ensures the realization of the
divergence of its right-hand side is equal to zero [this c|asses of motions of interest under certain conditions
integral is responsible for the phase volume variation (imposed constraints). Precisely the controlling force
(after the corresponding reduction of the system)]. In s a reaction of the constraints imposed. In this study,

this sense, the system is€miconservative the controlling force always ensures the fulfillment of
In contrast to the preceding works, the medium action the condition

on the rigid body is simulated with the inclusion of the

effects of the so-called rotary derivatives of the moment

of hydrodynamic forces with respect to the components V| = v = const (4)
of the angular velocity of the body itself.

In a body—fitted coordinate system, with one of the co-
ordinate axes aligned with the axis of symmetry and
two other axes lying in the plane of the disk, the tensor
of inertia is diagonal

4 A dynamically symmetric body under the action
of the newtonian drag and a controlling force
On the basis of certain hypotheses, the main one of
which is the quasi—stationarity hypothesis, a three—
dimensional dynamic model of the medium action on diag{I1, Is, I} (5)



We will consider the spherical coordinates

(’Uvavﬁl) (6)

of the end of the velocity vectar of the pointD rela-
tive to the flow. Expressing the quantities (6) in terms
of the cyclic kinematic variables and velocities via non-
integrable relations, we will consider them as quasi-
velocities supplementing them by the components

(s, 2y, Q22) ()

5 Equations of motion in the case of zero spin of
the rigid body about the longitudinal axis
In what follows, we will investigate in more detail the
case of zero spin of the rigid body about its longitudinal
axis. In this case, the following condition is fulfilled

Q=0 (8)

Then the independent dynamic part of the equations
of motion in the four—-dimensional phase space has the

form

Qv cos acos 31 — ﬁlv sin asin B1+

+Qvcosa — o), =0 ©)

&w cos asin By —&—'ﬁ'lv sin « cos (31 — (10)
—Quucosa+ o8y, =0

IQQy = —zys(a)v?, IO, = yns(a)v? (11)

oc=CD, N=(0,yn,2n) (12)

s(a) = s1(a)signcos «

System (9)—(11) involves the medium action functions
YN, ZNn, ands. For their qualitative determination, we
will use the experimental information on the jet flow
properties.

6 Chaplygin functions of medium action

In what follows, we will address some typical "rep-
resentatives” of the classes of the medium action func-
tions under consideration, namely, the Chaplygin func-
tions.

We will use Chaplygin’s result as a reference point.
Chaplygin calculated the medium action functions for
an infinitely long plate in plane—parallel motion in the
oncoming flow following the jet flow laws. In this case,

the distance between the drag application point (center
of pressure) and the plate center is proportional to the
sine of the angle of attack, while the Newtonian drag
coefficient is proportional to its cosine.

Thus, in what follows, we will restrict ourselves to the
investigation of our system for the following medium
action functions 4, B, h > 0)

yn = Asinacos 1 + h§2, /v
zy = Asinasin f1 — h§dy, /v
s(a) = Beosa

(13)

where the coefficient occurs in terms that are propor-
tional to the rotary derivatives of the moment of hydro-
dynamic forces with respect to the components of the
angular velocity of the rigid body.

7 A system with variable dissipation with zero
mean value and an analytical right side
Projecting then the angular velocities onto movable
axes, which are unfitted to the body, so that

z1 =y cos B1 + €. sin By

29 = —§y sin By + 2 cos By (14)

and introducing dimensionless variables, parameters
and new differentiality in accordance with the formu-
las

Wk, k= 1,2, hl = hB, O'hl/IQ :Hl

B =0AB/Is, oz, = vwg, o =vijo, ... (15)
we obtain the fourth—order dynamic system

o =—(14 Hy)ws + fsina (16)

wh = Bsinacosa — (1 + Hy)witga—
17)

—Hjwsy cos «

wy = (1 + Hy)wywatga — Hyw; cos « (18)
ﬁi = (1 + Hl)wltga (19)

which incorporates an independent third—order subsys-
tem given by first three equations.

For 3 = H,, the divergence of the right-hand side of
system (16)—(18), or (16)—(19), is identically zero after
the change of variables

wi = In |w | (20)



this property makes it possible to consider these sys-Moreover, it is easy to verify that both the numerator

tems as conservative. and the denominator of Eq. (31)@t= H, are the first
Theorem 1. System (16)—(19) possesses a completeintegrals of system investigated

set of first integrals being elementary transcendental

functions of their phase variables. Two of them form a ) ) . .

complete set of the first integrals of system (16)—(18). wy + (1+ 5)3’1 + Blwz —sinal* = Cf (32)
Indeed, we will associate system (16)—(18) of order wysina = C3

three with the second-order non—autonomous system

For
dwsy __ ﬁsinozcosoz—(l—&-Hl)wftga—leg cos (21)

do —(1+H;)w2+Bsina
B # Hy (33)

dwy _ (14+H) tga—H . . . . .

i —1(174-)&-117}012)111(2—4-5 Sna (22) investigated system is no longer conservative and nei-

ther the numerator nor the denominator of the invariant

Applying the substitution relation (29) is the first integral. This fact can not nec-
essarily be verified analytically, because investigated

T — sin o (23) system has attractive and repulsive limiting sets, which

preclude the existence of the complete set of even con-
tinuous first integrals for the system under considera-
tion.

The additional first integral for the investigated system

we transform the last system to the algebraic form

dwg 8 718123@12’;“’2 (24)  of order three may be obtained from the quadrature
f =
dwy _ (IHH) )wiwy/7—Hyw, (25) _} [8—(1+Hy )us]dus (34)
dr —(I+Hy)ws+ 57 = J @B uat ()2 =0 (.00
and making then the change
g ¢ where

wg = uxT, k=1,2 (26)
U(u1,C1) = 5y {C1 £ /COFf —4D1} - (35)
characteristic of homogeneous systems, we will asso-
ciate the system specified by Eqgs. (24) and (25) with
the non—autonomous differential equation

D, = (1+H1>U%—(H1 -‘rﬁ)Ug-ﬁ-ﬁ (36)

w 14+Hy ) (w2 —u?)—(H u
ZTT = ﬁ+2((1—’_+f}1))(ufu2j2HE+lﬁ—)~_fl) : (27)
The general structural form of the additional first in-
which has a first integral of the form tegral for the investigated system of order three is as
follows
(+Hy)ul—(Hi+Bus+(I+H)ui+6 _ o (28)

ul
Dy (wy,we,sina) = Cy (37)
In other words, our system investigated has a first inte-

gral of the form ) N o
In view of Eqg. (19) the additional first integral for the

fourth-order system investigated is obtained from the
solution of the equation

(1+H)wi—(Hi+B)ws sin a+(1+H )w?+Bsin* o _ C
— L1

w1 sin o (29)
As noted above, at

duy + B—(+Hy)usz

H
dp1 1+H, = U2 — ; (38)

1+H,

f = H (30)

which leads to the invariant relation
the dynamic system investigated is conservative. In-

deed, Eq. (29) is transformed to the invariant relation 9
sin®*{2(1+ H1)?(B+ C3)} =

R R ) R _ (2(14-H;)w; —2C1 sin a)? (39)
wy+(1+B8)wi+Blwa—sina]” c, (31) ~ [(Hi+6)2—48(1+H1)+C2]sin% a

wi sin «
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8 Three—dimensional pendulum in an oncoming
flow
By analogy with a free body, we will consider the
problem of the motion of a three—dimensional pendu-
lum in an oncoming uniform flow for the following
case: the flow acts only on a circular disk fixed rigidly
at its center, perpendicular to a sting that, in turn, is
fixed by its other end on a spherical hinge. The model

of the medium action on the disk is the same as above.

The pendulum moves without its own spin. As before,
the effects of the rotary derivatives of the moment of
hydrodynamic forces with respect to the angular veloc-
ity of the rigid body are taken into account using the
Chaplygin functions of the medium action [Shamolin,
M. V. (1993) Classification...], [Shamolin, M. V. (1993)

Application...], [Shamolin, M. V. (1993) Existence...].

If 9, v are the angles determining the position of the
three—dimensional pendulum on a sph8te(fig. 2)
then the equations of motion of the system on the tan-
gent bundlel™*S? of the two—dimensional sphere can
be written in the form

0+ (8 — Hy)fcosb + Bsinb cos H—

—%tgh = 0 (40)
7,2} + (8- Hl)z/}cosﬂJr
+i0 (L58) = 0 “

Figure 3.

We note that system of order three for pendulum for
the casecosf® = 0 can be defined using continuity.
And the singularitysin # = 0 has the kinematic sense
[Shamolin, M. V. (1994) New...], [Shamolin, M. V.
(1996) The definition...], [Shamolin, M. V. (1996) Pe-
riodic...], [Shamolin, M. V. (1996) A variety...].

9 Conclusion

As is obvious from the foregoing account, only one
aspect of the problem of motion of rigid bodies in re-
sisting media was considered in the past. Namely, the
primary interest of researchers was to obtain particular
trajectories that could be described (yet only approxi-
mately) in explicit form. In this process, the problem
of a more precise modeling of the interaction of a body
in a resisting medium was considered concurrently. We
briefly describe the latter problem for bodies of simple
shape.

A plane plate is the simplest body for which various
distinctive features of motion in a medium can be con-
sidered. The phenomena that are related to the effect of
associated masses (the classical Kirchoff problem) are
demonstrated in the manual written by Lamb by using
the example of the motion of a plate in a fluid (the study
of this effect, as is known, was initiated by Thompson,
Tait, and Kirchoff).

The Kirchoff problem, which was stated in the second

The phase pattern of this system is the following (fig. half of the 19th century, laid the basis for the consid-
3) Here,3 andH; are dimensionless physical constants eration of the second aspect of the problem, namely,
and the coefficientd; is, as before, proportional to the integrability of a particular nonlinear system of dif-
the rotary derivatives of the moment of hydrodynamic ferential equations that describes this particular motion
forces with respect to the components of the angular (the problem of existence of analytic (smooth, mero-
velocity of the three—dimensional pendulum. The sting morphic) first integrals) [Shamolin, M. V. (1996) An

length is equivalent to the distaneeand the constant
velocity of the oncoming flow is equivalent to the con-
stant parameter. The angle of attack of the free body
is equivalent to the angle of the pendulum deviation
from the flow velocity vector and the anghe is equiv-
alent to the cyclic variable (angle).

Theorem 2. System (16)—(18) is topologically equiv-
alent to the system given by Egs. (40) and (41).

introduction...].

Because of its complexity, various versions of the Kir-
choff problem up to now almost always have been con-
sidered from the standpoint of the integrability prob-
lem. Only in several cases was a qualitative analy-
sis of a number of trajectories carried out. In works
of Kirchhoff, Clebsch, Steklov, Lyapunov, Chaplygin,
Kharlamov, and other scientists, the existence condi-



tions for the additional analytic first integral are stated. Shamolin, M. V. (1996) The definition of relative struc-
New approaches to this problem are being elaborated tural stability and a two—parameter family of phase
at present. Thus the theory of integrable cases is con- portraits in the dynamics of a rigid bodysp. Mat.
structed (the construction of an L—A-pair). The condi- Nauk,51(1), pp. 175-176.
tions for the nonexistence of the first integral of Kir- Shamolin, M. V. (1996) Periodic and Poisson-stable
choff equations are found. trajectories in the problem of motion of a body inare-
We point to the third aspect of this problem, namely, sisting medium|zv. Ross. Akad. Nauk, Mekh. Tverd.
the qualitative analysis of sets of differential equa- Tela(2), pp. 55-63.
tions describing a given motion (phase—space fibering, Shamolin, M. V. (1996) A variety of types of phase por-
qualitative arrangement of phase trajectories, symme- traits in the dynamics of a rigid body interacting with
tries, etc.). Although all the problems listed above are a resisting mediunDokl. Ross. Akad. NauB492),
closely related to the integrability problem, solutions pp. 193-197.
of them are of independent significance. Moreover, the Shamolin, M. V. (1996) An introduction to the problem
consideration of this aspect of the problem would foster on the deceleration of a body in a resisting medium
the elaboration of techniques for the qualitative analy- and a new two-parametric family of phase portraits,

sis. Vestn. MGU, Ser. 1, Mat., Mek{), pp. 57-69.
Theinnovativecharacter of this paper is seen from the Shamolin, M. V. (1997) On the integrable case in the
following: three-dimensional dynamics of a rigid body interact-

ing with a medium,lzv. Ross. Akad. Nauk, Mekh.
Tverd. Tela2), pp. 65—68.

Shamolin, M. V. (1997) Spatial Poin@map sys-
tems and reference systendsp. Mat. Naukb2(3),
pp. 177-178.

Shamolin, M. V. (1998) On the integrability in
transcendental functiondJsp. Mat. Nauk,53(3),
pp. 209-210.

Shamolin, M. V. (1998) A family of portraits with limit
cycles in the plane dynamics of a rigid body inter-
acting with a mediumlzv. Ross. Akad. Nauk, Mekh.
Tverd. TelaB), pp. 29-37.

new integrable cases and families of phase por-
traits in the plane dynamics of rigid bodiese
discovered. Certain model cases of the motion of
rigid bodies in a resisting medium are qualitatively
studied and integrated. The first integrals of cor-
responding systems are found; these integrals are
transcendental functions and functions that can be
expressed in terms of elementary functions;

new integrable cases and families of multidimen-
sional phase portraits in the spatial dynamics of
rigid bodiesare found. The problem of the three—
dimensional motion of a dynamically symmetri-
cally fixed rigid body placed in the flow of an in-
coming medium is integrated in the sense of Ja-
cobi [Shamolin, M. V. (1997) On the integrable...],
[Shamolin, M. V. (1997) Spatial...], [Shamolin,
M. V. (1998) On the integrability...], [Shamolin,
M. V. (1998) A family...].
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