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Abstract

It is offered the geometric model of elliptical motion of solid in the gravity field. It is introduced the new concept-motion rhomb and the algorithm of its construction which by its position, dimension of sides and diagonals completely determines the position of material point and its velocity vector, that is required at solving the main task of mechanics. It is also considered the circular motion as special case of elliptical motion and on the base of geometric argumentation the value of first orbital velocity is deduced.  

In paper the special attention is given to the geometric methods of definition of elliptical orbits elements under the action of central fixed solid, where two of solids are considered as point mass devoid of all other characteristics. 

In paper [1] it is suggested the geometric algorithm, which is modelling the elliptic motion round the gravity center. The indicated algorithm with some adding is presented in fig.1, where are given focus F1 on the place of gravity center, the initial position M0 of material body, to which is imposed the initial velocity in place of attractive center, initial position M0 of material body, to which is impacted the initial velocity
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, directed at angle of α0 to the right line transversely to radius-vector 
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r

of this point. Then the circle of initial epicycle is drawn with the center M0​ and M0D0, equal to the velocity height of moving point M0 [1]
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and also the circle of different with the radius F1D0 and center F1.

For construction of second focus F2 of elliptical orbit let's draw through point D0 the right line, perpendicular to the direction of velocity 
[image: image5.wmf]0

V

and then draw its second point of crossing F2 with constructed epicycle.

In fig.1 there are drawn up also the initial rhomb F2M0D0N0 and current rhomb F2MDN and further the initial and current triangles F1F2D0 and F1F2D. Also are drawn centerline K0C and KC of drawn triangles and the circle of excenter with the center C and radius CK0=CK and current epicycle with center M and radius MF2=MD.

By ellipse definition we have:
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From where, taking into account (1) for longer semi-axis 
[image: image7.wmf]a

 of ellipse after the conversion we’ll get:
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For value definition of linear eccentricity c we’ll apply the cosine theorem concerning to triangle F1F2M0 with the sides F1F2 = 2
[image: image9.wmf]c

, F1M0 = r0 and the angle(F1M0F2 =2
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The orientation of apsis axis of trajectory is defined by angle
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, the value of which can be calculated if we’ll apply the theorem of sins concerning to triangle F1F2M0 with the angles(F1M0F2 = 2
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and (F1F2M0 = 
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- 2
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 (the angle 
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 is the external angle of triangle F1F2M0).
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from where by taking into account (1) 
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 after simple conversions we’ll get:
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The equation (4) gives the value of angle
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, determinant the position of pericentre P of trajectory concerning to initial radius-vector
[image: image22.wmf]0
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Ellipse tangent in point M passes through diagonal MN of motion rhomb F2MDN, which forms the angle ω with the radius-vector
[image: image23.wmf]r

, e.i. the angle between instantaneous speed 
[image: image24.wmf]V

 and current radius-vector 
[image: image25.wmf]r

. 

With the aim of angle ω definition let’s draw through the focus F2 the right line F2B, perpendicular to the right line KC. Then (KMD=(BF2D = 
[image: image26.wmf]w

, as the angles, the sides of which are mutually perpendicular. 

From right triangle KF2B we’ll find:
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From right triangle F2BC we’ll get:
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From the triangle F2CK with the sides α and c with the angle φ -1800 between them by applying the cosine theorem, we’ll get:
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By substitution of getting values in formulas for sin ω and cos ω, finally we’ll get:
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From the right triangle DKM we get the value of segment DM, which is equal to velocity height h, corresponding to the velocity module V in point M. 
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Taking into account that 
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 and (6), let’s calculate the module of radius-vector r after the converting:
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We’ll add to the equality (6) the other expression for velocity height value:
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Taking into account (7) after simple conversions we’ll find the expression for velocity point, moving under the action of central force
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It is known, that the action of central force is passing under the law of areas, which is expressed by equation
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If at initial moment r = r0, V = V0 and  
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, so we can find the value of constant C, which is equal
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As follows from foregoing we didn’t use the law of areas at values definition of velocity V, radius-vector r and of angle ω sinus between them. Let’s check now if the law of areas is observed. From the equality (9), in accordance with the equalities (5), (7) and (8), we’ll get after simple conversions
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where considering (2) and (3), after simple changes we’ll get
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i.e. the law of areas is fulfilled. 

Let’s separate vector 
[image: image45.wmf]V

 into two terms 
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 and 
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 to the direction of radius-vector and normal to it towards movement – the radial and transversal. Taking into account (5) and (7) for indicating of terms, we’ll get the value
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It is convenient to separate the velocity in orbit into two components, one of which is perpendicular to radius-vector r (
[image: image50.wmf]2
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), and the other – to longer axis of elliptical orbit (
[image: image51.wmf]1
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).

Fig. 2,a implies that the angle between foregoing terms 
[image: image52.wmf]1
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 and 
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 is equal to the variable angle φ between radius-vector and axis asp as the sides of these angles are mutually perpendicular. From the figure, taking into account (10) and (11), it is possible to define the values of V1 and V2
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Thus, the modules of terms V1 and V2 are constant, i. e. they are not depend on point position in orbit. Therefore, the term 
[image: image56.wmf]1
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 is constant both by value and by direction, and the second term 
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 is changed to the direction, but is constant by module.

For solution of many tasks of central moving the great use does the velocity hodograph of moving point, i.e. the curve, described by the end of its vector velocity 
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, if all these vectors to put off from the common pole S (fig. 2, b). As 
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, so if at first we’ll put off from the pole S the term 
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 and then from the end of this vector we’ll put off the term 
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, we conclude, that as a velocity hodograph 
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 will be the circle with the center in endpoint of term 
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 and of radius, which is equal to module of second term 
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. As for elliptic orbits 
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, so taking into account (12) and (13), we’ll conclude that V2>V1. It means that for elliptic orbits the pole S is situated in hodograph, which is turned to the pole S by its concavity.

From (12) and (13) it is follows, that V2: V1 = 
[image: image67.wmf]a

 : 
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. Velocity hodograph can be formed in any scale, keeping the proportion of velocities V1 and V2. But it is practical to form it in scale where the terms V1 and V2 will be pictured as segments of right lines, accordingly equal to values of eccentricity 
[image: image69.wmf]c

 and longer semi-axis α of ellipse given in fig. 2,a. Then we’ll get its direction turning on 900 against the moving direction. So we come to the conclusion, that the velocity module V will be equal to semidiagonal F2K of current rhomb of motion. So the apex M of rhomb shows the position of material point, diagonal of rhomb MN, passing through the point M defines the direction of velocity V and the value of second diagonal – in module. So, the constructed rhomb F2MD by its position, by sides and diagonals dimension completely determine the position of material point and velocity vector, what is requires for solution of main tasks of mechanics.
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Let's consider in what cases it is possible to find the circular orbit. It is obvious, that it is necessary to proceed from condition that for circular orbit both of focuses come out right, i. e. c=0.

From the equation (3) taking into account that c=0 we'll get
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from where, solving concerning 
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, we’ll get 
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As 
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 and from (14), it follows that
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 from (14) we'll get the expression for first orbital velocity:
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This result can be found on the base of geometric argumentation. As for circular orbits the focuses F1 and F2 come out right (fig.3), so the angle
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. At focuses F1 and F2 congruence this initial epicycle must pass through the gravitate center F1, i. e. the velocity height h0 is equal to radius-vector r0. Then from the equation (1) we'll get the model of first orbital velocity
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In fig.3 we can see that in case of motion by circular orbits initial and current rhombs are expressing in form of right lines segments, correspondingly F2D0 and F2D.
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